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Preface

This book started out as two separate documents. One was a set of exercises for the Advanced
Thermodynamics and Catalysis course and the other was a method and theory section at that
time envisioned for my PhD thesis. Only a very small part of the material in this book eventually
made it into the thesis, as the whole would be much too elaborate!

Since I started out in 2010 as a teaching assistant for the Advanced Thermodynamics and
Catalysis course, I have been collecting useful questions to prepare the students for the final
examination. And as is well known, if you give students questions, they demand answers in the
form of detailed solutions. I believe in learning by example, so I was more than happy to write
these solutions down on paper and I have spent many evenings behind my laptop typing the
solutions in LATEX.

At the end of 2015, I was appointed as an assistant professor (tenure track). I was asked
to take over the Advanced Thermodynamics and Catalysis course from Prof. Emiel Hensen,
which I happily accepted. I changed the learning goals a bit to adopt my current research into
the educational track. As a result, I had to come up with new lecture materials and I decided
to bundle everything I made so far: the questions and solutions, the (envisioned) theory and
method section for my thesis and the notes I made when I followed the kinetics course when I
was a student. The result was a monster! My writing style had obviously changed significantly
over the years and there was no clear story. Thus I spent the following two years rewriting the
text.

In 2016, a draft version only containing a set of useful exercises and solutions were given to
the students to practice. In 2017, the first version of the book was ready and about one hundred
copies were printed and given to the second year Bachelor students as lesson material. I found
out that students are really marvelous proofreaders. They will point out every little mistake,
whether it is a spelling mistake or a miscalculation. In these two years, I received about 500
corrections. The current version is yet another iteration further down the road and my intention
is to continuously update and improve the material in this book.

Within this book, I will elaborate on the connection between the smallest quantum scale and
the larger macroscopic scale, providing a theoretical framework on which many kinetic studies in
heterogeneous catalysis are based. I will focus on the underlying quantum chemical mechanism
leading to the observed overall rate laws in chemistry and process engineering.

This book is organized in several chapters. I will start by introducing general kinetics
and the equations governing the rate of change in chemical composition. Next, a statistical
approach is formulated to deduce macroscopic observables from the constituting quantum
chemical properties by means of averaging over many states. Energy, temperature and pressure
are defined as our important parameters and we show how these concepts are connected with
observables such as chemical composition in equilibrium as well as the chemical kinetics leading
to these equilibria. Finally, we explain how the above-mentioned concepts can be used within
the framework of microkinetic modeling in a predictive and illustrative manner to gain insights
in how real-life catalytic processes work.

All chapters have exercises to help you practice with the lesson material. Solutions are
provided in the appendix as well as more challenging exercises at the same difficulty as what can
be expected on the final exam.

Since I am not a native English speaker, there is always the chance that I have used some
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odd grammatical structures or made (despite the careful proofreading of many students and
myself ) spelling errors. Feedback is thus always very welcome and I invite you to deliver it by
e-mail to i.a.w.filot@tue.nl. Any useful comment will result in your name being mentioned in
the acknowledgment section (of course, with your permission).

I sincerely hope this book is useful to you and provides you with a more in-depth under-
standing of the beautiful field of (micro-)kinetics!

Ivo Filot Eindhoven, 30th March 2018

�

Preface to version 1.5

With version 1.5, we have modified the book quite a bit. First of all, we got a lot of constructive
feedback on the lay-out of the book. It was hard to see where a question or exercise would start or
end. Evidently, the solutions to the exercises suffered from the same problem. We have changed
the lay-out in such a way that the exercises and questions are clearly highlighted in the book,
which hopefully makes it easier to find what you are looking for. While we were at it, we also
added tabs on the sides of each page so you can efficiently find the chapter you are looking for.

Note that I have been saying we, instead of I. In the past three months, I have been receiving
a lot of help from Tom van den Berg, who has been working on Chapter 5 of the book. In Chapter
5, a hands-on tutorial to use MKMCXX will be given. This was previously the purpose of Chapter
4, yet it felt short in the sense that it did not provide sufficient explanation in how to set-up such
simulations from scratch. As such, Chapter 4 has been adapted to explain the algorithm behind
microkinetic simulations using a series of simple Python scripts and Chapter 5 now deals to
performing simulations using MKMCXX. Tom has also made a series of exercises to help the
student practice using MKMCXX. We hope that these are beneficial to your understanding of
the topic.

Finally, a lot of spelling, grammar, and other kinds of errors have been resolved on the basis
of the feedback of a lot of people. As is traditional, the list of students can be found on the
acknowledgment page. Enjoy the revision of the book and please keep sending in any questions
and comments you might have!

Ivo Filot Geldrop, 24th December 2018
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Preface to version 1.6

A lot of new content was added to the book in version 1.6. A more thorough introduction of
statistical thermodynamics is given. A detailed derivation of various thermodynamic constants
and their calculation from the canonical partition function is added. The molecular partition
functions is also discussed in more details and their contribution to the heat capacity and entropy
is shown. This led to so much more content of what was previously Chapter 2, that that chapter
was split up into three chapters. Chapter 5 has also received a massive overhaul. The reaction rate
constants are derived from fundamental principles and the number of cases which are shown
has doubled.

The book has also received an upgrade in terms of the lay-out. The styling for exercises has
been changed and the solutions to the exercises are now provided directly after the exercises.
Also, quite some new exercises (and corresponding solutions) have been added to give the reader
some options to practice with the material. Throughout the text, you will notice � -boxes telling
you which exercises match the contents you have just read.

The number of pages has grown from about 200 to over 300 pages, so I hope that there is
much more content for you to enjoy. I have received a lot of feedback on the previous iteration
and I have tried to incorporate as much of it as possible in this iteration; please keep sharing
your opinion, it is highly valued. As usual, you can find the names of the people who contributed
to this work on the next page.

Ivo Filot Geldrop, 7th January 2020
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Preface to version 1.7

This book has steadily been growing over the past years on the basis of valuable input from
both students as well as colleagues. Looking back at the original version which was only about
90 pages, the book has almost quadrupled in size. In Figure 1, you can find the number of
pages for each edition of the book. Besides a lot of additional exercise and detailed workouts,
a lot of content was added as well. In this version, I have expanded upon the collision theory
section which was a bit lacking in the previous edition. Furthermore, a couple of exercises were
modified to better accommodate the content of the corresponding chapter. Because of three
very critical students, a lot of spelling, grammar and mathematical errors were found and fixed.
Anne Slegers, Iris Nogueroles Langa and Ronald Smits, a bit shout-out to you for your valuable
feedback. All the other students who made contributions can be found in the acknowledgements
section on the next page. The list is starting to become quite big.
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Figure 1: Number of pages for each version of the book.

Ivo Filot Geldrop, 7th December 2020
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Preface to version 1.8

The previous academic year proved to be exceptionally difficult due to the - by now - infamous
global pandemic. It put a lot of pressure on us as teachers to develop online educational resources,
but also a lot of pressure on the students, who were forced to work more independently and
isolated than ever before. Such an environment is far from ideal but also shows what items in
the lecture material are subpar and need to be improved. We took the suggestions and feedback
received from the students to heart and have attempted to implement as many of them into
this new iteration. The biggest change noticeable is the vast increase in the number of exam
level exercises, including the highly appreciated workouts. This alone encompasses about 80
additional pages to the book. The book always contained a lot of exercises, but the demand
for exam level exercises, basically enabling the student to assess their skill level at exam level
difficulty, remained quite popular. We hope that this large set will quench your educational
thirst. The list of students who contributed to this book has also grown as can be seen on the
acknowledgement page. One person deserves special attention, which is Andra Olaru. Andra
has worked very hard and with a lot of dedication incorporating all the additional exam level
questions. This has been highly appreciated and hopefully not only by me, but by you, the
student who is going to use these exercises and workouts, as well. I sincerely hope this iteration
of the book will guide you through the topic of kinetics with ease and efficiency.

Ivo Filot Geldrop, 10th August 2021
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Preface to version 1.9

With version 1.9, the book has undergone a modest yet important restructuring. The
most significant change is the removal of Chapter 7, which previously contained tutorials and
explanations related to MKMCXX version 2. MKMCXX, the microkinetics software suite that
I have developed, has since evolved considerably, and version 3 is now available. As a result,
the content of Chapter 7 had become outdated and no longer reflected the current state of the
software.

For future versions, all MKMCXX-related tutorials, examples, and explanations will be
published on the website rather than in this book. This shift will allow for more flexibility in
keeping the material aligned with ongoing software developments, while the book itself will
remain focused on the theoretical and conceptual framework of kinetics and catalysis.

Although this update is smaller in scope than some previous ones, it represents an important
step toward maintaining the relevance and clarity of the book. The remaining chapters have
been slightly adjusted to ensure a smooth progression of topics.

As always, I am very grateful for the continued feedback and enthusiasm from students
and colleagues. Your input remains invaluable in refining both the educational content and the
tools that support it. Please continue to share your thoughts and suggestions; they are always
welcome.

Ivo Filot Geldrop, 24th October 2025
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1.1 Introduction

Kinetics is part of the science of motion. It deals with the rate of chemical reactions and treats
chemistry from a dynamic viewpoint. In this respect, the counterpart of kinetics is thermodynam-
ics, which deals with the static point of view on chemistry. Whereas thermodynamics is mainly
interested in the initial and final states of a system, within kinetics we are interested in the
complete mechanism and the time by which the system is converted from one state to another.
Thermodynamics seeks to find a description of equilibria, whereas in kinetics equilibrium is
a special situation wherein the forward and backward rates are equal to each other. In a way,
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2 Chapter 1. Kinetics

kinetics can be seen as a more fundamental science than thermodynamics. That being said, the
complexities that occur within the kinetic treatment of chemistry are such that it is difficult to
always apply it with large accuracy and sometimes we find that for a more accurate treatment of
certain properties, thermodynamics gives the more accurate answer.

Underlying both kinetics and thermodynamics are more fundamental theories such as
statistical mechanics and quantum chemistry. The quantum description of matter is only valid
at the smallest length and time scales and the description of large ensembles of particles over
extended periods of time require a statistical description. Hence, kinetics and thermodynamics
are the result of the merge between statistical mechanics and quantum chemistry.

In this chapter, we will start with a detailed description on kinetics with a strong emphasis on
heterogeneous catalysis. This chapter serves as an overview and sets the stage for the contents of
the upcoming chapters. In Chapter 1 we will treat the concept of an elementary reaction simply
as the fundamental building block within a kinetic mechanism. This concept is vastly expanded
in Chapter 4 and treated from the perspective of transition state theory wherein the effect of
configurational degrees of freedom are treated using a statistical thermodynamics approach.
Chapters 2 and 3 serve herein to provide the necessary background to properly introduce transition
state theory. Finally, Chapters 5, 6 and 7 explain how the theory can be brought into practice and
introduces the field of microkinetic modelling.

At the end of this Chapter, you should have a conceptual understanding of what chemokinetic
networks are and how we can describe these in terms of elementary reaction steps. You are able
to construct overall (analytical) rate expressions for typical chemical processes and derive such
expressions on the basis of a reaction mechanism and intelligently chosen assumptions. Finally,
you will be able to express the dependence of these rate expressions on important boundary
conditions such as temperature and pressure.

1.2 The rates of reactions

Consider a chemical reaction between molecules A and B that give products C and D according
to the following reaction equation

νaA+ νbB
k+

−−⇀↽−−
k−

νcC + νdD. (1.1)

Herein, νx is the stoichiometric coefficient of component X and k+/− are the forward and
backward rate constants. The rate of a chemical reaction can hence be defined as either the rate
of disappearance of the reactants or the rate of formation of the products in the following fashion

r = −
1

νa

d[A]

dt
= −

1

νb

d[B]

dt
=

1

νc

d[C]

dt
=

1

νd

d[D]

dt
, (1.2)

where [X] is the concentration of component X and r is the reaction rate. Expression 1.2
derives from the law of mass action, which is the proposition that the rate of a chemical reaction
is directly proportional to the product of the activities or concentrations of the reactants. This
law holds in principle only for so-called elementary reaction steps. A detailed discussion on what
exactly entails an elementary reaction step is given further on in this book1, but for the time
being it is sufficient to know that an elementary reaction step is a chemical reaction in which
one or more chemical species react directly to form products in a single reaction step and with a
single transition state.

1A concise definition would be as follows: An elementary reaction step corresponds to a minimum energy pathway over
the potential energy between two local minima, i.e. stable states, wherein this minimum energy pathway only has a single
transition state with an imaginary frequency in the direction of the reaction coordinate.
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An alternative way to define such an elementary reaction step is given by

Rj :

∑
i

νiXi

 . (1.3)

When νi is negative, compound Xi is a reactant. On the other hand, when νi is positive,
compound Xi is a product of the reaction. Using the same notation, Equation 1.1 is given by

Rj :

∑
i

νiXi

 =
{
−νaA− νbB + νcC + νdD

}
. (1.4)

The general rate expression for an elementary reaction step is then defined as

rj =
1

νi

d[Xi]

dt
, for i = 1, 2, . . . , n (1.5)

Note that the above considers the rate of a single chemical reaction. Often, we simply wish
to know the rate of chemical change of a particular compound. From the general definition, the
rate of change of a single compound in a single elementary reaction step is then given by

rx =
d[X]

dt
= νx

k+ ∏
i∈reactants

[Xi]
νi − k−

∏
i∈products

[Xi]
νi

 . (1.6)

For example, the rate of change of compound A in Equation 1.1 would be

rA = −
d[A]

dt
= νA

(
k+[A]νA [B]νB − k−[C]νC [D]νD

)
. (1.7)

And in a similar fashion, for product C we would obtain the following rate expression

rC =
d[C]

dt
= νC

(
k+[A]νA [B]νB − k−[C]νC [D]νD

)
. (1.8)

Clearly, the part between the parentheses of Equations 1.7 and 1.8 stays the same for each
compound in the reaction. Hence, we can define the reaction rate of a compound within an
elementary reaction step as follows

rx = νxrj . (1.9)

This equation should not come as a surprise as it is basically a rewritten version of Equation
1.5. Furthermore, from the above equations, it should be apparent that rj can be written as

rj =

k+ ∏
i∈reactants

[Xi]
νi − k−

∏
i∈products

[Xi]
νi

 . (1.10)

Thus, we have formally defined how to construct the reaction rate expression of a single ele-
mentary reaction step and of a compound inside such a step given the stoichiometric coefficients
and concentration of the compounds and the reaction rate constant of the elementary reaction
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step. The thing that remains is a motivation why we use an expression such as 1.10 to calculate
the rate of chemical change.

A chemical reaction between compounds A and B can only occur when A and B meet each
other in a chemical mixture. If we consider a tiny volume inside the mixture, the probability that
compound A is inside that volume is directly proportional to the number density of A inside
that volume. This number density is typically expressed as a concentration. In line with this
reasoning, the probability of A and B being in the same volume is proportional to the product of
the concentration of A and B. Hence, we see in formula 1.10 the product of the concentrations of
all compounds on either side of the elementary reaction step.

This leaves us with a motivation for the reaction rate constant k. Whether or not a reaction
event occurs does not only depend on whether A and B find each other in a chemical mixture. It
is for instance also affected by the particular orientation of A and B with respect to each other or
the (kinetic) energy of the compounds. Hence, the term k reflects the chance that a meeting of A
and B results in a chemical reaction event.

For now, we simply use k as some given constant, but later in this book, we will provide a
detailed discussion how the value of k can be calculated on the basis of statistical thermodynamics
and quantum chemistry.

1.2.1 Time-evaluation of a first-order single elementary reaction step

Equation 1.6 is an ordinary differential equation which can be integrated over time to obtain an
expression for the concentration of [X] as a function of time. For simple ordinary differential
equations, analytical solutions can be constructed. Here, we show an example on the procedure.
For more complex chemical systems, we have to resort to numerical approximations using a
procedure known as microkinetic modeling.

For now, assume we have the following simple unimolecular elementary reaction step, given
by

A
k+

−−⇀↽−−
k−

B. (1.11)

Let us further assume that k+ >> k−. In other words, the reaction from A to B is considered
to be irreversible2 In that scenario, we can rewrite the above equation to

A→ B. (1.12)

This gives us the following differential equations3 for compounds A and B

rA =
d[A]

dt
= −k[A] (1.13)

rB =
d[B]

dt
= k[A] (1.14)

To solve this system of ordinary differential equations, we need to have two initial values for
[A] and [B] at time t = 0. For simplicity, let us assume that [A]t=0 = 1 and [B]t=0 = 0.

2This is termed the irreversibility assumption and is denoted by a single arrow within the reaction equation. In some
situations, the reversibility of a reaction is taken into account but described by separate forward and backward reactions. In
the text we will make clear which of the above options is used.

3Note that we have replaced k+ by k for simplicity.
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Thus we obtain the following expression for A

d[A]

dt
= −k[A] (1.15)

d[A]

[A]
= −k dt (1.16)∫ [A]t

[A]0

d[A]

[A]
= −k

∫ t

0
dt (1.17)

ln[A]t − ln[A]0 = −kt (1.18)

ln

(
[A]t

[A]0

)
= −kt (1.19)

[A]t = [A]0 exp (−kt) (1.20)

[A]t = exp (−kt) (1.21)

and similarly, the following expression for B

d[B]

dt
= k[A] (1.22)

d[B]

dt
= k exp (−kt) (1.23)

d[B] = k exp (−kt) dt (1.24)∫ [B]t

[B]0
d[B] = k

∫ t

0
exp (−kt) dt (1.25)

[B]t − [B]0 = k

(
−
exp (−kt)

k
+

exp (0)

k

)
(1.26)

[B]t = 1− exp (−kt) . (1.27)

1.2.2 Sequential elementary reaction steps

The product of one elementary reaction step can be the reactant of another elementary reaction
step. From this, we can easily envision series of connected elementary reaction steps. For
example, consider the overall transformation from some particular reactant R to product P.

R→ P (1.28)

that proceeds via the following elementary reaction steps

R � A (1.29)

A � B (1.30)

B � C (1.31)

C � P. (1.32)

Note that all elementary reaction steps considered here are unimolecular. If we assume that
these reactions mainly operate in the forward direction (i.e. kf >> kb), then we can analytically
derive the expression for the following overall reaction rate.

For each compound in our system, we can construct a differential equation from the rate
expressions. That is,
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d[R]

dt
= −k′[R] (1.33)

d[A]

dt
= k′[R]− k′[A] (1.34)

d[B]

dt
= k′[A]− k′[B] (1.35)

d[C]

dt
= k′[B]− k′[C] (1.36)

d[P]

dt
= k′[C] (1.37)

(1.38)

In a similar fashion as the previous subsection, we obtain a set of ordinary differential
equations, which is also called a system of ordinary differential equations. This system is somewhat
more complex than the previous system, but it can still be integrated analytically. For simplicity,
let us assume that the initial values are as follows: [R](t = 0) = 1 and all other concentrations at
t = 0 are zero.

Let us introduce some additional terminology. The set of all possible concentrations ci is
termed the phase space of the system. Here, this space is defined by

ci ∈ [0, 1] (1.39)

and

∑
i

ci = 1 (1.40)

Integration in time of the differential equations is then called propagation in phase space.
The trajectory is the path in phase space corresponding to this time-integration.

The derivation of the analytical expression goes beyond the scope of this book, but the
interested reader may consult any engineering mathematics book.4 The methodology that we
have used to obtain the solution was by using the so-called Laplace transformation.[1] The result
is:

[R] = exp
(
−k′t

)
(1.41)

[A] = k′t · exp
(
−k′t

)
(1.42)

[B] =
1

2
(k′t)2 · exp

(
−k′t

)
(1.43)

[C] =
1

6
(k′t)3 · exp

(
−k′t

)
(1.44)

[P] = 1− exp
(
−k′t

)(
1 + k′t+

1

2
(k′t)2 +

1

6
(k′t)3

)
(1.45)

The concentration as a function of time is depicted in Figure 1.1. In this graph, k′ = 1

s−1. From this Figure, it can be seen that the concentration of B increases at a slower rate
than the concentration of A and that the concentration of C increases at a slower rate than the
concentration of B. This is of course logical. Each subsequent species in the kinetic network has
to overcome an additional barrier that slows the rate of formation. Despite these barriers, the
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Figure 1.1: Concentration as a function of time. At t = 0, Rt=0 = 1. The system converges to the final result
where P = 1 at t→∞.

final product P is still formed, because the reactions were considered irreversible. The driving
force in this system is thus the strong negative enthalpy of the reaction.

Conclusively, we have seen how to construct a system of ordinary differential equations from
a set of sequential elementary reaction steps. By setting appropriate initial conditions, we were
able to integrate this system over time.

The above example also illustrates another important concept. In Equation 1.6, we formulated
the rate of change for a single molecule in a single elementary reaction step. Here, we have
shown the situation wherein compound X takes part in multiple elementary reaction steps. In
such scenarios, the rate of change of compound X is simply the sum of all the rates of change of
all elementary reaction steps wherein compound X takes part:

d[X]

dt
=
∑
i

νX,iri, (1.46)

where νX,i is the stoichiometric coefficient of compounds X in elementary reaction step i
and ri is the reaction rate of elementary reaction step i. Note that if compound X is not involved
in reaction step i, νX,i is equal to zero and hence ri does not contribute to the rate of change of
compound X.

Combining the above equation with Equation 1.10 leads to the general expression for the
rate of change of compound X in a chemokinetic network:

d[X]

dt
=
∑
j

νX,j

k+ ∏
i∈reactants

[Xi]
νi − k−

∏
i∈products

[Xi]
νi


 . (1.47)

4A good source is Advanced Engineering Mathematics from Erwin Kreyszig.
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The steady state approximation

The procedure shown in the previous subsection is a powerful approach to understand the
time-dependent behavior of a chemical network. The major drawback of this approach is that
when the system of ordinary differential equations cannot be solved analytically, we have to resort
to numerical approximations. Although the system used in the previous session could be solved
analytically, this tends to be more of an exception than a rule. Here, we wish to introduce a
powerful assumption, known as the steady state assumption, that helps us to obtain analytical
expressions for systems of ordinary differential equations. In turn, these analytical expressions
help us to evaluate the complex kinetic behavior.

Let us consider the following overall reaction5, which relates to the decomposition of ozone.

2O3 → 3O2 (1.48)

The above overall reaction is a chemokinetic network which can be represented by two
elementary reaction steps as shown below.

O3
k1−−→ O2 + O (1.49)

O+ O3
k2−−→ 2O2 (1.50)

Let us for simplicity assume that both these reactions are irreversible, i.e. they only proceed
in the forward direction. The three differential equations that describe the rate of change of all
compounds in the network are given by

d[O3]

dt
= − k1[O3]− k2[O][O3] (1.51)

d[O]

dt
= k1[O3]− k2[O][O3] (1.52)

d[O2]

dt
= k1[O3] + 2k2[O][O3] (1.53)

We can solve the above system of ordinary differential equations numerically by providing
initial value conditions, but an alternative method to gain insight in the network is to construct
an overall rate expression. To obtain a simple analytical expression for the rate of production
of oxygen from ozone, we apply an assumption. The assumption we are going to apply is the
steady state approximation. This approximation assumes that the rate of change of one particular
compound is equal to zero. The motivation for this assumption is that the particular compound
for which the approximation is applied is much more reactive than the other compounds in
the network in such a way that its change in concentration over time is zero. It makes sense to
apply this assumption to O as an oxygen radical is known to be very reactive. This leads to the
following expression

d[O]

dt
= k1[O3]− k2[O][O3] = 0 (1.54)

Solving the above equation for [O] gives

[O] =
k1
k2

(1.55)

5An overall reaction is a general kinetic expression that conveys the reactivity of one or more elementary reaction steps
and reflects the stoichiometry of the overall process.
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Inserting this result back into Equation 1.53 results in

d[O2]

dt
= 3k1[O3]. (1.56)

The above expression emphasizes another important point. We mentioned that Equation
1.48 was an overall reaction. Had we treated it as an elementary reaction step, then we could
readily derive the following differential equation for the rate of change in O2:

d[O2]

dt
= 3k[O3]

2. (1.57)

Clearly, Equations 1.56 and 1.57 are inherently different and lead to significantly different
kinetics. This simple example illustrates a very important concept in kinetics. An overall reaction
only expresses the stoichiometry (i.e. the mole balance) between the reactants and the products
of a chemical process, but it cannot tell us a priori anything about the rate of change at which
the process takes place (i.e. the kinetics). In contrast, the set of elementary reaction steps that
constitute the process does not only allow us to investigate the kinetics of a reaction, but it is also
a detailed representation of the reaction mechanism.

� Practice your understanding

Exercises 1.1 and 1.2

1.3 Chain reactions

A chain reaction is a sequence of elementary reaction steps wherein a reactive product, for
instance a radical, causes additional elementary reaction steps to take place. An illustrative
example is the reaction between hydrogen and chlorine to form hydrochloric acid

H2 + Cl2 → 2HCl (1.58)

which proceeds by the following set of elementary reaction steps:

Cl2
k1−−→ 2Cl · (1.59)

Cl · +H2
k2−−→ HCl+H · (1.60)

H · + Cl2
k3−−→ HCl+ Cl · (1.61)

2Cl · k4−−→ Cl2 (1.62)

Note that for this particular set, the reactions only occur in the forward direction. This
is either because the backward reaction is negligible compared to the forward one (which is
the case for the second and third reaction), or because we explicitly model the forward and
backward reaction as separate reactions (which is the case for the first and fourth reaction). In
chain reactions, we can differentiate between initiation, propagation and termination steps. The
first step, the formation of two chlorine radicals, is the initiation step. The second and third
elementary reaction steps are the propagation steps. The fourth step is the reverse of the first
step and is the termination step.

From the above four elementary reaction steps, we are able to derive an analytical expression
for the rate of formation of hydrochloric acid by application of the previously proposed steady
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state approximation. The reasoning stays the same: on the time scales where the reaction takes
place, we consider the concentration of the highly reactive compounds (i.e. the radicals) to be
constant in time, hence we assume

d[Cl · ]
dt

= 0 (1.63)

d[H · ]
dt

= 0. (1.64)

Given the above four elementary reaction steps, we obtain the following five differential
equations (i.e. one for each compound in the system of elementary reaction steps)

d[Cl2]

dt
= − k1[Cl2]− k3[H · ][Cl2] + k4[Cl · ]2 (1.65)

d[H2]

dt
= − k2[Cl · ][H2] (1.66)

d[HCl]

dt
= k2[Cl · ][H2] + k3[H · ][Cl2] (1.67)

d[Cl · ]
dt

= 2k1[Cl2]− k2[Cl · ][H2] + k3[H · ][Cl2]− 2k4[Cl · ]2 = 0 (1.68)

d[H · ]
dt

= k2[Cl · ][H2]− k3[H · ][Cl2] = 0. (1.69)

To find a rate expression for the change in concentration of HCl, we need to obtain an
equation for the concentration of the radicals (which is constant over time) and plug these into
the rate expression forHCl. The trick to solve this problem, is to realize that given the steady-state
approximation, we are allowed to add and/or subtract Equations 1.68 and 1.69 from any of the
above expressions since Equations 1.68 and 1.69 equate to zero.

Summing 1.68 and 1.69 provides us with an expression for [Cl · ]:

[Cl · ] =

√
k1
k4

[Cl2] (1.70)

Plugging Equation 1.70 back into Equation 1.68 provides us (after some algebra) the following
expression for H ·

[H · ] =
k2

√
k1
k4

[H2]

k3
√

[Cl2]
(1.71)

Finally, inserting the result of Equations 1.70 and 1.71 into Equation 1.67 gives us the following
expression for the rate of change in HCl:

d[HCl]

dt
= 2k2

√
k1
k4

[H2][Cl2]
1
2 (1.72)

If 1.58 would have been an elementary reaction step, the rate expression would be

d[HCl]

dt
= 2k[H2][Cl2]. (1.73)
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Hence, we encounter again a situation where the rate expression derived from the set of
elementary reaction steps is significantly different from the simple rate expression assuming that
the overall reaction is an elementary reaction step.

� Practice your understanding

Exercises 1.3 and 1.4

1.4 Catalytic reactions

A catalyst is a compound which is added to the reaction mixture that accelerates the reaction
without itself being consumed in the process. In turn, a reaction that uses a catalyst is termed
a catalytic reaction. The key concept of catalysis is thus that the reactants associate with the
catalytic material, undergo a chemical transformation and finally dissociate from the catalyst.
There are different kinds of catalysts, but in this reader, we will focus on heterogeneous catalysts
and the corresponding gas-solid kinetics.

A heterogeneous catalyst can be envisioned as a relatively large extended surface. This surface
is composed of active sites, which are local positions on which a molecule can adsorb, react and
desorb. The total number of active sites is considered constant and equal to N . Furthermore, we
assume for the time being that all sites are equivalent and each site can only be occupied by a
single species or be vacant. If an adsorbate X is adsorbed on a catalytic site, this is denoted by X*.
The fractional coverage of sites covered by X is in turn denoted by θX .

In summary, our model assumes the following about active sites:

• The total number of sites is constant.

• All sites are equivalent.

• A single site can only adsorb a single molecule or atom.

From here on, we can define elementary reaction steps which deal with a catalytic surface.
Let us consider the adsorption of reactant R on a catalytic site denoted by *

R+ ∗
k+
1−−⇀↽−−
k−
1

R∗ (1.74)

and the reaction in which R* can be converted to product P, which immediately desorbs
from the catalytic surface

R∗
k+
2−−→ P+ ∗. (1.75)

In order to derive kinetic equations for this system, we have to consider the dimensionality
of the reaction rates. For some compounds, the rate of change will be expressed in the three-
dimensional space of the gases. For the species which are associated with the catalyst, their rate
of change pertains to the two-dimensional space of the catalyst surface. Thus, we have to define
the following macroscopic equation for our rates

−V
d[R]

dt
= Nk+1

(
1− θR

)
[R]−Nk−1 θR, (1.76)
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where V is the volume of the gases, N is the total number of catalytic sites in the volume V ,
θR is the fractional coverage of sites covered by R and

(
1− θR

)
the number of empty sites. The

latter can also be denoted by θ∗.
For the rate of change for adsorbed R, we obtain the following expression

dθR
dt

= k+1
(
1− θR

)
[R]−

(
k−1 + k+2

)
θR (1.77)

and for the rate of change of product P

V
d[P ]

dt
= Nk+2 θR (1.78)

To obtain a kinetic expression for the rate of production of P, we can again make use of the
steady state approximation. Here, we apply the approximation for the fractional coverage of R on
the surface θR:

dθR
dt

= k+1
(
1− θR

)
[R]−

(
k−1 + k+2

)
θR = 0 (1.79)

From this, we can directly establish a relation for θR as a function of the concentrations of R:

θR =

k+
1 [R]

k−
1 +k+

2

1 +
k+
1 [R]

k−
1 +k+

2

. (1.80)

Finally, plugging this result back into Equation 1.78 gives

V
d[P ]

dt
= Nk+2

k+
1 [R]

k−
1 +k+

2

1 +
k+
1 [R]

k−
1 +k+

2

. (1.81)

In conclusion, we have seen how to model a reaction that uses a catalytic surface. The novelty
here was that we had to introduce additional terms into the kinetic equations to deal with the
dimensionality of the space wherein the species reside (i.e. three-dimensional for the gas-phase
species and two-dimensional for the adsorbates).

1.4.1 Langmuir adsorption isotherms

The adsorption of compounds on a catalytic surface is a pivotal step in any catalytic cycle, as
without adsorption, no use is made of the catalytic material. The relationship between the surface
coverage of a particular species and its corresponding gas-phase pressure at constant temperature
is known as a Langmuir adsorption isotherm. This isotherm is named after Irving Langmuir, who
studied the deterioration of tungsten filaments in incandescent light bulbs. For this purpose, he
constructed a detailed theoretical framework which he later used to build a kinetic description of
catalytic reactions. For his accomplishment in the field of catalysis, he was awarded with the
Nobel Prize in Chemistry in 1932.

Using the theoretical framework as devised by Irving Langmuir, we are here going to explain
different types of adsorption. The different types of adsorption are named after the nature of
adsorption, which are
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• Direct or associative adsorption: A gas-phase species adsorbs directly on the surface and
retains its internal chemical bonding. A key example is the adsorption of N2 or CO.

• Dissociative adsorption: A gas-phase species adsorbs on the surface and simultaneously
dissociates. The adsorption of H2 on many transition metals directly leads to the dissoci-
ation of the H2 molecule by which the adsorbed state are two separate hydrogen atoms
bonded to the surface.

• Competitive adsorption: Basically a form of adsorption wherein multiple species compete
for the same type of active site. A typical example is the competitive adsorption of CO and
H2.6

In the next subsections, we will derive the Langmuir isotherm for these three types of
adsorption.

Direct adsorption

In the direct adsorption mechanism, a gas-phase species A adsorbs on the surface wherein its
molecular form stays intact. The corresponding elementary reaction step is

A+ ∗
k+

−−⇀↽−−
k−

A ∗ . (1.82)

This gives the following differential equation7 for the rate of change in the surface coverage
of A:

dθA
dt

= pAk
+θ∗ − k−θA. (1.83)

If we assume that the catalytic surface is composed of only one type of site, then we can
formulate the following mass balance for the fractional coverages

θA + θ∗ = 1. (1.84)

Applying Equation 1.84 to Equation 1.83 results in

dθA
dt

= pAk
+ (1− θA)− k−θA. (1.85)

Applying the steady state approximation to the above expression gives us an expression for
the fractional coverage as a function of the gas-phase pressure

θA =

k+

k− pA

1 + k+

k− pA
=

KpA
1 +KpA

(1.86)

This functional form is termed a Langmuir adsorption isotherm. Note that in the above
expression, we have used the equilibrium constantK, which is the ratio of the forward reaction
rate constant and the backward reaction rate constant as given by

K =
k+

k−
. (1.87)

6There is also a form of competition wherein adsorbates on adjacent active sites tend to repel (or attract) each other.
Such kind of lateral interactions are notmeant here.

7Instead of the concentration ofA in the gas phase as shown in the previous example, we here use the pressure as for
gas-solid interactions, the latter is used more often. Both approaches are of course equally valid, as the collision chance
scales linearly with both concentrations as well as pressure.
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Figure 1.2: Langmuir adsorption isotherms. The top line corresponds to an equilibrium constant of K=10 bar−1, the
middle one has an equilibrium constant of 1 bar−1 and the bottom line has an equilibrium constant of 0.1 bar−1.

In Figure 1.2, several Langmuir adsorption isotherms are plotted using Equation 1.86 with
different values for the equilibrium constantK. From this Figure, we can see that with increasing
value for the equilibrium constant, the surface coverage is higher at a given pressure.

Dissociative adsorption

The adsorption of certain di- or polyatomic molecules results in the immediate dissociation of
these molecules upon adsorption on a catalytic surface. A typical example is the adsorption of
H2, which for a broad range of transition metals gives dissociative adsorption.

The elementary reaction step for the dissociative adsorption of species A2 on a catalytic
surface is given by

A2 + 2∗
k+

−−⇀↽−−
k−

2A∗ (1.88)

and the corresponding differential equation is

dθA
dt

= 2pA2
k+
(
1− θA

)2 − 2k−θ2A. (1.89)

Note that we have the same molar balance as shown in the previous section by which we can
replace θ∗ with 1− θA.

Applying the steady state approximation to this differential equation and solving for θA gives
the following Langmuir adsorption isotherm

θA =

√
KpA2

1 +
√
KpA2

. (1.90)

In Figure 1.3, a comparison is shown between associative and dissociative adsorption.
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Figure 1.3: Langmuir adsorption isotherms of associative versus dissociative adsorption. The dashed line corresponds
to associative adsorption whereas the solid line represents dissociative adsorption. The equilibrium constantK is the
same for both isotherms.

Competitive adsorption

An interesting case occurs when two species compete for the same active sites. Consider the
situation where compounds A and B both adsorb associatively on the same catalytic surface as
given by the following two elementary reaction steps

A+ ∗
k+
A−−⇀↽−−
k−
A

A∗ (1.91)

B + ∗
k+
B−−⇀↽−−
k−
B

B ∗ . (1.92)

Applying the steady state approximation to both θA and θB gives the following expressions

θA = KApAθ∗ (1.93)

θB = KBpBθ∗ (1.94)

To solve for θ∗, we introduce a site balance which for this situation is given by

θA + θB + θ∗ = 1. (1.95)

Plugging Equations 1.93 and 1.94 into Equation 1.95 gives

KApAθ∗ +KBpBθ∗ + θ∗ = 1 (1.96)
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Figure 1.4: Langmuir adsorption isotherms of competitive adsorption of A and B.

Collecting all terms in θ∗ gives

(
KApA +KBpB + 1

)
θ∗ = 1 (1.97)

from which we can readily derive

θ∗ =
1

1 +KApA +KBpB
. (1.98)

Plugging this expression back into 1.93 and 1.94 gives

θA =
KApA

1 +KApA +KBpB
(1.99)

θB =
KBpB

1 +KApA +KBpB
. (1.100)

The above two equations are the two Langmuir adsorption isotherms for competitive adsorp-
tion.

In Figure 1.4, a contour plot is given for competitive adsorption. The equilibrium constants
KA andKB are both set to 1 bar−1. The competition between the two adsorbates is clearly seen
from the result that the coverage of B decreases with increasing pressure of A. Furthermore,
because the equilibrium constants for both adsorption isotherms are equal to each other, the
surface coverage of both components at elevated pressures equals θA = θB = 1

2 .

1.5 Reaction mechanisms in catalysis

Quite often, one is interested in the net production of a particular compound in a chemical
reaction. In process engineering, it is common to consider part of the chemical process as a
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black box and model the system (or chemical reactor) purely on the basis of the long-living and
stable compounds within the system. In other words, one neglects the intermediates or radicals
as these are very short-lived and would be difficult to measure experimentally.

Given these limitations, macroscopic reaction rates are employed to express the production
rates in terms of the concentration of the reactants. These production rates (or for that matter
reaction rates) are often so-called power laws and are based on the overall reaction. An example of
such an overall reaction is the oxidation of carbon monoxide over a car-exhaust clean-up catalyst
as given by the following overall reaction equation:

CO+
1

2
O2 −−→ CO2. (1.101)

A simple approach for expressing overall reaction rates is to set up a rate based on a power
law where the exponents in these power laws are set equal to the stoichiometric coefficients in
the reaction equation. For example,

r = k[CO][O2]
1
2 . (1.102)

However, many experiments showed that such an approach was too naive. It is rarely the
case that the stoichiometric coefficient of the reactants are equal to the exponents in these power
laws. The underlying reason for this is that such power laws do not properly describe the kinetics
of the reaction. In order to have a proper description, we need to describe the kinetics of the
elementary reaction steps constituting the overall reaction.

For example, the catalytic oxidation of CO can be decomposed in the following elementary
reaction steps:8

CO+ ∗� CO∗ (1.103)

O2 + 2∗� 2O∗ (1.104)

CO ∗+O∗� CO2 ∗+∗ (1.105)

CO2 + ∗� CO2∗ (1.106)

Describing the kinetics of these four elementary reaction steps can give an overall rate ex-
pression for this reaction. Constructing a set of elementary reaction steps constituting the overall
reaction is typically based on a mixture of chemical intuition, logics and carefully conducted
experiments. For heterogeneous catalytic reactions, a good approach to construct a set of ele-
mentary reaction steps is to decompose the reactants on the catalytic surface to their constituting
elements and subsequently (re-)assemble these elements into their final product.

To exemplify, let us consider ammonia synthesis. Herein, nitrogen and hydrogen gas is
converted to ammonia over a catalytic surface. The first step is decomposing the nitrogen and
hydrogen molecules to nitrogen and hydrogen atoms. In other words, the nitrogen and hydrogen
molecules are dissociated over the catalytic surface. The corresponding elementary reaction
steps are:

N2 + 2∗� 2N∗ (1.107)

H2 + 2∗� 2H∗ (1.108)

You might argue that nitrogen does not adsorb dissociatively9 and that the nitrogen dissocia-
tion actually proceeds in two elementary reaction steps:

8Note that in Equation 1.105 a vacant site is formed after recombination of adsorbed CO and O.
9In fact, I gave this as an example for associative adsorption previously. Moreover, it is known that the N2 bond is very

strong, hence making such a pathway unlikely.
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N2 + ∗� N2∗ (1.109)

N2 ∗+∗� 2N∗ (1.110)

In principle, both paths are valid. In order to resolve whether this happens in one or two
steps is by using the definition of an elementary reaction step. An elementary reaction step has a
single transition state. As it turns out, for some metals, nitrogen adsorption immediately results
in dissociation via a single transition state, while for other metals, nitrogen first molecularly
adsorbs and then dissociates.

After adsorption and dissociation, ammonia is made by subsequent hydrogenation of the
nitrogen atom on the surface. Each of these hydrogenation steps are elementary reaction steps
as the formation of a single N-H bond occurs via a single transition state.

N ∗+H∗� NH ∗+ ∗ (1.111)

NH ∗+H∗� NH2 ∗+ ∗ (1.112)

NH2 ∗+H∗� NH3 ∗+ ∗ (1.113)

Finally, after the ammonia has been formed on the surface, it needs to desorb. This occurs in
a single elementary reaction step. For some reactions, the final hydrogenation step immediately
leads to desorption (such as is the case for methane). In that case, both hydrogenation and
desorption occur in the same elementary reaction step, because it happens via a single transition
state.

NH3∗� NH3 + ∗ (1.114)

We started this chapter by mentioning that the construction of power laws is a poor approach.
You might argue against this, as in principle, you can still construct a single power law expression
by fitting the exponents in the power law to a number of experiments. Such an approach however
would not reveal much of the underlying process. Consider now what kind of advantages one
would gain by loosing the black-box assumption and developing a complete (micro)kinetic model.
One would have a better description of the short-lived intermediates or radicals. The effect
of temperature and pressure could be studied in much greater detail. One could identify the
elementary reaction step that limits the overall reaction and look for new catalytic materials that
lower the reaction barrier of this elementary reaction step.

1.5.1 Potential energy diagram

If the set of elementary reaction steps that describe the mechanism is relatively simple, it is
possible to construct a potential energy diagram (sometimes also termed a reaction energy
diagram) from this set. The potential energy diagram describes the change in energy between
the different thermodynamic states in the reaction and also shows the barrier of each elementary
reaction step.

The potential energy diagram of a single elementary reaction step is given in Figure 1.5.
In this Figure, the initial, transition and final state of the reaction are shown. The difference
in energy between the initial and transition state corresponds to the activation energy. This
is the barrier in terms of energy that has to be crossed in order for this reaction to proceed.
The difference between the initial and final state corresponds to the reaction energy and is the
amount of heat released by the elementary reaction step.

If you would approach this reaction from the right hand side, i.e. from the final state towards
the initial state, then you would still need to cross the barrier imposed by the transition state. This
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Figure 1.5: Potential energy diagram of a single elementary reaction step

∆HCO

1
2∆HO2

∆Eact

∆HCO2
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CO* + O*

CO2*
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Figure 1.6: Conceptual potential energy diagram for the CO oxidation reaction. ∆HX corresponds to the adsorption
energy of compoundX . ∆Eact is the activation energy for the recombination reaction between adsorbed CO and O.

barrier for the backward reaction is simply named the activation energy in the backward direction
and is defined as the difference between the transition state and the final state. Conclusively,
all elementary reaction steps can proceed in both the forward and the backward direction and
regardless of the direction, you will encounter a barrier. The principle behind this is termed
microscopic reversibility.

The potential energy diagram for CO oxidation is shown in Figure 1.6. In this diagram,
on the left hand side, CO and 1

2O2 in the gas phase are given. First, CO and O adsorb on the
surface. Recall that O2 adsorbs dissociatively and only a single oxygen is required for the CO
oxidation, hence we only need to adsorb a single O atom. CO* can react with O* to form CO2* on
the surface, which in turn can leave the surface. Note that adsorption reactions are exothermic
as new chemical bonds with the catalytic surface are formed. Similarly, dissociation steps are
endothermic as chemical bonds with the catalytic surface are broken.

The potential energy diagram is a powerful concept to study the energetics of a reaction
mechanism. Despite this, it only conveys the relative energy levels of the thermodynamic states
and has therefore limited information about the kinetics of the reaction. To study the kinetics,
one has to construct an expression for the overall reaction rate in terms of the set of elementary
reaction steps, which will be the topic of the next section.

1.5.2 Rate-determining step and overall reaction rate

Given that we have a full understanding of the set of all elementary reaction steps of a catalytic
reaction, how can we then construct an analytic expression for the overall reaction rate? The key
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assumption to use is to consider that one of the elementary reaction steps, typically a step over
the catalytic surface, is the rate-determining step. In other words, the rate of the overall reaction
equals the rate of the slowest elementary reaction step.

Let us consider again the example of CO oxidation towards CO2, which occurs via the following
four elementary reaction steps

CO+ ∗� CO∗ (1.115)

O2 + 2∗� 2O∗ (1.116)

CO ∗+O∗� CO2 ∗+ ∗ (1.117)

CO2 + ∗� CO2∗ (1.118)

We wish to develop an analytical expression for the rate of production for CO2 for this system.
From the set of elementary reaction steps as defined above we are of course able to construct a
set of ordinary differential equations and solve this set numerically given appropriate boundary
conditions. However, if we wish to pursue an analytical expression, we are going to make a series
of assumptions:

• We assume that the surface oxidation step (CO ∗+O∗� CO2 ∗+∗) is the rate-determining
step. Thus, the overall reaction rate equals the rate of this elementary reaction step.

• We assume that all steps other than the rate-determining step are in quasi-equilibrium.
This means that on the time scales by which the overall reaction occurs, all steps other
than the rate-determining step have already reached a pseudo- or quasi-equilibrium. In
other words, their rate of change is zero.

• We assume that CO and CO2 adsorb associatively whereas O2 adsorbs dissociatively. We
have previously seen how to construct Langmuir adsorption isotherms for such a situation.
Note that we had to assume a quasi-equilibrium in order to establish these Langmuir ad-
sorption isotherms. In this situation, we have competitive adsorption of three components,
but we will shortly see that it is not more complicated than competitive adsorption for two
components.

• Finally, we employ amean-field approximation. In this assumption, we neglect the local
topology of the catalyst surface and assume that every compound on the catalytic surface
can interact with every other compound on the catalytic surface. This concept is further
illustrated in Figure 1.7. In this Figure, we note that all adsorbates (denoted by squares
and circles) are randomly placed on the catalytic surface. In reality, an adsorbate sitting at
the left bottom corner of the catalytic surface will never react with an adsorbate at the right
top of the catalytic surface, however, within the mean-field approximation, we assume that
everything is continuously randomly distributed and such interactions do occur. In other
words, we neglect the local topology and thus we can describe the rate of reaction using
simply the surface fractions of the adsorbed species.

Using the above assumptions, i.e. the quasi-equilibrium approximation, the rate-determining
step approximation and the mean-field approximation, we obtain the following three equations
for the surface coverage of CO, O and CO2:
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Figure 1.7: Schematic depiction of a surface catalyst. A catalytic surface can be modelled as a square lattice where
each lattice point corresponds to an active site. On these active sites, a single species can adsorb. In the mean-field
approximation, it is assumed that there is no interaction between the adsorbed species and all species are distributed
randomly over the surface.

θCO =
KCOpCO

1 +KCOpCO +
√
KO2

pO2
+KCO2

pCO2

(1.119)

θO =

√
KO2

pO2

1 +KCOpCO +
√
KO2

pO2
+KCO2

pCO2

(1.120)

θCO2
=

KCO2
pCO2

1 +KCOpCO +
√
KO2

pO2
+KCO2

pCO2

(1.121)

The overall rate is equal to the rate of the rate-determining step, hence

rCO2
= k+3 θCOθO − k

−
3 θCO2

θ∗ (1.122)

=
k+3 KCOpCO

√
KO2

pO2
− k−3 KCO2

pCO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2
(1.123)

This equation can be further simplified when we assume that the rate-determining step is
irreversible. In such circumstances, the forward rate is much larger than the backward rate and
hence the equation simplifies to

rCO2
=

k+3 KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2
. (1.124)

With the irreversible step approximation set, the reverse reaction is not occurring, but any
product formed can still readsorb on the surface.10 Thus, we see a term in the denominator

10In principle, all elementary reaction steps are reversible because of the principle of microscopic reversibility. (see
section 1.5.1 on page 19) This assumption merely states that under the given conditions, the barrier for the reverse reaction
is significantly high and that we can therefore assume that the rate in the reverse direction is negligible.
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corresponding to adsorbed CO2. On top of the irreversible step approximation we are allowed to
make an even more stringent assumption termed the zero-conversion approximation. As the
name implies, within this assumption no products are being formed and hence all components
that are formed after the rate-determining step can be ignored and will thus not occur on the
catalytic surface. The reaction rate then further simplifies to

rCO2
=

k+3 KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2

)2
. (1.125)

Note that despite that the zero-conversion approximation and the irreversible step approxi-
mation are different approximations, under the zero-conversion limit the same kind of effects
are present as under the irreversible step approximation. Whereas the zero-conversion limit
does not state that the rate-determining step cannot proceed in the reverse direction, due to the
fact that no product has been formed (i.e. we are working at zero conversion), there is no product
present for the reverse reaction to occur. Admittedly, the difference is subtle, yet the reader is
advised to use the approximations with caution and not to treat them as synonymous.

With these additional approximations installed, we can even further simplify this equation by
making another assumption. Often, catalytic reactions have a surface compound which adsorbs
much stronger than the other adsorbates. Thus, we expect to find that the surface is mainly
covered with that compound and some free sites. For example, let us assume that CO binds
much stronger that the other compounds. In that case,

KCOpCO �
√
KO2

pO2
,KCO2

pCO2
(1.126)

and the above equation then simplifies to

rCO2
=
k+3 KCOpCO

√
KO2

pO2

(1 +KCOpCO)
2

. (1.127)

In this situation, we say that CO is the MARI, which stands for theMost Abundant Reaction
Intermediate. The final assumption we can make is to consider that we are working at very low
temperature by which the surface coverage of CO is not merely the most abundant intermediate
among the reaction intermediates, the coverage of CO is also greater than the amount of available
empty sites. In that case, the reaction rate simplifies to

rCO2
=
k+3

√
KO2

pO2

KCOpCO
. (1.128)

At this point, we have found the equation under the condition that the whole surface is
covered with CO and thus that CO is poisoning the catalytic reaction. It should be noted that
this assumption is rarely valid, except at very low temperature, i.e. well below typical operating
conditions.

1.5.3 Thermodynamic limitations

In the previous subsection, we derived the overall reaction rate under the zero-conversion limit.
This assumption greatly simplifies the mathematics, however, it blinds us from the important
principle that any chemical reaction proceeds towards equilibrium, but can never surpass the
equilibrium condition. As such, we will derive the overall rate equation for a simple chemical
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system, but without invoking the zero-conversion limit. It will hence be seen that the limiting
equilibrium condition arises naturally in the final result.

Assume the same set of elementary reaction steps as in the previous subsection:

CO+ ∗� CO∗ (1.129)

O2 + 2∗� 2O∗ (1.130)

CO ∗+O∗� CO2 ∗+ ∗ (1.131)

CO2 + ∗� CO2∗ (1.132)

The overall reaction rate, including the reverse reaction is given by

rCO2
= k+3 θCOθO − k

−
3 θCO2

θ∗ (1.133)

= k+3

KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2
· · ·

· · · − k−3
KCO2

pCO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2
(1.134)

Note that equation 1.134 only differs in form, but is the same as equation 1.123. We can
rewrite equation 1.134 as

rCO2
= k+3

KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2

1−
k−3 KCO2

pCO2

k+3 KCOpCO
√
KO2

pO2


(1.135)

= k+3

KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2

1−
k−3 KCO2

k+3 KCO

√
KO2

pCO2

pCO
√pO2


(1.136)

= k+3

KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2

1−
KCO2

K3KCO

√
KO2

pCO2

pCO
√pO2


(1.137)

The last two quotient terms in equation 1.137 are important in our analysis. The second to
last quotient

KCO2

K3KCO

√
KO2

=
1

Keq
(1.138)

is the inverse of the equilibrium constant for the overall reaction. This constant only depends
on temperature, which we here assume to be constant. The other term,

pCO2

pCO
√pO2

(1.139)
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corresponds to the quotient of the pressures of the reactants and products. This term, as
seen in equation 1.139, equals the equilibrium constantKeq when the reaction is at equilibrium.
It can now readily be seen that at chemical equilibrium, the product of these last two terms
equals one, by which the term within the round brackets equals zero and thus the overall reaction
rate equals zero.11

Conclusively, all chemical reactions proceed towards chemical equilibrium, but can never
surpass this equilibrium. Another way of saying this, is noting that at chemical equilibrium,
the forward and backward reaction rates are equal. It should be mentioned that a chemical
equilibrium is a dynamic equilibrium in the sense that reactants are converted to products and
vice versa. The system is not stagnant, but is in a state where no net change is observed.

1.6 Dependencies in pressure and temperature

The overall reaction rate critically depends on the applied pressure and the operating temperature.
This dependency can be probed by investigating the reaction order or the apparent activation
energy. The former probes the effect on the overall reaction rate due to an infinitesimal change to
the pressure, relative to a preset working point of given reaction rate and pressure. Similarly, the
apparent activation energy probes the effect of an infinitesimal change in temperature. These
analytical tools provide us with important information under the working state of the catalyst.
We will treat these concepts in this section.

1.6.1 Reaction orders

The overall reaction rate depends on the pressures of the reactants and this dependency is
reflected by the reaction order. The reaction order is basically a number which defines the scaling
behavior of the reaction, i.e. if for instance the reaction order is 2, the rate of the reaction will
quadruple if the pressure is doubled.

The reaction order can be calculated using the following formula12

nX =
∂r+/r+

∂pX/pX
(1.140)

= pX
∂ ln r+

∂pX
. (1.141)

The plus sign in r+ is to indicate that we are only considering the reaction in the forward
direction in this analysis. Considering only the forward direction is synonymous to performing
the analysis at low conversion.

To exemplify the procedure, let us calculate the reaction order in CO for the CO oxidation
reaction. We assume that the quasi-equilibrium assumption holds and furthermore we consider
CO to be the MARI.

11SinceKeq depends on temperature, it is also evident that temperature plays a very important role in chemical equilibria.
By carefully chosing the temperature of the reaction, any thermodynamically limiting conditions can potentially be avoided.

12Note that the reaction order probes relative changes, as can be seen by the division of r+ in the numerator and pX in
the denominator. This formula can be rewritten as the derivative of the natural logarithm. As will become clear in this
section, the application of a natural logarithm allows for efficient evaluation of the reaction orders.
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nCO =pCO
∂ ln r+

∂pCO
(1.142)

=pCO

∂ ln
k+
3 KCOpCO

√
KO2

pO2

(1+KCOpCO)
2

∂pCO
(1.143)

=pCO
∂

∂pCO

(
ln k+3 + lnKCO + ln pCO +

1

2
lnKO2

+
1

2
ln pO2

− 2 ln (1 +KCOpCO)

)
(1.144)

=pCO
∂

∂pCO

(
ln pCO − 2 ln (1 +KCOpCO)

)
(1.145)

=1− 2pCO
∂ ln (1 +KCOpCO)

∂pCO
(1.146)

=1− 2
pCO

(1 +KCOpCO)

∂ (1 +KCOpCO)

∂pCO
(1.147)

=1− 2
KCOpCO

(1 +KCOpCO)
(1.148)

=1− 2θCO (1.149)

(1.150)

The above result can be interpreted as follows. At very low surface coverage of CO, the
reaction order in CO is equal to 1. This means that when we double the CO pressure, we expect
that the reaction rate will double as well. Alternatively, at very high surface coverage of CO, the
reaction order will be -1. In this case, doubling the CO pressure will result in a reduction of the
reaction rate by a factor 2. The latter condition is the poisoning regime. Here, the CO surface
coverage is so high that there are no available free sites for O2 to adsorb and hence the reaction
rate decreases with increasing CO pressure.

If CO is not the MARI, we have the following equation for the reaction rate.

rCO2
=

k+3 KCOpCO
√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2
+KCO2

pCO2

)2
(1.151)

In a similar fashion as shown above, we can calculate the reaction orders to be

nCO =1− 2θCO (1.152)

nO2
=
1

2
− θO (1.153)

nCO2
=− 2θCO2

(1.154)

The reaction rate as a function of coverage is shown in Figure 1.8 and the corresponding
reaction order is given in Figure 1.9. From these Figures, we can see that the reaction order in
O2 is constant as a function of temperature, whereas the reaction order in CO changes from -1 to
+1. In Figure 1.10, the surface coverages for CO*, O* and * are given. Using this Figure, we can
rationalize the results obtained for the reaction orders. At low temperature, the surface is mainly
covered with CO, hence the reaction order in CO is negative. With increasing temperature, the
surface coverage of CO decreases and the amount of available sites increases. As a consequence,
the reaction order in CO increases from -1 to +1. Because the surface coverage of O is very low in
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Figure 1.8: Rate of CO2 formation as a function of temperature

the temperature range under consideration, its corresponding reaction order is constant and
amounts to nO2

= 1
2 for the whole range.

� Practice your understanding

Exercises 1.5, 1.6, 1.7, 1.8, 1.9, and 1.10

1.6.2 Apparent activation energy

To express the dependence of the overall rate on the temperature, typically the concept of the
apparent activation energy is employed. The higher the energy of the apparent activation energy,
the higher the energy barrier that the overall reaction has to cross. The expression for the
apparent activation energy is as follows13

∆E
app
act = RT2 ∂ ln r

+

∂T
, (1.155)

where R is the gas constant and T is the temperature. Applying the above equation to the
(simplified) reaction rate for CO2 formation as given in Equation 1.127

13Although not explicitly shown here, the apparent activation energy also probes a relative change, similar to the reaction
order. This gives rise to the logarithmic term as shown in equation 1.155.
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Figure 1.9: Reaction order in CO and O2 as a function of temperature

∆E
app
act =RT2

∂ ln

k+
3 KCOpCO

√
KO2

pO2

(1+KCOpCO)
2


∂T

(1.156)

=RT2 ∂

∂T

(
ln k+3 + lnKCO + ln pCO +

1

2
lnKO2

+
1

2
ln pO2

− 2 ln (1 +KCOpCO)

)
(1.157)

=RT2 ∂

∂T

(
ln k+3 + lnKCO +

1

2
lnKO2

− 2 ln (1 +KCOpCO)

)
(1.158)

Let us take one step back from the above equation and study the results obtained so far before
we continue deriving the final result. In the last step, we note that we have four terms that we
have to differentiate. One term corresponds to the derivative towards T of the natural logarithm
of the reaction rate constant, two similar terms but then for the equilibrium constant and a final
term that corresponds to the part of the denominator of the overall reaction equation. To solve
the last term, we need to apply the chain rule. Let us first solve the first three terms for which we
need to know how k andK depend on the temperature. From thermodynamics (we will discuss
this in more detail in Chapter 2), these terms depend on temperature in the following fashion:

k = ν exp

(
−∆Eact

RT

)
, (1.159)

where ν is the pre-exponential factor and ∆Eact is the reaction barrier for the corresponding
elementary reaction step. Plugging the above in our expression and solving for the first term
gives
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Figure 1.10: Surface coverage of CO and O as a function of temperature

∂

∂T
ln

(
ν exp

(
−∆Eact

RT

))
=
∂

∂T

(
ln (ν) +

−∆Eact

RT

)
(1.160)

=
∆Eact

RT2
. (1.161)

Similarly, the temperature dependence of the equilibrium constant is reflected by the follow-
ing equation

K = exp

(
−∆GR

RT

)
= exp

(
−∆HR + T∆SR

RT

)
= exp

(
−∆HR

RT

)
exp

(
∆SR
R

)
, (1.162)

where ∆GR is the Gibbs Free energy, ∆HR is the reaction enthalpy and ∆SR is the reaction
entropy. Thus, we can now solve for the second and third term in Equation 1.158

∂

∂T
ln

(
exp

(
−∆HR

RT

)
exp

(
∆SR
R

))
(1.163)

=
∂

∂T

ln(exp(−∆HR

RT

))
+ ln

(
exp

(
∆SR
R

)) (1.164)

=
∂

∂T

(
−∆HR

RT
+

∆SR
R

)
(1.165)

=
∆HR

RT2
(1.166)

Finally, we have to solve for the fourth term in Equation 1.158 which can be done by using
the chain rule and applying the result of Equation 1.166.
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∂

∂T

(
2 ln (1 +KCOpCO)

)
=2

∂

∂T

(
ln (1 +KCOpCO)

)
(1.167)

=2
∂ lnα

∂α

∂α

∂T
with α = 1 +KCOpCO (1.168)

=2
1

α

∂α

∂T
with α = 1 +KCOpCO (1.169)

=2
pCO

1 +KCOpCO

∂KCO

∂T
(1.170)

=2
pCO

1 +KCOpCO

∂ exp
(
−∆HR
RT

)
exp
(
∆SR
R

)
∂T

(1.171)

=2
pCOKCO

1 +KCOpCO

∆HCO

RT2
(1.172)

Note that the term pCOKCO
1+KCOpCO

corresponds to the Langmuir adsorption isotherm for CO
under the conditions that CO is the MARI, hence, we can further reduce the above equation to

∂

∂T

(
2 ln (1 +KCOpCO)

)
= 2 θCO

∆HCO

RT2
(1.173)

Combining all four terms provides us with the following equation for the apparent activation
energy

∆E
app
act =RT2 ∂

∂T

(
ln k+3 + lnKCO +

1

2
lnKO2

− 2 ln (1 +KCOpCO)

)
(1.174)

=∆Eact +∆HCO +
1

2
∆HO2

− 2∆HCOθCO (1.175)

=∆Eact +∆HCO
(
1− 2θCO

)
+

1

2
∆HO2

(1.176)

We can interpret this equation on the basis of Figure 1.6. The overall activation energy of the
kinetic network depends on the barrier of the rate-determining step. The barrier is decreased by
the half of the adsorption heat of O2 as oxygen adsorption is exothermic (i.e. ∆H for adsorption
is always negative) and releases heat. The barrier is further decreased by the adsorption heat
of CO, however, with increasing amount of CO on the surface, the reduction of the barrier by
CO adsorption decreases to the point that at coverages larger than 0.5, the reaction barrier is
increased by the heat of adsorption of CO.

� Practice your understanding

Exercises 1.11, 1.12, 1.13, 1.14, 1.15 and 1.16

1.7 Differentiating between catalytic mechanisms

The apparent activation energy and the reaction order are two ways by which a (catalytic) reaction
can be experimentally probed. By proposing a particular reaction mechanism and assuming
a rate-determining step, it is possible to falsify a postulated reaction mechanism by means
of an experiment. This has become a very important technique in the elucidation of reaction
mechanisms. In this section, we will provide a simple example how this procedure works.
We will herein focus on the reaction order, but similar strategies are possible for the apparent
activation energy.
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Consider the CO oxidation reaction. We can postulate this overall reaction to proceed in the
following two ways:

1. CO and O2 both adsorb on the catalytic surface. CO adsorbs molecularly and O2 adsorbs
dissociatively. Adsorbed CO and adsorbed O can react to form CO2 which can leave the
surface.

2. O2 adsorbs dissociatively on the catalytic surface and CO reacts, directly from the gas
phase and without first adsorbing on the surface, with an adsorbed oxygen. This result in
C-O bond formation and an adsorbed CO2 molecule which can finally desorb from the
surface.

Reactions wherein all adsorbates first have to adsorb on the catalytic surface before they can
react (situation 1) are termed Langmuir-Hinshelwood type of reaction mechanisms. In contrast,
reaction mechanisms wherein one of the reactants directly react from the gas phase (situation 2)
are known as Eley-Rideal type of mechanisms.

Let us assume that in both cases the reaction that results in the formation of adsorbed CO2
is the rate-determining step. Furthermore, we assume a quasi-equilibrium for all elementary
reaction steps before the rate-determining step and further operate under the zero-conversion
limit. With these assumptions in place, we can readily derive an equation for the rate of formation
of CO2 as function of the partial pressures of CO and O2.

For a Langmuir-Hinshelwood mechanism, the overall reaction rate was already derived in
previous sections and corresponds to

rLH = k+
KCOpCO

√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2

)2
. (1.177)

For the Eley-Rideal type of mechanism, the situation is a bit different. Let us derive it starting
from the fundamental rate equation for the rate-determining step.

rER = k2θOpCO. (1.178)

Only for O2 adsorption a corresponding Langmuir adsorption isotherm is needed to obtain
an overall rate expression as function of partial pressures, equilibrium constants and reaction
rate constants. Plugging the Langmuir adsorption isotherm for O2 in the above equation yields

rER = k+
pCO

√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2

) . (1.179)

The most salient difference between equation 1.177 and 1.179 is the lack of a Langmuir
adsorption isotherm for CO in the latter equation and consequently no longer the squaring
of the denominator. This latter aspect should be clear; in an Eley-Rideal type of mechanism,
only a single active site on the catalyst is required whereas in a Langmuir-Hinshelwood type of
mechanism, two such sites are necessary for the reaction to proceed.

Let us derive the reaction orders in CO for these two mechanisms. For the Langmuir-
Hinshelwood mechanism, this has already been done in previous sections and the result is

nCO,LH = 1− 2θCO. (1.180)



�
C

H
A

P
T

E
R

1

1.8 Multi-site mechanisms 31

For the Eley-Rideal mechanism, the result is

nCO,ER = 1− θCO. (1.181)

For the Langmuir-Hinshelwood mechanism, the reaction order in CO will thus be between 1
and -1, whereas for the Eley-Rideal mechanism, it will be between 1 and 0. Thus if an experimental
situation is produced wherein the CO coverage is high and a negative reaction order in CO is
found, this would be in favor for rejecting the hypothesis wherein an Eley-Rideal mechanism is
postulated. Furthermore, this result also nicely shows that in an Eley-Rideal mechanism, surface
poisoning by CO is impossible as CO is not required to adsorb on the surface.

Conclusively, by postulating a reaction mechanism and deriving analytical expressions for
the reaction rate and subsequently for the reaction orders allows for a combined theoretical/ex-
perimental procedure to falsify reaction mechanisms.

� Practice your understanding

Exercises 1.17

1.8 Multi-site mechanisms

So far, we have dealt with catalytic surfaces harboring only a single type of active site. We can
readily extend this methodology for two or even multiple types of active sites. These different
active sites can for instance have different preferences for which compounds can be readily
adsorbed. To obtain analytical solutions, it is nevertheless required that the fundamental assump-
tions such as the rate-determining step approximation and pseudo-equilibrium approximation
remain in place. To illustrate the principle, let us consider an example.

We revisit the pedagogical problem of CO oxidation. Let us assume that CO adsorbs on one
type of active site, denoted by * and O adsorbs on another type of active sites, denoted by #. The
rate-determining step is the recombination of CO with O utilizing the two different types of
active sites. We assume that the resulting CO2 can only be adsorbed on a * type of active site.
Following these assumptions, the set of elementary reaction steps would then be

CO+ ∗� CO∗ (1.182)

O2 + 2# � 2O# (1.183)

CO ∗+O#→ CO2 ∗+# (1.184)

CO2 + ∗� CO2∗ (1.185)

Assuming a pseudo-equilibrium, the following Langmuir adsorption isotherms would be
obtained

θCO =
KCOpCO

1 +KCOpCO +KCO2
pCO2

(1.186)

θCO2
=

KCO2
pCO2

1 +KCOpCO +KCO2
pCO2

(1.187)

τO =

√
KO2

pO2

1 +
√
KO2

pO2

, (1.188)
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wherein we use τ to denote the fractional coverage of # types of active sites and wherein we
have applied distinct site balances (see e.g. eqaution 1.95) for the θ- and #-type of active sites.
From the rate-determining step approximation, we can now readily derive the overall reaction
rate as function of the partial pressures, equilibrium and reaction rate constants.

r = k+θCOτO (1.189)

= k+
KCOpCO

√
KO2

pO2(
1 +KCOpCO +KCO2

pCO2

)(
1 +

√
KO2

pO2

) (1.190)

Comparing equation 1.190 with 1.177 readily shows the result of utilizing different types of
active sites with respect to the overall reaction rate. Instead of a denominator wherein only the
terms corresponding to a single type of active site is found, for a multi-site mechanism, all sites
that participate in the reaction mechanism are found. These differences can have a profound
effect on the catalytic mechanism. In a single-site mechanism, there is a strong competition
between adsorbates that require the same type of active site whereas in a multi-site mechanism,
such competition is partially mitigated. This can be readily seen from the reaction orders.

For a single site mechanism, the reaction orders in CO and O2 were established to be

nCO,single-site = 1− 2θCO (1.191)

nO2,single-site
= 1− θO2

(1.192)

.
For the dual-site mechanism, these reaction orders are

nCO,dual-site = 1− θCO (1.193)

nO2,dual-site
=

1

2
−

1

2
τO. (1.194)

Clearly, at very high coverages of CO, the single-site mechanism is prone to poisoning due
to CO preventing the adsorption of O2 as found from negative reaction orders. On the other
hand, for the dual-site mechanism, the reaction order in CO can never become negative as #
types of active sites always remain accessible for O2 to adsorb on as on this type of active site,
there is no co-adsorption of CO and O. Furthermore, as the different types of mechanism are
expected to show a different kinetic response under the right catalytic conditions, the reaction
order can be utilized to differentiate between the two mechanism, in line with what was shown
in the previous section.

� Practice your understanding

Exercises 1.18



�
C

H
A

P
T

E
R

1

1.9 Exercises 33

1.9 Exercises

The answers to the exercises can be found at the end of this Chapter on page 43. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 1.1 �

The decomposition of acetaldehyde

CH3CHO→ CH4 + CO (1.195)

proceeds in the gas phase via methyl radicals according to

1. CH3CHO→ CH3*+ CHO*

2. CH3*+ CH3CHO→ CH4 + CH3CO*

3. CH3CO*→ CH3*+ CO

4. 2CH3*→ C2H6 (1.196)

Assume that all reactions are irreversible. Derive the rate expressions for the formation of
CH4 and C2H6 by using the steady-state approximation.

� EXERCISE 1.2 �

N2O5 is an unstable compound formed in the atmosphere upon interaction of NO2 with
oxygen. Its decomposition

2N2O5 → 4NO2 +O2 (1.197)

proceeds according to the following rate equation

r =
d[O2]

dt
= k[N2O5] (1.198)

Show that the following set of elementary reaction steps leads to this rate equation and
provide an explicit expression for the overall rate constant k. Identify all reaction intermediates
and apply the steady state approximation on these intermediates.

1. N2O5 � NO2 +NO3

2. NO2 +NO3 → NO+NO2 +O2

3. NO+NO3 → 2NO2 (1.199)

� Think deeper...

• Explain why the reaction order with respect to N2O5 is unity and not 2 as suggested by
the overall rate equation.
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• Derive a rate equation for the formation of NO2 and relate it to the rate equation for O2

formation.

� EXERCISE 1.3 �

Derive the rate expression for N2O for the reaction

2NO+H2 → N2O+H2O (1.200)

using the steady-state approximation. The mechanism constitutes the following elementary
reaction steps

1. 2NO � N2O2

2. N2O2 +H2 → N2O+H2O

� EXERCISE 1.4 � �

The exposure of sunlight to a mixture of methane and bromine gas results in a violent
reaction releasing bromomethane and hydrogen bromide. This reaction proceeds according to
the following mechanism:

1. Br2 → 2Br*

2. CH4 + Br*→ CH3*+HBr

3. CH3*+ Br2 → CH3Br+ Br*

4. 2Br*→ Br2

• Identify the type of elementary reaction step in the above chain reaction. Distinguish
between initiation, propagation and termination reactions.

• Derive a rate expression for the formation of CH3Br. Clearly explain the assumptions you
have used in the derivation.

� EXERCISE 1.5 �

Derive the Langmuir adsorption isotherms for the following situations

(a) Molecular adsorption of CO.

(b) Dissociative adsorption of CO.

(c) Competitive adsorption of molecularly adsorbed CO and dissociatively adsorbed H2. As-
sume there occurs no reaction between CO and H2.
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(d) Consider the mechanism of methanol formation through consecutive hydrogenation of
CO. The rate-determining step is the first hydrogenation of CO with one H atom. This
step is irreversible. All other steps are fast, except for the desorption of methanol which
is considered to be in equilibrium with the gas phase. CO and H2 adsorption are also
quasi-equilibrated.

• Write down the mechanism.

• Reason why you only need to take the surface coverages of CO, H and CH3OH into
account.

• Derive an expression for the reaction rate.

• Give the limits (the domain) of the reaction orders for H2, CO and methanol.

� EXERCISE 1.6 � � �

Recent work has shown that the rate of catalytic synthesis of methanol from CO2 and H2

scales first-order with the partial pressure of CO2 and
3
2 order with the partial pressure of H2.

The overall reaction equation is

CO2 + 3H2 → CH3OH+H2O (1.201)

The mechanism is thought to proceed in the following manner

1. H2 + 2∗� 2H*

2. CO2 + ∗� CO2*

3. CO2*+H* � HCOO*+ ∗

4. HCOO*+H* � H2COO*+ ∗

5. H2COO*+H* � H3CO*+O*

6. H3CO*+H* � H3COH*+ *

7. H3COH+ * � H3COH*

a) Complete the mechanism by adding three elementary reaction steps which remove O* as
H2O involving equilibrium between water in the gas phase and the adsorbed state.

b) Determine which step is most likely the rate-determining step considering the reaction orders
as obtained from the experimental results. Assume that the reaction is operated under zero
conversion.

c) Derive the corresponding rate equation for methanol formation, assuming that the rate-
determining step is irreversible (proceeds only in the forward direction) and all other steps are in
quasi-equilibrium. Furthermore, assume that the surface is nearly empty. Show that nH2

= 3
2 .

� Think deeper...

At which molar fraction of H2 is the reaction rate at its optimum?
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� EXERCISE 1.7 � �

During the course lectures, CO oxidation was studied as a typical example of surface catalysis.
It relates to the clean-up of exhaust gases from the combustion of transport fuels. The rate
equation has been derived assuming that the surface reaction is the rate-determining step.
Furthermore assume that the rate-determining step is irreversible. Consider the following
mechanism:

1. CO+ ∗� CO*

2. O2 + 2*→ 2O*

3. CO*+O*→ CO2 + 2* (1.202)

a) Which assumptions do you propose to compute the surface coverage of O atoms? Recall that
we are considering in this question car-exhaust clean-up in the three-way automotive catalyst.
Should the surface oxygen coverage be high or low in this process and why?

b) Derive the overall rate equation for the above mechanism.

� EXERCISE 1.8 � �

Consider the steam reforming of methane, which is a large-scale industrial process for the
production of synthesis gas:

CH4 +H2O→ CO+ 3H2 (1.203)

For a Ni catalyst supported on alumina, we find that the reaction orders are the following

• nCH4
> 0

• nH2O < 0

• nH2
> 0

a) What is synthesis gas and name at least two chemical processes that use synthesis gas as its
feedstock.

b) In case we wish to produce H2, for instance in ammonia production, what other important
chemical reaction can be utilized to increase the amount of H2 that can be produced from
methane?

c) Why is steam reforming carried out under moderate pressure and high temperature?

d) Propose a mechanism involving recombination of adsorbed C* and adsorbed O* to form
adsorbed CO* as the rate-determining step. Derive a reaction rate equation assuming that O* is
the MARI. Assume that the adsorption of CH4 is dissociative, whereas the adsorption of H2O is
molecular.

e) Are the experimental orders for Ni consistent with this model?

f ) Derive another rate equation assuming that methane dissociation is rate-determining and
assume again that O* is the MARI. What are the reaction orders in this case?
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� EXERCISE 1.9 � �

The catalytic hydrogenolysis of ethane into methane is composed of the following elementary
reaction steps

1. C2H6 + 2∗� C2H5*+H*

2. C2H5*+H* � 2CH3*

3. CH3*+H* � CH4 + 2∗

4. H2 + 2∗� 2H*

Assume that step (2) is rate-determining and that all other elementary reaction steps are in
quasi-equilibrium.

a) If a small amount of D2 is added to the reactants, C2H6−nDn is observed in the gas phase.
Explain this phenomenon.

b) Deduce the rate equation for step (2).

c) Derive the expressions for the surface coverages of ethyl, methyl and hydrogen.

d) Give the full rate equation including the terms relevant when the reaction approaches equilib-
rium. In other words, explicitly assume that the rate-determining step is reversible.

e) Give the simplified rate equation in the case that H* is the MARI and very low conversion of
ethane.

� Think deeper...

Derive an expression for the apparent activation energy for the latter case.

� EXERCISE 1.10 � �

Consider the reaction between NO and CO in the presence of O2 on a Rh catalyst. NO
and CO adsorb molecularly. The surface NO dissociation step is much slower than all other
elementary reaction steps. The rate of CO* + O* is comparable to the rate of dissociative O2

adsorption. The other steps are quasi-equilibrated.

1. NO+ ∗� NO*

2. CO+ ∗� CO*

3. O2 + 2∗ → 2O*

4. N2 + 2∗� 2N*

5. NO*+ ∗ → N*+O*

6. CO*+O*→ CO2 + 2∗

Derive the rate equation for N2 and CO2 formation. Use the steady-state approximation on
O* to derive this expression.
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� Think deeper...

In which technological application are these reactions important?

� EXERCISE 1.11 � �

Ethylene oxide is an important feedstock in the production of ethylene glycol. Ethylene oxide
is made by partial oxidation of ethylene (C2H4) over a Ag catalyst. In this process, ethylene
adsorbs molecularly whereas oxygen adsorbs dissociatively. The transition state for the formation
of ethylene oxide has such a high barrier that this elementary reaction step is considered to be
rate-determining. Assume that ethylene oxide immediately and irreversibly desorbs from the
catalytic surface after formation. Further assume that all other elementary reaction steps are in
quasi-equilibrium.

a) Provide an expression for the surface coverage of ethylene as a function of the partial pressure
of ethylene and oxygen.

b) Derive an expression for the rate of formation of ethylene oxide as a function of the partial
pressures of ethylene, ethylene oxide and oxygen.

c) At low temperature, it is found that oxygen is strongly adsorbed. Derive a simplified expression
for this situation. What are the reaction orders in ethylene and oxygen?

d) Describe the surface composition for the situation described in item (c).

e) Derive an expression for the apparent activation energy for the situation described in item (c).

� EXERCISE 1.12 � � �

Consider the catalytic oxidation of sulfur dioxide with molecular oxygen to sulfur trioxide.
The overall reaction equation is

SO2 +
1

2
O2 → SO3 (1.204)

The catalytic reaction proceeds over a catalytic surface containing only one type of surface
sites. SO2 adsorbs molecularly, whereas O2 adsorbs dissociatively. SO3 is formed on the catalytic
surface by bond formation between adsorbed SO2 and O. Adsorbed SO3 is in quasi-equilibrium
with SO3 in the gas phase.

a) Give the elementary reaction steps of this proceses.

b) Assume that the surface reaction between SO2 and O is the rate-determining step and is
irreversible. Derive an expression for the rate of formation of SO3.

c) Give the limits of the reaction orders in SO2, SO3 and O2.

Assume from here on that O is strongly adsorbed whereas SO2 and SO3 are only weakly
adsorbed.14

14Note that O2 adsorbs dissociatively, so it is the oxygen atom that adsorbs strongly.
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d) Provide an expression for the rate of formation of SO3 and derive the reaction orders in terms
of the surface composition (fractional occupancies).

e) Derive an expression for the apparent activation energy in terms of the surface composition
(fractional occupancies).

Using a different catalyst, the following rate expression was found

r = k

(
KSO2

pSO2

1 +KSO2
pSO2

+KSO3
pSO3

) K
1/2
O2

p
1/2
O2

1 +K
1/2
O2

p
1/2
O2

 (1.205)

f ) Provide a reasoning why the above rate expression differs from the previously described
catalyst. What is the essential difference?

� EXERCISE 1.13 � � �

Platinum is an efficient catalyst for oxidative dehydrogenation of ethanol towards acetaldehyde.
The oxidizing agent is molecular oxygen. Mechanistic studies have shown that ethanol adsorbs
molecularly, whereas oxygen adsorbs dissociatively. The rate-limiting step is the dehydrogenation
of adsorbed ethanol to acetaldehyde coinciding with the release of a water molecule.

C2H5OH*+O*→ C2H4O+H2O+ 2* (1.206)

a) Derive an expression for the surface coverage of ethanol and oxygen in terms of their corre-
sponding partial pressures.

b) Derive an expression for the rate of formation of acetaldehyde as a function of the partial
pressures of ethanol, oxygen, acetaldehyde, and water.

Assume that at very low temperature, ethanol adsorbs strongly.

c) Provide an expression for the rate of formation considering the above assumption. What are
the reaction orders in ethanol and in oxygen?

d) Derive an expression for the apparent activation energy and explain this result in terms of the
surface composition and the reaction profile.

Assume the temperature is increased.

e) Describe the surface composition in this scenario.
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� EXERCISE 1.14 � � �

The synthesis of water fromH2 andO2 over a Pt surface proceeds via the following elementary
reaction steps:

1. H2 + 2∗� 2H*

2. O2 + 2∗� 2O*

3. O*+H* � OH*+ ∗

4. OH*+H* � H2O*+ ∗

5. H2O+ ∗� H2O*

a) Assume that step (3) is the rate-determining step and provide a rate expression for this step
containing both the forward as well as the backward rate.

b) Show that the rate expression can also be expressed as the equation shown below. Provide
an equality for the constantKequilibrium in terms of the equilibrium constants of the individual
elementary reaction steps.

r = k+3

√
K1K2pH2

pO2

(
1−

pH2O

KequilibriumpH2

√
pO2

)
θ2* (1.207)

c) Assume that oxygen is the MARI. Provide an expression for θ* using this assumption.

d) Provide an expression for the reaction orders in hydrogen, oxygen and water under the
assumption that O is the MARI and that the reaction is far from equilibrium.

e) Assume that the surface is nearly empty. Calculate the optimal gas phase composition (the
ratio between hydrogen and oxygen) to find the best rate. Again assume that the reaction is
operated far from equilibrium.

� Think deeper...

Derive for case (e) an expression for the apparent activation energy and explain your results
in terms of the surface processes and surface composition.

� EXERCISE 1.15 � � �

Consider the reaction between NO and CO over a Pt surface. NO and CO adsorb molecularly.
The surface NO dissociation step is considered to be much slower than all other elementary
reaction steps in the system. As such, assume that NO dissociation is the rate-limiting step
and that all other steps are in quasi-equilibrium. Note that step (5) is reversible and as such the
reverse reaction needs to be taken into account as well.
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1. NO+ ∗� NO*

2. CO+ ∗� CO*

3. N2 + ∗� N2*

4. N2*+ ∗� 2N*

5. NO*+ ∗� N*+O* (1.208)

6. CO*+O* � CO2*+ ∗

7. CO2 + ∗� CO2*

a) Derive the rate equation for N2 formation. Take the reversibility of the reaction into account
and use an overall equilibrium constantKeq in the term corresponding to the reverse reaction.

Assume that O* is the MARI

b) Derive a simplified rate equation for this case and give expressions for the reaction orders in
NO, CO, N2 and CO2. Explain these dependencies in terms of the surface coverages.

The apparent activation energy is determined under the condition that the surface is nearly
empty.

c) Derive an expression for the apparent activation energy in terms of the activation energy of
the rate-determining step and the enthalpy changes of the other steps.

� Think deeper...

What is the expression for the apparent activation energy for case (b)?

� EXERCISE 1.16 � � �

The synthesis of hydrogen peroxide from hydrogen and oxygen over a metal surface proceeds
via the following elementary reaction steps:

1. H2 + 2∗� 2H*

2. O2 + ∗� O2*

3. O2*+H* � OOH*+ ∗

4. OOH*+H* � H2O2*+ ∗

5. H2O2 + ∗� H2O2*

a) Derive an expression for the rate of H2O2 formation assuming that step (3) is the slowest
step. Take the reverse reaction explicitly into account (i.e. do not assume zero-conversion or an
irreversible step approximation).

b) Assume now that the surface is nearly completely occupied with O2 and that the reaction
is conducted at very low conversion; simplify the above expression and determine the reaction
orders with respect to H2, O2 and H2O2.

c) Derive an expression for the apparent activation energy under these conditions.
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d) Derive also an expression for the apparent activation energy in the high-temperature limit
when the surface is nearly empty.

� EXERCISE 1.17 � � � �

The hydrogenation of acetylene can occur via two differentmechanisms: Langmuir-Hinshelwood
or Eley-Rideal. The former assumes that both acetylene and hydrogen adsorb on neighboring
sites before (two-fold) hydrogenation takes place, whereas the latter assumes that hydrogen
directly reacts from the gas phase with adsorbed acetylene.

Assume that the rate-determining step of each mechanism is

• Langmuir-Hinshelwood: C2H2* + H*→ CH2CH* + *

• Eley-Rideal: C2H2* + H2 →C2H4*

When constructing the mechanism, assume that hydrogen adsorbs dissociatively in both
mechanisms. Furthermore, despite that hydrogen adsorption is not needed in the Eley-Rideal
mechanism, allow hydrogen to co-adsorb. To simplify upon the mathematics, assume that the
reaction is conducted at zero-conversion.

a) Write down the elementary reaction steps for both mechanisms.

b) Show that these mechanisms can be differentiated by their reaction orders. Mention what
conditions are required to show this difference.

� EXERCISE 1.18 � � � �

Methanol synthesis can proceed in the direct pathway by fourfold hydrogenation of CO to
methanol. For this process, a catalyst is used which contains two types of active sites indicated
by θ and τ . The active sites have a specific surface topology by which carbonaceous compounds,
i.e. CHxO, can only adsorb on site θ, but H can adsorb on both these sites. An asterisk (*) is
used to indicate adsorbed compounds on site θ, whereas a pound sign (#) is used to indicate
adsorbed compounds on site τ .

Assume the following:

• Methanol is formed by threefold hydrogenation of C to CH3O and finally hydrogenating
the O moiety to form methanol.

• The rate-determining step in this reaction is the hydrogenation of CHO to form CH2O.

• The rate-determining step is irreversible and the system is assumed to operate in the zero
conversion limit.

• Hydrogen adsorbs dissociatively at both the θ as well as the τ site. These sites are oriented
in such a fashion that a single hydrogen molecule cannot adsorb on both these sites
simultaneously.

• There is nomigration of H between the θ and τ sites.
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• All elementary reaction steps on the surface, i.e. between CHxO* and H#, proceed
between the two different active sites.

• Although H* will not directly react with any CHxO* species, the adsorption of H* does
result in an inhibiting term which needs to be modeled adequately.

a) Construct the set of elementary reaction steps that define this chemo-kinetic network. Use
an asterisk (*) to indicate θ sites and a pound sign (#) to denote τ sites.

b) Derive the Langmuir adsorption isotherm for dissociative adsorption of hydrogen on the τ
sites.

c) Derive an expression for the overall reaction rate as a function of the partial pressures of the
reactants, the reaction rate constant of the rate-determining step and the equilibrium constants of
the relevant elementary reaction steps. Identify the inhibiting term corresponding to adsorption
of H on a θ site.

d) Derive the reaction order in H2 and in CO.

e) Derive the apparent activation energy as a function of the relevant partial surface coverages.

1.10 Solutions

The solutions below pertain to the exercises of Chapter 1 on page 33 and further.

� SOLUTION 1.1

d[CH4]

dt
= k2[CH3*][CH3CHO] (1.209)

The target is to express short-lived intermediates (such as radicals) in terms of gas-phase
concentrations. Here, the unknown variable is [CH3*] and can be found by using the steady state
approximation. In the steady-state approximation, the time-derivative of one or more compounds,

typically the reaction intermediates, is set to zero. We apply this approximation to d[CH3*]
dt and

d[CH3CO*]
dt .

d[CH3*]
dt

=k1[CH3CHO]− k2[CH3*][CH3CHO]

+ k3[CH3CO*]− 2k4[CH3*]
2 = 0 (1.210)

and

d[CH3CO*]
dt

= k2[CH3*][CH3CHO]− k3[CH3CO*] = 0 (1.211)

Combining Equations 1.210 and 1.211 yields

[CH3*] =

√
k1
2k4

[CH3CHO]1/2. (1.212)
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Inserting Equation 1.212 into Equation 1.209 gives

d[CH4]

dt
= k2

√
k1
2k4

[CH3CHO]3/2. (1.213)

and the rate of formation for [C2H6] becomes

d[C2H6]

dt
= k4[CH3*]

2 =
k1
2
[CH3CHO] (1.214)

� SOLUTION 1.2

The problem in the exercise can be solved by either applying the steady-state approximation
or by assuming a pre-equilibrium. Here, we have applied the former as such an approximation
is more general and also better exemplifies the mathematical procedure. Obviously, a derivation
based on the pre-equilibrium assumption is also valid.

d[O2]

dt
= k2[NO2][NO3] (1.215)

Applying the steady-state approximation to NO and NO3 yield

d[NO]

dt
= k2[NO2][NO3]− k3[NO][NO3] = 0 (1.216)

and

d[NO3]

dt
= k+1 [N2O5]− k−1 [NO2][NO3]− k2[NO2][NO3]− k3[NO][NO3] = 0. (1.217)

By subtracting Equation 1.216 from 1.217, we obtain

[NO2][NO3] =
k+1

k−1 + 2k2
[N2O5] (1.218)

which we can readily insert into the rate equation of O2 formation, resulting in

d[O2]

dt
=

k+1 k2

k−1 + 2k2
[N2O5]. (1.219)

� Think deeper...

• The reason why the reaction order is unity, rather than two, is because the overall reaction
is not an elementary reaction step.
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• For NO2, the rate equation is

d[NO2]

dt
= k+1 [N2O5]− k−1 [NO2][NO3] + 2k3[NO][NO3]. (1.220)

Inserting Equations 1.216 and 1.218 into 1.220 gives

d[NO2]

dt
=k+1 [N2O5]−

k+1 k
−
1

k−1 + 2k2
[N2O5] +

2k+1 k2

k−1 + 2k2
[N2O5] (1.221)

=

k+1 − k+1 k
−
1

k−1 + 2k2
+

2k+1 k2

k−1 + 2k2

 [N2O5] (1.222)

=
k+1

k−1 + 2k2

(
k−1 + 2k2 − k−1 + 2k2

)
[N2O5] (1.223)

=
k+1

k−1 + 2k2
4k2[N2O5] (1.224)

=4
d[O2]

dt
. (1.225)

� SOLUTION 1.3

Applying the steady-state approximation to [N2O2] gives

d[N2O2]

dt
=k+1 [NO]2 − k−1 [N2O2]− k2[N2O2][H2] = 0. (1.226)

From this expression, we can equate the [N2O2] to

[N2O2] =
k+1 [NO]2

k−1 + k2[H2]
. (1.227)

The rate of formation of [N2O] is then found to be

d[N2O]

dt
=k2[N2O2][H2] =

k2k
+
1 [NO]2[H2]

k−1 + k2[H2]
(1.228)

=
k+1 [NO]2

1 + k−1 /(k2[H2])
. (1.229)
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� SOLUTION 1.4

In the overall chain reaction, the elementary reaction steps are denoted as

Br2 → 2Br* initiation

CH4 + Br*→ CH3*+HBr propagation

CH3*+ Br2 → CH3Br+ Br* propagation

2Br*→ Br2 termination

The steady-state approximation can be readily applied to the reaction rates of the intermedi-
ates.

d[Br*]
dt

= 2k1[Br2]− k2[CH4][Br*] + k3[CH3*][Br2]− 2k4[Br*]
2 = 0 (1.230)

d[CH3*]
dt

= k2[CH4][Br*]− k3[CH3*][Br2] = 0 (1.231)

Inserting Equation 1.230 in 1.231 results in

[Br*] =

(
k1
k4

[Br2]

)1/2

. (1.232)

Applying Equation 1.232 to 1.231 yields

[CH3*] =
k2[CH4]

(
k1
k4

[Br2]
)1/2

k3[Br2]

=
k2k

1/2
1 [CH4]

k3k
1/2
4 [Br2]1/2

. (1.233)

Finally substituting the result of Equation 1.233 for the concentration of [CH3*] in the
formation rate of [CH3Br] results in

d[CH3Br]
dt

= k3[CH3*][Br2] =
k2k

1/2
1

k
1/2
4

[CH4][Br2]
1/2. (1.234)
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� SOLUTION 1.5

a) The elementary reaction step for CO adsorption is

CO+ * � CO* (1.235)

Assuming an equilibrium of the above reaction and only one type of surface site yields

KCO =
θCO
pCOθ*

. (1.236)

Furthermore, we can apply the site-balance defined as

θ* + θCO = 1. (1.237)

Hence,

θCO =KCOpCOθ* = KCOpCO(1− θCO) (1.238)

θCO(1 +KCOpCO) =KCOpCO (1.239)

θCO =
KCOpCO

1 +KCOpCO
. (1.240)

b) The elementary reaction step for dissociative CO adsorption is

CO+ 2* � C*+O*. (1.241)

Assuming equilibrium of the above reaction and only one type of surface site gives us

KCO =
θCθO

pCOθ
2
*

. (1.242)

For the mass balance (or site balance), we get

θ* + θC + θO = 1. (1.243)

Because the surface fraction of C and O are equal

KCO =
θ2C

pCOθ
2
*

. (1.244)

Thus,
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θC =
√
KCOpCOθ* =

√
KCOpCO(1− 2θC) (1.245)

θC(1 + 2
√
KCOpCO) =

√
KCOpCO (1.246)

θC =

√
KCOpCO

1 + 2
√
KCOpCO

. (1.247)

c) The two elementary reaction steps for co-adsorption are

CO+ * � CO* (1.248)

H2 + 2* � 2H*. (1.249)

Assuming pre-equilibrium of these two elementary reaction steps gives

KCO =
θCO
pCOθ*

(1.250)

and

KH2
=

θ2H
pH2

θ2*
(1.251)

and thus for the fractional coverages in terms of the fraction of free sites

θH =
√
KH2

pH2
θ* (1.252)

θCO =KCOpCOθ* (1.253)

Using the site balance,

θCO + θH + θ* = 1 (1.254)

and inserting the equation for the surface fraction into the equation

(1 +KCOpCO +
√
KH2

pH2
)θ* = 1 (1.255)

and rearranging for θ* finally yields

θ* =
1

1 +KCOpCO +
√
KH2

pH2

. (1.256)

This equation can be reinserted into the equations for the surface fractions to obtain

θH =

√
KH2

pH2

1 +KCOpCO +
√
KH2

pH2

(1.257)

θCO =
KCOpCO

1 +KCOpCO +
√
KH2

pH2

(1.258)

(1.259)
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d) � Write down the mechanism.
The mechanism is given by

1. CO+ * � CO*

2. H2 + 2* � 2H*

3. CO*+H* � HCO*+ *

4. HCO*+H* � H2CO*+ *

5. H2CO*+H* � H3CO*+ *

6. H3CO*+H* � H3COH*+ *

7. H3COH+ * � H3COH*

� Reason why you only need to take the surface coverages of CO, H and CH3OH into account.
For the construction of the site balance, we only need to take into account those compounds
of which we can reasonably expect that they have a non-negligible surface coverage. These are
always those compounds before the rate-determining step (i.e. CO and H2). In addition, the
question states that we can consider the RDS to be irreversible and that all steps after the RDS,
except the last step, are very fast. From this piece of information, we can assume that once
CO reacts with H on the surface, methanol is formed rapidly in the subsequent hydrogenation
steps. Desorption of methanol is considered to be in equilibrium though, thus we anticipate
that methanol has a non-negligible surface coverage. Conclusively, for the construction of the
site-balance, we only need to consider CO, H2 and CH3OH.

� Derive an expression for the reaction rate.
The third step is considered to be the rate-determining step. This gives the following expression
for the overall rate

r = k+3 θCOθH. (1.260)

We here use the result of question 5c and note that besides CO and H2, methanol is also
equilibrated with the surface. Hence the Langmuir isotherms of CO and H2 are

θH =

√
KH2

pH2

1 +KCOpCO +
√
KH2

pH2
+KCH3OHpCH3OH

(1.261)

θCO =
KCOpCO

1 +KCOpCO +
√
KH2

pH2
+KCH3OHpCH3OH

. (1.262)

And the overall rate is

r =
k+3
√
KH2

pH2
KCOpCO(

1 +KCOpCO +
√
KH2

pH2
+KCH3OHpCH3OH

)2 . (1.263)

� Give the limits (the domain) of the reaction orders for H2, CO and methanol.
To obtain the reaction order for CO, H2 and methanol, one needs to solve the following differen-
tial:
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nH2
=pH2

∂ ln(r+)

∂pH2

(1.264)

=D1 − 2D2 (1.265)

Here, we are going to split up the complex differential into two smaller (and hopefully simpler)
differentials:

D1 = pH2

∂
[
ln k+3 + 1

2 lnKH2
+ 1

2 ln pH2
+ lnKCO + ln pCO

]
∂pH2

(1.266)

D2 = pH2

∂ ln
(
1 +KCOpCO +

√
KH2

pH2
+KCH3OHpCH3OH

)
∂pH2

(1.267)

D1 can be readily solved as all the terms except the ln pH2
cancel out giving

D1 = pH2

∂ 1
2 ln pH2

∂pH2

(1.268)

=
1

2
pH2

1

pH2

(1.269)

=
1

2
(1.270)

D2 is a bit more complex and requires applying the chain-rule

D2 = pH2

∂ ln(a)

∂a

∂a

∂pH2

(1.271)

where

a = 1 +KCOpCO +
√
KH2

pH2
+KCH3OHpCH3OH (1.272)

Thus

D2 =pH2

1

a

∂
(
1 +KCOpCO +

√
KH2

pH2
+KCH3OHpCH3OH

)
∂pH2

(1.273)

=pH2

1

a

(
1

2

√
KH2

p
−1/2
H2

)
(1.274)

=
1

2

( √
KH2

pH2

1 +KCOpCO +
√
KH2

pH2
+KCH3OHpCH3OH

)
(1.275)

=
1

2
θH (1.276)
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and the final result is

nH2
=pH2

∂ ln(r+)

∂pH2

(1.277)

=
1

2
− θH (1.278)

We can now easily establish the lower and upper limit of the reaction order in H2:

θH ∈ [0, 1]→ nH2
∈ [−

1

2
,
1

2
]. (1.279)

The derivations for the reaction order in CO and methanol are quite similar to the one for H2

and result in:

nCO =pCO
∂ ln(r+)

∂pCO
(1.280)

=1− 2θCO (1.281)

and

nCH3OH =pCH3OH
∂ ln(r+)

∂pCH3OH
(1.282)

=− 2θCH3OH (1.283)

This gives for the lower and upper limits for CO and methanol:

θCO ∈ [0, 1]→ nCO ∈ [−1, 1] (1.284)

and

θCH3OH ∈ [0, 1]→ nCH3OH ∈ [−2, 0] (1.285)

� SOLUTION 1.6

a) The three steps leading to oxygen removal are:

8. H2O+ * � H2O*

9. H2O*+ * � OH*+H*

10. OH*+ * � O*+H*

(1.286)
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b) The reaction order is determined by the rate-limiting step and all the steps that are in equilib-
rium before it. This is most likely step (5) as it involves a hydrogenation step subsequent to two
other hydrogenation steps.

c) The overall rate equation, based on the rate-determining step, is given by

r = k+5 θH2COOθH (1.287)

We need to substitute the surface coverages by expressions that only contain gas-phase pressures
and reaction rate constants. To start, we assume quasi-equilibrium of all elementary reaction
steps before the rate-determining step.

θH =
√
K1pH2

θ* (1.288)

θCO2
=K2pCO2

θ* (1.289)

θHCOO =
K3θCO2

θH

θ*
(1.290)

θH2COO =
K4θHCOOθH

θ*
(1.291)

By substituting the expressions for θH and θCO2
in Equation 1.290, we get

θHCOO = K3

√
K1pH2

K2pCO2
θ* (1.292)

This result can be readily inserted into Equation 1.291 to obtain

θH2COO = K4K3K2pCO2
K1pH2

θ* (1.293)

Now, we need to use the above expressions in combination with the site-balance to construct the
expression for the free sites

θH + θCO2
+ θHCOO + θH2COO + θ* = 1 (1.294)

θ*

(
1 +

√
K1pH2

+K2pCO2
+K3

√
K1pH2

K2pCO2
+K4K3K2pCO2

K1pH2

)
= 1 (1.295)

This leads to

θ* =
1

1 +
√
K1pH2

+K2pCO2
+K3

√
K1pH2

K2pCO2
+K4K3K2pCO2

K1pH2

(1.296)

Using Equations 1.288, 1.293, and 1.296, we can construct the overall rate equation
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r = k+5 θH2COOθH (1.297)

= k+5 K4K3K2pCO2
K1pH2

√
K1pH2

θ2* (1.298)

=
k+5 K4K3K2pCO2

K1pH2

√
K1pH2(

1 +
√
K1pH2

+K2pCO2
+K3

√
K1pH2

K2pCO2
+K4K3K2pCO2

K1pH2

)2
(1.299)

=
k+5 K4K3K2pCO2

(
K1pH2

)3/2(
1 +

√
K1pH2

+K2pCO2
+K3

√
K1pH2

K2pCO2
+K4K3K2pCO2

K1pH2

)2
(1.300)

Let us now check whether our hypothesis that the order inH2 is 3/2 is correct. To make things a
bit easier, let us assume that the surface is nearly empty and that θ* ≈ 1, the rate equation then is

r ≈ k+5 K4K3K2pCO2

(
K1pH2

)3/2 (1.301)

and

nH2
= pH2

∂ ln p
3/2
H2

∂pH2

= 3/2 (1.302)

� Think deeper...

In order to find the optimal fraction, we define the constant α which is the ratio between the
partial pressure of H2 and CO2.

α =
pH2

pCO2

(1.303)

From this, the total pressure becomes

pT = pCO2
+ pH2

= pCO2
+ αpCO2

= (1 + α)pCO2
(1.304)

and we can relate the partial pressure of H2 and CO2 to the total pressure as

pH2 =
αpT
1 + α

(1.305)

pCO2 =
pT

1 + α
(1.306)

(1.307)

Filling out these new expressions and assuming that the surface is nearly empty results in

r = k+5 K4K3K2
pT

1 + α

(
K1

αpT
1 + α

)3/2

(1.308)
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To find out the optimal value in α, we need to take the first derivative towards α and equate
this to zero. Therefore, we can simplify the above equation by collecting all variables that do not
depend on α

r = c
α3/2

(1 + α)5/2
(1.309)

where c is a factor that does not depend on α.

∂r

∂α
=

3
2α

1/2 (1 + α)5/2 − 5
2α

3/2 (1 + α)3/2

(1 + α)5
= 0 (1.310)

To find the value for α, only the numerator of the above expression is relevant and we can
ignore the denominator

3

2
α1/2 (1 + α)5/2 −

5

2
α3/2 (1 + α)3/2 = 0 (1.311)

3

2
α1/2 (1 + α)5/2 =

5

2
α3/2 (1 + α)3/2 (1.312)

1 + α =
5

3
α (1.313)

α =
3

2
(1.314)

This result is to be expected, as the best ratio between the partial pressures of the reactants
is of course the ratio between the reaction orders of said reactants. The fraction of CO2 in terms
of the total pressure is then 2

5 and the fraction of H2 is then
3
5 .

� SOLUTION 1.7

a) We assume the steady-state approximation on θO. Furthermore, we assume that θCO � θO
and that CO is in quasi-equilibrium with the surface.

b) First, we apply the quasi-equilibrium assumption to CO giving

θCO = K1pCOθ* (1.315)

Next, we apply the steady-state assumption to θO

dθO
dt

= 2k+2 pO2
θ2* − k

+
3 θCOθO = 0 (1.316)

Note that the second and third elementary reaction step in our mechanism are irreversible,
significantly reducing the complexity of the equation. The above result gives us an expression
for the partial coverage of O as
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θO =
2k+2 pO2

k+3 θCO
θ2* (1.317)

To obtain the expression for the free site coverage we assume that θCO � θO giving

θCO + θ* = 1 (1.318)

θ* (1 +K1pCO) = 1 (1.319)

θ* =
1

1 +K1pCO
(1.320)

Plugging this result into the overall rate equation yields

r = k+3 θCOθO (1.321)

= k+3
K1pCO

1 +K1pCO

2k+2 pO2

k+3 θCO
θ2* (1.322)

= k+3
K1pCO

1 +K1pCO

2k+2 pO2

k+3

(
1

1 +K1pCO

)2(
K1pCO

1 +K1pCO

)−1

(1.323)

=
2k+2 pO2

(1 +K1pCO)
2

(1.324)

Note that from the above expression, we can easily see that the order in O2 is +1 and the order in
CO is between -2 and 0.

� SOLUTION 1.8

a) Synthesis gas is a mixture of CO and H2. It is used in Fischer-Tropsch catalysis and in
methanol formation. The former reaction is typically performed over a Fe or Co catalyst. The
latter reaction is typically performed over a Cu catalyst.

b) In order to further increase the production of H2, CO can be mixed with H2O to give CO2

and H2. This reaction is called water-gas shift.

c) From the reaction equation (CH4 + H2O� CO + 3H2 ) we can see that the reaction produces
more moles of gas than are consumed. Hence, in principle the reaction should be performed
at low pressure to drive the equilibrium to the right hand side of the equation. However, in a
typical reactor a moderate pressure is used as to reduce the reactor volume.

Furthermore, the reaction needs to be performed at high temperature, because this reaction is
strongly endothermic. Again, the high temperature pushes the equilibrium to the right hand
side of the equation.
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d) To start, we need to propose a reaction mechanism in terms of a set of elementary reaction
steps. To convert methane and water into synthesis gas, a set of 10 elementary reaction steps is
necessary.

1. CH4 + 2* � CH3*+H*

2. CH3*+ * � CH2*+H*

3. CH2*+ * � CH*+H*

4. CH*+ * � C*+H*

5. H2O+ * � H2O*

6. H2O*+ * � OH*+H*

7. OH*+ * � O*+H*

8. H2 + 2* � 2H*

9. C*+O* � CO*+ *

10. CO+ * � CO*

We assume that all the above steps, except the rate-limiting step (9) are in quasi-equilibrium. As
such, we can express all surface coverages by one or more equilibrium constants as follows

θCO = K10pCOθ* (1.325)

θH =
√
K8pH2

θ* (1.326)

θH2O = K5pH2Oθ* (1.327)

θOH =
K6θH2Oθ*

θH
=
K5K6pH2O√

K8pH2

θ* (1.328)

θO =
K7θOHθ*

θH
=

K7
K5K6pH2O√

K8pH2

θ2*√
K8pH2

θ*
=
K5K6K7

K8

pH2O

pH2

θ* (1.329)

In the above expressions for O and OH, we have applied subsequent substitution of the surface
coverages in such a way that we can express every surface coverage in terms of the partial pres-
sures of the reactants or products and the equilibrium constants. These equilibrium constants
correspond to the elementary reaction steps that connect the partial pressures with the surface
coverages. Below, the same is done for the surface coverages of the CHx intermediates

θCH3
=

K1pCH4√
K8pH2

θ* (1.330)

θCH2
=
K1K2pCH4

K8pH2

θ* (1.331)

θCH =
K1K2K3pCH4(
K8pH2

)3/2 θ* (1.332)

θC =
K1K2K3K4pCH4(

K8pH2

)2 θ* (1.333)

Now we can construct the site-balance
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θCO + θH + θH2O + θOH + θO + θCH3
+ θCH2

+ θCH + θC + θ* = 1 (1.334)

and plug the above equations for the surface coverages into it

θ* =

(
1 +K10pCO +

√
K8pH2

+K5pH2O +
K5K6pH2O√

K8pH2

+
K5K6K7

K8

pH2O

pH2

+
K1pCH4√
K8pH2

· · ·

· · ·+
K1K2pCH4

K8pH2

+
K1K2K3pCH4(
K8pH2

)3/2 +
K1K2K3K4pCH4(

K8pH2

)2
−1

(1.335)

Since the overall rate is determined by the rate of step 9 we can construct the following expression

r = k+9 θCθO − k
−
9 θCOθ* (1.336)

= k+9 θCθO −
k+9
K9

θCOθ* (1.337)

If we assume that there is an equilibrium r = 0, we can expressK9 as

K9 =
θCOθ*
θCθO

=
pCOp

3
H2

pH2OpCH4

K3
8K10

K1K2K3K4K5K6K7
=

pCOp
3
H2

pH2OpCH4

1

Keq
(1.338)

and using this result forK9 for our overall rate expression results in

r = k+9 θCθO − k
−
9 θCOθ* (1.339)

= k+9 θCθO

(
1−

1

K9

θCOθ*
θCθO

)
(1.340)

= k+9
K1K2K3K4K5K6K7pCH4

pH2O(
K8pH2

)3
1−

1

K9

pCOp
3
H2

pH2
pCH4

1

Keq

 θ2* (1.341)

Further assuming that O is the MARI, we can use the following equation for the free sites

θ* =

(
1 +

K5K6K7

K8

pH2O

pH2

)−1

(1.342)

giving

r = k+9

K1K2K3K4K5K6K7pCH4
pH2O(

K8pH2

)3

(
1− 1

K9

pCOp
3
H2

pH2OpCH4

1
Keq

)
(
1 + K5K6K7

K8

pH2O

pH2

)2
(1.343)
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For low conversions, the second term between parentheses in the numerator can be neglected,
further simplifying the equation to

r = k+9
K1K2K3K4K5K6K7pCH4

pH2O(
K8pH2

)3
(
1 +

K5K6K7

K8

pH2O

pH2

)−2

(1.344)

e) Note that for CH4 and CO, there are no dependencies in the term between parentheses, so
we only need to evaluate the derivative for the part in front of the parentheses. Again, we apply
the same trick as in the previous exercise, so that we obtain:

nCH4
= pCH4

∂ ln(r+)

∂pCH4

= 1 (1.345)

nCO = pCO
∂ ln(r+)

∂pCO
= 0 (1.346)

The reaction order in H2O and H2 is a bit more complicated but with some rewriting the
derivatives equate to

nH2O = pH2O
∂ ln(r+)

∂pH2O
= 1− 2pH2O

K5K6K7

K8

∂pH2O/∂pH2O

1 + K5K6K7
K8

pH2O

pH2

(1.347)

= 1− 2
K5K6K7

K8pH2

pH2O

(
1 +

K5K6K7

K8

pH2O

pH2

)−1

(1.348)

= 1− 2θO (1.349)

and similarly for H2

nH2
= pH2

∂ ln(r+)

∂pH2

= −3 + 2θO (1.350)

From the above expressions for the order, we note that the experimental results are not within
the limits of the reaction orders. Consequently, the proposed reaction mechanism is not in
agreement with the experiment and needs to be revised.

f ) Applying the same procedure as previously, the reaction rate now equates to

r = k+1
pCH4(

1 + K5K6K7
K8

pH2O

pH2

)2
(1.351)

Note that steps 2-4 do not appear in the rate equation, because only the first dissociative methane
adsorption step is kinetically relevant. The equilibrium constants for steps 5-8 appear in the
denominator because they control the amount of O on the surface.

From the above rate equation, we can establish the reaction orders to be
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nCH4
= pCH4

∂ ln(r+)

∂pCH4

= 1 (1.352)

nCO = pCO
∂ ln(r+)

∂pCO
= 0 (1.353)

nH2O = pH2O
∂ ln(r+)

∂pH2O
= −2θO (1.354)

nH2
= pH2

∂ ln(r+)

∂pH2

= 2θO (1.355)

These results are consistent with the experimental observation.

� SOLUTION 1.9

a) C2H6 adsorption coincides with D2 adsorption. Upon adsorption, the hydrogen in the C2H6

complex can be exchanged for a deuterium by successive dehydrogenation, deuteration and a
desorption step.

b)

r = k+2 θC2H5
θH − k−2 θ

2
CH3

(1.356)

c) The steady state equation applied to elementary reaction steps 1,3 and 4 and considering
competitive adsorption, the Langmuir isotherms for ethyl, methyl and hydrogen become as
follows

θC2H5
=
K1pC2H6

θH
θ2* (1.357)

θCH3
=

pCH4

K3θH
θ2* (1.358)

θH =
√
K4pH2

θ* (1.359)

Plugging Equation 1.359 into 1.357 and into 1.358, gives

θC2H5
=
K1pC2H6√
K4pH2

θ* (1.360)
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and

θCH3
=

pCH4

K3
√
K4pH2

θ* (1.361)

Using the site balance, we obtain the following equations

θ* =
1

1 +
K1pC2H6√

K4pH2

+
pCH4

K3

√
K4pH2

+
√
K4pH2

(1.362)

θC2H5
=

K1pC2H6√
K4pH2

1 +
K1pC2H6√

K4pH2

+
pCH4

K3

√
K4pH2

+
√
K4pH2

(1.363)

θCH3
=

pCH4

K3

√
K4pH2

1 +
K1pC2H6√

K4pH2

+
pCH4

K3

√
K4pH2

+
√
K4pH2

(1.364)

θH =

√
K4pH2

1 +
K1pC2H6√

K4pH2

+
pCH4

K3

√
K4pH2

+
√
K4pH2

(1.365)

d) Plugging the above equations into the overall rate equation yields

r =

k+2 K1pC2H6

(
1−

p2
CH4

K1K2K2
3K4pC2H6pH2

)
(
1 +

K1pC2H6√
K4pH2

+
pCH4

K3

√
K4pH2

+
√
K4pH2

)2
(1.366)

e) Applying the MARI approximation and assuming low conversion simplifies the overall rate
equation to

r =
k+2 K1pC2H6(

1 +
√
K4pH2

)2 (1.367)

� Think deeper...

The apparent activation energy can be readily evaluated to

∆E
app
act = RT2 ∂ ln(r

+)

∂T
(1.368)

= RT2

∂ ln k+2
∂T

+
∂ lnK1

∂T
− 2

∂ ln
(
1 +

√
K4pH2

)
∂T

 (1.369)

= E
(2)
act +∆H

(1)
ads − θH∆H

(4)
ads (1.370)
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� SOLUTION 1.10

From the quasi-equilibrated steps (1), (2) and (4), it follows that

θNO = K1pNOθ* (1.371)

θCO = K2pCOθ* (1.372)

θN =
√
K4pN2

θ* (1.373)

To derive the surface coverage of O*, we apply the steady-state approximation to this surface
intermediate

2k+3 pO2
θ2* − k

+
6 θCOθO = 0 (1.374)

Note that we have neglected the term k+5 θNOθO, because we assume that NO dissociation is
rate-determining. Therefore, this term is negligible compared to the other two terms.

It follows then that

θO =
2k+3 pO2

k+6 θCO
θ2* (1.375)

Combining this expression with the expression for θCO, we obtain

θO =
2k+3 pO2

k+6 K2pCOθ*
θ2* =

2k+3 pO2

k+6 K2pCO
θ* (1.376)

Applying the site balance for all surface intermediates yields

θ* =
1

1 +K1pNO +K2pCO +
2k+

3 pO2
k+
6 K2pCO

+
√
K4pN2

(1.377)

Finally, we can evaluate the rate of N2 and CO2 production

rN2
=

1

2
r5 =

1

2
k+5 θNOθ* =

1
2k

+
5 K1pNO(

1 +K1pNO +K2pCO +
2k+

3 pO2
k+
6 K2pCO

+
√
K4pN2

)2
(1.378)

rCO2
= r6 = k+6 θCOθO =

2k+3 pO2(
1 +K1pNO +K2pCO +

2k+
3 pO2

k+
6 K2pCO

+
√
K4pN2

)2
(1.379)

� Think deeper...

This catalytic reaction pertains to three-way catalytic convertors for environmental pollution
control.
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� SOLUTION 1.11

a)

1.C2H4 + ∗� C2H4* (1.380)

2.O2 + 2∗� 2O* (1.381)

3.C2H4*+O*→ C2H4O+ 2* (1.382)

(1.383)

Applying a quasi-equilibrium approximation, we obtain the following expressions for the partial
coverages as a function of the partial pressures and equilibrium constants

θC2H4
= K1pC2H4

θ* (1.384)

and

θO =
√
K2pO2

θ* (1.385)

Note that because ethylene-oxide desorbs rapidly, the surface coverage of ethylene-oxide is
negligible. Thus, we obtain by constructing a site-balance (not shown here), the following
Langmuir-Hinshelwood isotherms:

θC2H4
=

K1pC2H4

1 +K1pC2H4
+
√
K2pO2

(1.386)

and

θO =

√
K2pO2

1 +K1pC2H4
+
√
K2pO2

. (1.387)

b)

rC2H4O = k3θC2H4
θO (1.388)

=
k3K1pC2H4

√
K2pO2(

1 +K1pC2H4
+
√
K2pO2

)2 (1.389)

c) If oxygen strongly adsorbs, we can assume that oxygen is the MARI and hence the overall rate
expression simplifies to

rC2H4O =
k3K1pC2H4

√
K2pO2(

1 +
√
K2pO2

)2 (1.390)

The reaction orders in oxygen and ethylene are
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nC2H4
= pC2H4

∂ ln(r+)

∂pC2H4

(1.391)

= 1 (1.392)

nO2
= pO2

∂ ln(r+)

∂pO2

(1.393)

=
1

2
− θO (1.394)

d) The surface is predominantly occupied with adsorbed O.

e)

∆E
app
act = RT2 ∂ ln(r

+)

∂T
(1.395)

= E
(3)
act +∆H

(1)
ads +

(
1

2
− θO

)
∆H

(2)
ads (1.396)

� SOLUTION 1.12

a)

1.SO2 + ∗� SO2* (1.397)

2.O2 + 2∗� 2O* (1.398)

3.SO2*+O*→ SO3*+ * (1.399)

4.SO3 + ∗� SO3* (1.400)

b)

rSO3
= k3θSO2

θO (1.401)

Applying the pre-equilibrium, the irreversible step and the rate-limiting step approximation we
can derive the following expression for the free sites and for the overall reaction rate.

θ* =
1

1 +K1pSO2
+
√
K2pO2

+K4pSO3

(1.402)

rSO3
=

k3K1pSO2

√
K2pO2(

1 +K1pSO2
+
√
K2pO2

+K4pSO3

)2 (1.403)
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c) From the form of the overall reaction equation, the limits of the reaction orders can be
established as

nSO2
∈ [−1, 1] (1.404)

nSO3
∈ [−2, 0] (1.405)

nO2
∈ [−

1

2
,
1

2
] (1.406)

d) If O2 strongly adsorbs, then we can apply the MARI approximation for O. This gives the
following expression for the rate and the reaction orders

rSO3
=
k3K1pSO2

√
K2pO2(

1 +
√
K2pO2

)2 (1.407)

nSO2
= 1 (1.408)

nSO3
= 0 (1.409)

nO2
=

1

2
− θO (1.410)

e)

∆E
app
act = RT2 ∂ ln(r

+)

∂T
(1.411)

= E
(3)
act +∆H

(1)
ads +

(
1

2
− θO

)
∆H

(2)
ads (1.412)

f ) From the form of the equation, it is clear that two different types of Langmuir isotherms are
present. This indicates that there are two different types of surface sites that have particular
adsorbates that adsorb on these sites. The rate-determining step proceeds between two species
that are adsorbed on these two different sites.

� SOLUTION 1.13

a)

1.C2H5OH+ * � C2H5OH* (1.413)

2.O2 + 2∗� 2O* (1.414)

3.C2H5OH*+O*→ C2H4O+H2O+ 2∗ (1.415)

θC2H5OH =
K1pC2H5OH

1 +K1pC2H5OH +
√
K2pO2

(1.416)

θO =

√
K2pO2

1 +K1pC2H5OH +
√
K2pO2

(1.417)
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b)

r = k3θC2H5OHθO =
k3K1pC2H5OH

√
K2pO2(

1 +K1pC2H5OH +
√
K2pO2

)2 (1.418)

c)

r = k3θC2H5OHθO =
k3K1pC2H5OH

√
K2pO2(

1 +K1pC2H5OH
)2 (1.419)

nC2H5OH ∈ [−1, 1] (1.420)

nO2
=

1

2
(1.421)

d)

∆E
app
act = RT2 ∂ ln(r

+)

∂T
(1.422)

= E
(3)
act +

(
1− 2θC2H5OH

)
∆H

(1)
ads +

1

2
∆H

(2)
ads (1.423)

The apparent activation energy depends on the reaction barrier of the rate-determining step
and all kinetically relevant steps that proceed before the rate-determining step (which are at
equilibrium). In this particular case, this means that the apparent activation energy is decreased
due to the release of energy by the O2 adsorption and is increased in the case that there is a high
surface coverage of ethanol. When the surface coverage of ethanol is high, one ethanol molecule
needs to desorb in order to form a vacant site necessary for this reaction to occur. If on the other
hand the surface coverage of ethanol is very low (and a sufficiently large amount of free sites are
present), the apparent activation energy is decreased even more as the adsorption heat of ethanol
further decreases the apparent activation energy.

e) In the case of elevated temperatures, both ethanol and oxygen only sporadically adsorb on
the surface as these compounds have a higher entropy in the gas phase than adsorbed on the
surface. Consequently, the catalytic surface is predominantly empty.

� SOLUTION 1.14

a)

r = k+3 θOθH − k
−
3 θOHθ* (1.424)

b) The surface concentrations of θH, θO, θOH and θ* can be found using the pre-equilibrium
approximation. In that way, we can express these surface concentrations as a function of the
partial pressures and the equilibrium constants.
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θH =
√
K1pH2

θ* (1.425)

θO =
√
K2pO2

θ* (1.426)

θH2O = K5pH2Oθ* (1.427)

θOH =
θH2Oθ*

K4θH
(1.428)

(1.429)

Substituting these surface concentrations into the rate equation yields

r = k+3

√
K1pH2

θ*

√
K2pO2

θ* − k−3
θH2Oθ*

K4θH
θ* (1.430)

= k+3

√
K1K2pH2

pO2
θ2* − k

−
3

K5pH2Oθ
2
*

K4
√
K1pH2

θ*
θ* (1.431)

= k+3

√
K1K2pH2

pO2
θ2* − k

−
3

K5pH2O

K4
√
K1pH2

θ2* (1.432)

= k+3

√
K1K2pH2

pO2
θ2*

1− k−3
K5pH2O

k+3 K4K1pH2

√
K2pO2

 (1.433)

= k+3

√
K1K2pH2

pO2
θ2*

(
1−

pH2O

KeqpH2

√
pO2

)
(1.434)

From the last two expressions, it is clear that the equilbrium constant has to be

Keq =
K1
√
K2K3K4

K5
(1.435)

c) The free site coverage can be readily obtained from the expressions of the surface coverages
in terms of equilibrium constants and the site balance:

θ* =
1

1 +
√
K1pH2

+
√
K2pO2

+
K5pH2O

K4

√
K1pH2

+K5pH2O

(1.436)

This expression simplifies by applying the MARI approximation (alternatively, you can start by
defining a site balance only containing O* and then derive the expression below).

θ* =
1

1 +
√
K2pO2

(1.437)

d) To establish the reaction order, first fill out the expression for the free sites in the overall rate
equation

r = k+3

√
K1K2pH2

pO2

(
1−

pH2O

KeqpH2

√
pO2

)
·
(

1

1 +
√
K2pO2

)2

(1.438)
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Because we assume that the reaction is far from equilibrium, we can neglect the second term
between the first set of brackets giving

r =
k+3
√
K1K2pH2

pO2(
1 +

√
K2pO2

)2 (1.439)

From the above expression, the following reaction orders can be derived (please refer to the
previous answers for a more thorough derivation).

nH2
=

1

2
(1.440)

nO2
=

1

2
− θO (1.441)

nH2O = 0 (1.442)

e) For very low surface coverage, the rate equals to

r = k+3

√
K1K2pH2

pO2
(1.443)

Plugging in the following expressions for pH2
and pO2

pH2
= α · pT (1.444)

pO2
= (1− α) · pT (1.445)

we obtain

r = k+3

√
K1K2α(1− α)pT (1.446)

Taking the first derivative and equating to zero yields ( ∂r∂α = 0):

α =
1

2
(1.447)

In other words: the partial pressure of hydrogen and of oxygen need to be equal.

� Think deeper...

The apparent activation energy is

∆E
app
act = RT2 ∂ ln(r

+)

∂T
= E

(3)
act +

1

2
∆H

(1)
ads +

1

2
∆H

(2)
ads (1.448)

The reaction takes place on a nearly empty surface. For the reaction to take place we need
to have one H and one O to be adsorbed. Their adsorption facilitates the process (lowers the
apparent activation energy) by half the adsorption enthalpy of the corresponding molecule.
The only positive contribution to the apparent activation energy originates from the barrier of
elementary reaction step #3.
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� SOLUTION 1.15

a)

rN2
=

1

2
r5 =

1

2

(
k+5 θNOθ* − k

−
5 θNθO

)
(1.449)

Because all other steps are quasi-equilibrated, we can write

θNO = K1pNOθ* (1.450)

θCO = K2pCOθ* (1.451)

θN2
= K3pN2

θ* (1.452)

θN =
√
K4θN2

θ* =
√
K4K3pN2

θ*θ* =
√
K3K4pN2

θ* (1.453)

θO =
θCO2

θ*

K6θCO
=
K7pCO2

θ*θ*

K6K2pCOθ*
=

K7pCO2

K2K6pCO
θ* (1.454)

θCO2
= K7pCO2

θ* (1.455)

Using the site balance, this results in

θ* =
1

1 +K1pNO +K2pCO +K3pN2
+
√
K3K4pN2

+
K7pCO2
K2K6pCO

+K7pCO2

(1.456)

Plugging this into the overall rate expression and defining an overall reaction equilibrium
constant we obtain

r5 =

k+5 K1pNO

(
1−

√
pN2pCO2
pCOpNO

1
Keq

)
(
1 +K1pNO +K2pCO +K3pN2

+
√
K3K4pN2

+
K7pCO2
K2K6pCO

+K7pCO2

)2

(1.457)

where

Keq =
K1K2K5K6√
K4
√
K3K7

(1.458)

b) If O is the MARI, then the overall rate equation simplifies to

r5 =

k+5 K1pNO

(
1−

√
pN2pCO2
pCOpNO

1
Keq

)
(
1 +

K7pCO2
K2K6pCO

)2
(1.459)

Note that the reaction order is always defined by the derivative of the forward direction of the
rate. Hence we do not have to take the second term within the brackets in the numerator into
account. In other words
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r+ =
k+5 K1pNO(

1 +
K7pCO2
K2K6pCO

)2
(1.460)

We obtain the following reaction orders

nN2
= 0 (1.461)

nNO = 1 (1.462)

nCO = 2θO (1.463)

nCO2
= −2θO (1.464)

The surface contains only O* and *. There is no N2* on the surface, so lowering or increasing
the partial pressure of N2 has no effect on the overall rate. Hence the reaction order in N2 is
0. The rate scales linearly with the partial pressure in NO because its partial pressure directly
controls the amount of surface NO and accordingly, the overall rate. If we increase the CO partial
pressure, the CO coverage increases which lowers the amount of O* on the surface and results
in more sites for NO adsorption. In constrast, adding CO2 will increase the surface coverage of
CO2 and in turn the O* coverage. This leads to a lower NO surface coverage and hence the rate
decreases. Hence, the order in CO2 is negative.

c) The apparent activation energy for the nearly empty surface yields

∆E
app
act = RT2 ∂ ln(r

+)

∂T
= E

(5)
act +∆H

(1)
ads (1.465)

The surface is nearly empty and one way to increase the rate, is to adsorb more NO. The latter
depends on its adsorption energy, hence the negative contribution of the adsorption energy to
the apparent activation energy. (note that adsorption energies are always negative, so the (+)-sign
in the equation in conjunction with the negative energy results in a negative contribution)

Alternatively, the barrier for the rate-determining elementary reaction step could be lowered.
Note that this is purely hypothetical. In practice this could perhaps be done using promotors, but
it turns out that lowering the barrier of an elementary reaction step in practice is very difficult to
say the least. Nevertheless, if possible, then a lowering of the barrier of the elementary reaction
step results in a lowering of the apparent activation energy and hence in an increase of the overall
rate.

� Think deeper...

The apparent activation energy in this particular situation would be

∆E
app
act = RT2 ∂ ln(r

+)

∂T
= E

(5)
act +∆H

(1)
ads + 2θO

(
∆H

(2)
ads +∆H

(6)
ads −∆H

(7)
ads

)
(1.466)

Note that the complete derivation of the above expression is more a test of mathematical
stamina than of chemical understanding.
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� SOLUTION 1.16

a) If the third elementary reaction step is the RDS, the overall rate towards H2O2 is given by the
following equation:

rH2O2
= k+3 θO2

θH − k−3 θOOHθ*. (1.467)

We assume that all other steps are quasi-equilibrated, hence

θH =
√
K1pH2

θ* (1.468)

θO2
= K2pO2

θ* (1.469)

θOOH =
θH2O2

K4θH
θ* (1.470)

=
K5pH2O2

K4
√
K1pH2

θ* (1.471)

θH2O2
= K5pH2O2

θ* (1.472)

By applying the site balance, we can derive the following expression for the free sites

θ* =
1

1 +
√
K1pH2

+K2pO2
+

K5pH2O2

K4

√
K1pH2

+K5pH2O2

(1.473)

Plugging this into the overall rate expression and introducing an equilibrium constant for the
reverse reaction yields

r = rH2O2
=

k+3 K2pO2

√
K1pH2

(
1− 1

Keq

pH2O2
pO2pH2

)
(
1 +

√
K1pH2

+K2pO2
+

K5pH2O2

K4

√
K1pH2

+K5pH2O2

)2
(1.474)

b) If O2* is the MARI and we assume a low conversion, the above expression simplifies to

r =
k+3 K2pO2

√
K1pH2(

1 +K2pO2

)2 (1.475)

The reaction orders are

nH2
=

1

2
(1.476)

nO2
= 1− 2θO2

(1.477)

nH2O2
= 0 (1.478)
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c) The apparent activation energy is given by

∆E
app
act = RT2 ∂ ln(r

+)

∂T
= E

(3)
act + (1− 2θO2

)∆H
(2)
ads +

1

2
∆H

(1)
ads (1.479)

For a more thorough description how this answer is obtained, please look at the results of the
previous questions.

d) In the high temperature regime, the surface is nearly empty and the rate is then given by

r = k+3 K2pO2

√
K1pH2

(1.480)

and the apparent activation energy becomes

∆E
app
act = RT2 ∂ ln(r

+)

∂T
= E

(3)
act +∆H

(2)
ads +

1

2
∆H

(1)
ads (1.481)

The apparent activation energy constitutes all kinetically relevant steps, which is the rate-limiting
elementary reaction step and the two adsorption steps that precede the rate-limiting step. The
apparent activation energy is set by the barrier of the rate-limiting step and is lowered (in the
case of an empty surface) by the adsorption energy of O2 and half the adsorption energy of H2.
Note that in this particular case, if the absolute value of the sum of the adsorption terms is larger
than the barrier of the elementary reaction step, that the apparent activation energy becomes
negative. This essentially means that the reaction rate is increased with decreasing temperature.
This is readily seen if one considers the Sabatier’s Principle. At the high temperature limit, we
have an empty surface. By decreasing the temperature, more adsorbates will stick to the surface,
hence enhancing the overall rate. In other words, by decreasing the temperature, we are moving
our reaction towards the Sabatier’s optimum.

� SOLUTION 1.17

a) Langmuir-Hinshelwood

C2H2 + ∗� C2H2∗ (1.482)

H2 + 2∗� 2H∗ (1.483)

C2H2 ∗+H∗ → C2H3 ∗+∗ (1.484)

C2H3 ∗+H∗� C2H4 ∗+∗ (1.485)

C2H4 + ∗� C2H4∗ (1.486)

Eley-Rideal:

C2H2 + ∗� C2H2∗ (1.487)

H2 + 2∗� 2H∗ (1.488)

C2H2 ∗+H2 → C2H4∗ (1.489)

C2H4 + ∗� C2H4∗ (1.490)
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b) First, the reaction order of the Langmuir-Hinshelwood mechanism will be derived.

In order to obtain the reaction order, the reaction rate expression must first be determined. By
applying the rate-determining step assumption, the following rate expressions can be determined

r = k+3 θC2H2
θH − k−3 θC2H4

θ∗, (1.491)

which can be simplified using the zero-conversion approximation

r = k+3 θC2H2
θH. (1.492)

To find an expression for the reaction rate, one must first find an expression for the fractional
surface coverages of the different compounds.The individual surface coverages can be derived
from the rates of formation of the corresponding elementary reaction steps.

dθC2H2∗
dt

= k+1 pC2H2
θ∗ − k−1 θC2H2

(1.493)

dθH∗
dt

= 2k+2 pH2
θ2∗ − 2k−2 θ

2
H (1.494)

By applying thatKx =
k+
1

k−
1

and the steady-state approximation, the following expressions for the

surface coverages can be derived:

θC2H2
= K1pC2H2

θ∗ (1.495)

θH =
√
K2pH2

θ∗ (1.496)

The total balance of all the coverages equals

θ∗ + θC2H2
+ θH = 1. (1.497)

By substituting the individual expressions into the total balance and rewriting the equation for
θ∗, the following equation is obtained:

θ∗ =
1

1 +K1pC2H2
+
√
K2pH2

. (1.498)

Substituting this expression back into the equations for the fractional surface coverages of carbon
monoxide and oxygen, and consequently substituting these equations into the overall reaction
rate equation yields

rLH =
k+3 K1pC2H2

√
K2pH2(

1 +K1pC2H2
+
√
K2pH2

)2
. (1.499)
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Note that denominator is squared, which shows that two active sides are required. From the rate
expression, the reaction order can be readily derived.

nC2H2
= pC2H2

∂ ln(r)

∂pC2H2

(1.500)

= pC2H2

∂

∂pC2H2

ln


k+3 K1pC2H2

√
K2pH2(

1 +K1pC2H2
+
√
K2pH2

)2


 (1.501)

By applying that ln(ab) = ln(a) + ln(b) and that ln
(
a
b

)
= ln(a)− ln(b), we can rewrite this to:

nC2H2
= pC2H2

∂

∂pC2H2

ln(k+3 K1

√
K2pH2

) + ln(pC2H2
)− ln

((
1 +K1pC2H2

+
√
K2pH2

)2
)

(1.502)

Since the first term of the derivative has no dependency on pC2H2
, it can be crossed out. Further-

more, we can rewrite the last term by applying ∂ ln(x)
∂pC2H2

=
∂ ln(x)
∂α

∂α
∂pC2H2

. Then, we obtain:

nC2H2
= pC2H2

(
∂ ln(pC2H2

)

∂pC2H2

−
∂ ln

(
(1 +K1pC2H2

+
√
K2pH2

+K5pC2H4
)2
)

∂(1 +K1pC2H2
+
√
K2pH2

)
· · ·

(1.503)

· · ·
∂(1 +K1pC2H2

+
√
K2pH2

)

∂pC2H2

)
(1.504)

= pC2H2

 K1

pC2H2

− 2
1

1 +K1pC2H2
+
√
K2pH2

 (1.505)

= 1− 2θC2H2
(1.506)

By working out the equation for the other compounds, we obtain the following reaction orders
for the Langmuir-Hinshelwood mechanism:

nLHC2H2
= 1− 2θC2H2

nLHH2
=

1

2
− θH (1.507)

(1.508)

Following the same strategy for the Eyel-Rideal mechanism, the following reaction rate equation
and corresponding reaction orders can be obtained:

rER =
k+3 K1pC2H2

pH2(
1 +K1pC2H2

+
√
K2pH2

) . (1.509)
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Note how the denominator is not squared here, indicating only a single reaction site is required.
From the above reaction equation, we can readily derive the reaction orders using the same
strategy as shown for the Langmuir-Hinshelwood mechanism.

nERC2H2
= 1− θC2H2

nERH2
= 1−

1

2
θH (1.510)

(1.511)

To conclude, the two mechanisms can be differentiated by their reaction orders because they
have different expressions for them. This difference is from an experimental point of view most
easily probed at high pressure or at low temperature. Under these conditions, it is expected
that the surface coverages are high which is expected to result in the largest difference between
equations 1.508 and 1.511.

� SOLUTION 1.18

a) The set of elementary reaction steps that describe the dual-site kinetic network is:

1. CO+ ∗� CO∗ (1.512)

2. H2 + 2∗� 2H∗ (1.513)

3. H2 + 2# � 2H# (1.514)

4. CO ∗+H# � HCO ∗+# (1.515)

5. HCO ∗+H#→ H2CO ∗+# (1.516)

6. H2CO ∗+H# � H3CO ∗+# (1.517)

7. H3CO ∗+H# � H3COH ∗+# (1.518)

8. H3COH+ ∗� H3COH∗ (1.519)

b) From elementary reaction step (3) and the site balance for τ , we obtain in a similar fashion as
shown in previous exercises the following Langmuir isotherm for H on τ sites.

τH =

√
K3pH2

1 +
√
K3pH2

(1.520)

c) The rate-determining step approximation allows us to construct the following rate expression:

r = k5θHCOτH. (1.521)

By applying a zero-conversion and irreversible step approximation, we only need to derive Lang-
muir expressions for H, CO, and HCO on θ sites. Using the pseudo-equilibrium approximation,
we obtain the following expressions:
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θCO = K1pCOθ∗ (1.522)

θH =
√
K2pH2

θ∗ (1.523)

θHCO = K1

√
K3K4pCO

√
pH2

θ∗ (1.524)

Using the site balance θCO + θH + θHCO + θ∗ = 1, gives

θ∗ =
1

1 +K1pCO +
√
K2pH2

+K1
√
K3K4pCO

√pH2

. (1.525)

Using these expressions, we obtain the following final expression for the rate

r = k5

 K1
√
K3K4pCO

√pH2

1 +K1pCO +
√
K2pH2

+K1
√
K3K4pCO

√pH2




√
K3pH2

1 +
√
K3pH2

 (1.526)

d) The reaction order in H2 is given by

nH2
= 1−

1

2
θH −

1

2
θHCO −

1

2
τH (1.527)

and the reaction order for CO is given by

nCO = 1− θCO − θHCO (1.528)

Note that in contrast to single-site kinetic networks, in dual-site catalysis the effect of competitive
adsorptions is decreased leading to an increase of the lower limit in the reaction order. This
shows that such systems suffer to a lesser extend from poisoning conditions.

e) The apparent activation energy pertaining to the rate expression as given in equation 1.526 is
derived as follows. The first step is to split up the complex equation into smaller parts by making
use of the natural logarithm.

∆E
app
act = RT2 ∂

∂T
ln(r+) (1.529)

= RT2 ∂

∂T

{
ln
(
k5K1

√
K3K4

)
− ln (α) + ln

(√
K3

)
− ln (β)

}
, (1.530)

wherein

α = 1 +K1pCO +
√
K2pH2

+K1

√
K3K4pCO

√
pH2

(1.531)

β = 1 +
√
K3pH2

. (1.532)
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Note that in equation 1.530, we have already omitted all terms that do not explicitly depend on
the temperature, i.e. the partial pressures in CO and H2. We will now derive all four terms in
equation 1.530, one-by-one.

For the first term, we split up the logarithm containing a product of equilibrium constants into a
sum of logarithms each containing only a single equilibrium constant, and solve these terms.

RT2 ∂

∂T
ln
(
k5K1

√
K3K4

)
= RT2 ∂

∂T

{
ln k5 + lnK1 +

1

2
lnK3 + lnK4

}
(1.533)

= ∆E
(5)
act +∆H1 +

1

2
∆H3 +∆H4 (1.534)

For the second term, we have to use the chain-rule to solve the differential.

RT
2 ∂ lnα

∂α

∂α

∂T
(1.535)

=RT
2 1

α

∂α

∂T
(1.536)

=RT
2 1

α

∂α

∂T

{
K1pCO +

√
K2pH2

+ K1

√
K3K4pCO

√
pH2

}
(1.537)

=
1

α

{
∆H1K1pCO +

1

2
∆H2

√
K2pH2

+

(
∆H1 +

1

2
∆H3 + ∆H4

)
K1

√
K3K4pCO

√
pH2

}
(1.538)

=
∆H1K1pCO + 1

2∆H2

√
K2pH2

+
(
∆H1 + 1

2∆H3 + ∆H4

)
K1

√
K3K4pCO

√
pH2

1 + K1pCO +
√

K2pH2
+ K1

√
K3K4pCO

√
pH2

(1.539)

=∆H1θCO +
1

2
∆H2θH +

(
∆H1 +

1

2
∆H3 + ∆H4

)
θHCO (1.540)

In a similar fashion, we obtain the following two results for the third and fourth term.

RT2 ∂

∂T
ln
(√

K3

)
= RT2 ∂

∂T

1

2
ln (K3) (1.541)

=
1

2
∆H3 (1.542)

and

RT2 ∂ lnβ

∂β

∂β

∂T
= RT2 1

β

∂β

∂T
(1.543)

= RT2 1

β

∂β

∂T

{√
K3pH2

}
(1.544)

=
1

2
∆H3τH (1.545)

Finally combining all terms and factoring everything in terms of the enthalpies for the individual
elementary reaction steps gives
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∆E
app
act = ∆E

(5)
act +∆H1 (1− θCO − θHCO)

+ ∆H2

(
−
1

2
θH

)
+∆H3

(
1−

1

2
τH −

1

2
θHCO

)
+∆H4 (1− θHCO) . (1.546)
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2.1 Introduction

In the previous chapter, we discussed kinetics from a general point of view wherein the values
for the reaction rate constants and equilibrium constants were assumed to be known. In this and
the following chapters, we aim to obtain numeric values for these constants from first principles.
Thus, our problem is to calculate macroscopic properties, i.e. chemical equilibria and reaction
rate constants, from molecular properties. As the number of molecules involved in typical
reaction mixtures easily exceeds 1020, we should employ some clever strategy to average out
irrelevant details to obtain the relevant observables of interest. In this chapter, we are going to
introduce statistical thermodynamics which describes how the properties of individual molecules
propagate to observables at the macroscale by means of statistical averaging.
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Table 2.1: Number of students with a given grade.

Grade 0 1 2 3 4 5 6 7 8 9 10
Number of students 1 1 1 1 2 2 0 3 2 2 1

We start this chapter by giving a short summary of the statistical method. Next, we introduce
the postulates of thermodynamics. We derive the Maxwell-Boltzmann equation and introduce
the concept of partition functions. From these partition functions, mechanical properties such
as pressure, energy, volume and the number of molecules can be computed. By making the
connection with classical thermodynamics, also non-mechanical properties such as temperature,
entropy, free energy and chemical potential can be calculated.

2.2 Probability theory

Because of the statistical interpretation we are going to employ to treat thermodynamics, we will
briefly discuss probability theory in this section using a couple of examples. Consider a class of
sixteen students, whose grades for the kinetics course are as given in Table 2.1.

The total number of students in the class is given by

N =
∞∑
i

n(i), (2.1)

which in our example equals 16. In Figure 2.1, a histogram of the above data is depicted.
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Figure 2.1: Histogram showing the number of students, n(i) with grade i.

Let us now ask the following questions

1. What is the chance that when I select a student at random from this class, that his/her
grade will be a 10?
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2. What is the most probable grade?

3. What is the median grade?

4. What is the average grade?

5. What is the average of the square of the grades?

Let us answer these questions one by one.
The chance or probability to obtain a particular student with a grade i is given by

Pi(i) =
n(i)

N
. (2.2)

For the case of a grade of 10, this chance equals

P10 =
1

16
. (2.3)

Themost probable1 grade is found by evaluating at which grade i, n(i) has the largest value.
This corresponds to a grade of 7.

The median grade corresponds to that grade for which the probability of getting a larger
result is equal to getting a smaller result. This would be a grade of 6, as 8 students have a lower
grade and 8 students have a higher grade than a 6.

The average2 grade can be found by evaluating

〈i〉 =
∞∑
i=0

in(i)

N
=

0 + 1 + 2 + 3 + 2 · 4 + 2 · 5 + 3 · 7 + 2 · 8 + 2 · 9 + 10

16
=

89

16
≈ 5.6. (2.4)

Finally, the average of the square of the grades can be found by evaluating

〈
i2
〉
=

∞∑
i=0

i2n(i)

N
≈ 39.5625. (2.5)
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Figure 2.2: Two histograms with the same median, average and most probable value, but showing a vastly different
distribution.

In principle, two distributions can have the same average, but still look vastly different. For
example, let us consider the two histograms as given in Figure 2.2. The most notable difference

1Sometimes also called themode in statistics.
2Sometimes termed the expectation value.
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is the amount of spread in each distribution. The one of the left has a significantly larger spread
than the one on the right. To quantify the spread, you can use the variance of the distribution σ2

as given by

σ2 =
〈
(∆i)2

〉
. (2.6)

Note that the square root of the variance σ is known as the standard deviation, which can be
written as

σ =

√〈
i2
〉
− 〈i〉2. (2.7)

So far, we have been dealing with discrete variables, but the above can be generalized to
continuous distributions. A continuous distribution has infinitesimal intervals by which the
probability is proportional to the length of the interval. Because of the infinitesimal intervals,
we can no longer speak about the probability, but have to introduce the concept of a probability
density ρ(x). The probability that x lies between a and b, a finite interval, is then given by the
integral

Pab =

b∫
a

ρ(x)dx. (2.8)

The previously obtained formulas for discrete distributions can now be cast into continuous
form. An important feature of the probability density and thus of distribution functions is that
they are normalized in the sense that

∞∫
−∞

ρ(x)dx = 1, (2.9)

to ensure that the probability density integrated over all possible space equals unity, as the
object to which the probability refers has to be somewhere. For the average of x, we evaluate

〈x〉 =
∞∫

−∞

xρ(x)dx. (2.10)

And for the variance we evaluate

σ2 =
〈
x2
〉
− 〈x〉2 . (2.11)

Once the distribution function of a system is given, we can readily evaluate the average value
of some observable property of interest. For example, consider a ball bouncing between two
walls separated by a distance 2L on either side of the origin of the coordinate system as shown
in Figure 2.3.

The probability density to find the ball at position x on the interval [−L,L] is constant and
equal to some value A and outside this interval the probability density to find the ball is equal to
zero. To find the value of A, we can use Equation 2.9.

∞∫
−∞

ρ(x)dx =

L∫
−L

Adx = A2L = 1 (2.12)
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LL

Figure 2.3: Schematic depiction of a ball, located at the origin, bouncing between two walls (dashed lines). The
complete domain has length 2L and is centered around the origin.

From this equation, it follows that A = 1
2L and that the distribution function for the ball is

given by

ρ(x) =
1

2L
for − L ≤ x ≤ L. (2.13)

We can intuitively guess what the average value for the position x of the ball would be. Since
the probability function is symmetrical around the origin, the average position of the ball would
be at x = 0. If we apply Equation 2.10, we indeed obtain this result.

〈x〉 =
∞∫

−∞

xρ(x)dx =

L∫
−L

x

2L
dx =

x2

4L

∣∣∣∣∣
L

−L

=
L2 − (−L)2

4L
= 0 (2.14)

For the average squared value of the position, we need to evaluate

〈
x2
〉
=

∞∫
−∞

x2ρ(x)dx =

∫ L

−L

x2

2L
dx =

x3

6L

∣∣∣∣∣
L

−L

=
L3 − (−L)3

6L
=
L2

3
. (2.15)

And from this result, we can readily obtain the standard deviation

σ =

√〈
x2
〉
− 〈x〉2 =

√
L2

3
=

L
√
3
. (2.16)

In general, if we are interested in evaluating some property a, we need to cast our distribution
function in such a way that the probability density ρ is expressed as a function of a. Next, to
obtain an expression for the average value of a, we need to evaluate

〈a〉 =
∞∫

−∞

aρ(a)da. (2.17)

Equation 2.17 together with Equation 2.9 will be used extensively in this chapter and forms
the basis for evaluating many properties in statistical thermodynamics.
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2.3 Ensembles and postulates

In the previous section, we discussed the statistical background necessary to calculate average
properties of molecules. Before we do so, we first need to introduce two important concepts
in statistical thermodynamics: ensembles and the fundamental postulates. An ensemble is a
(mental) collection of a very large number N of systems. Each of these systems is constructed in
such a way that it resembles the thermodynamic properties of the actual thermodynamic system
we are studying. It is possible to define several types of ensembles, however, in this chapter we
are going to focus on the so-called canonical ensemble.

The canonical ensemble is a supersystem consisting of N subsystems wherein each subsys-
tem has a fixed number of particles (e.g. atoms or molecules) N , a fixed volume V and a fixed
temperature T . Each of these subsystems acts as a representative ensemble for our prototype
system for which we wish to calculate mechanical and thermodynamic properties. A schematic
depiction of the canonical ensemble is provided in Figure 2.4. Each of the subsystems is placed
in a lattice and is compartmentalized by impermeable, heat conducting walls. In other words, the
particles in the subsystems are not allowed to leave the system, but the subsystems are allowed
to exchange energy via the walls. Observe that each of the subsystems is essentially immersed in
a large heat bath at temperature T of the other N − 1 subsystems in the ensemble as is required
for the subsystem to be representative of the original thermodynamic (i.e. prototype) system.
The supersystem (i.e. the canonical ensemble) itself is placed in complete thermal insulation, by
which its constraints are a fixed number of particles NN , a fixed volume NV and a fixed energy
E. We assume that the number of systems N is very large (i.e. N � 1020) by which we are
allowed to explore the limit of N →∞.

Figure 2.4: Schematic depiction of the canonical ensemble.

Next, we introduce the two fundamental postulates. The first postulate states that the long-
time average of a mechanical variable M in the thermodynamic system of interest is equal to the
ensemble average ofM , in the limit that N →∞, provided that the systems of the ensemble replicate
the thermodynamic state and environment of the actual system of interest.[2] In other words, we are
allowed to replace a time-average for an ensemble-average. So if we observe a single subsystem
in the canonical ensemble for a very long time, its time average would be equal to the ensemble
average of the supersystem probed at a single point in time. The first postulate by itself is
however insufficient to calculate any properties, hence we will introduce the second postulate.

The second postulate states that in an ensemble N →∞ representative of an isolated thermody-
namic system, the (sub)systems of the ensemble are distributed uniformly, that is, with equal probability
or frequency, over the possible quantum states consistent with the specified values of N , V , and E.[2].
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In other words, if I select a subsystem at random from the ensemble, the chance to find it in any
particular quantum state is the same for all possible (i.e. allowed) quantum states. This means
that each quantum state is represented by the same number of systems in the ensemble.

Connecting the first and second postulates, we can infer that the supersystem spends equal
amounts of time, over a long time period, in each of the available quantum states. The latter is
known as the quantum ergodic hypothesis, while the second postulate is known as the principle
of equal a priori probabilities.[2]

Let us explore these concepts by means of a simple example. Assume that we have a canonical
ensemble consisting of four subsystems (A,B,C,D) and where each subsystem can be in one
of four possible energy states E0 − E3, where the index of the energy state (0− 3) corresponds
to how many units of energy that energy state contains (e.g. E0 = 0, E1 = 1 · · · ).3 The total
energy E of the canonical ensemble is set at Etotal = 4 in the sense that

EA + EB + EC + ED = Etotal = 4 (2.18)

We now define a distribution or macrostate as the number of energy states ni present in
the supersystem for each energy state Ei. Given these constraints, there are four different
distributions or macrostates as given by

1. n0 = 2, n1 = 1, n2 = 0, n3 = 1

2. n0 = 2, n1 = 0, n2 = 2, n3 = 0

3. n0 = 1, n1 = 2, n2 = 1, n3 = 0

4. n0 = 0, n1 = 4, n2 = 0, n3 = 0

where each distribution complies with

Etotal =
∑
i

niEi (2.19)

consistent with Equation 2.18.

Figure 2.5: Schematic depiction of a canonical ensemble of only four subsystems. Each subsystem is only allowed to
be in one of four energy states. Each row corresponds to a different macrostate, each image in the row to a different
microstate. The shades of gray of the circles represent the different energy states.

For each macrostate, there are one or more ways the energy levels can be arranged among the
different subsystems as depicted in Figure 2.5 by the various configurations which are ordered in
rows per possible macrostate. A single arrangement is termed amicrostate and what is referred

3In this discussion, it does not matter what a “unit of energy” actually is.
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to as the possible quantum states in the second postulate. The second postulate now dictates that
the probability for each of these microstates is equal in the sense that the supersystem spends
equal amounts of time in each of the possible microstates. A critical implication of the second
postulate is that the number of microstates dictates the chance (or weight) to find the system in
a particularmacrostate in the sense that

wi =
Ωi∑
j Ωj

, (2.20)

where Ωi is the number of microstates for macrostate i. For instance, in our example the
chance to find the supersystem in the fourth macrostate (all systems are in energy state E1)
is twelve times less likely than to find the supersystem in the first macrostate (two systems in
energy state E0, one system in energy state E1 and one system in energy state E3).

The number of microstates for each macrostate can be calculated using the following combi-
natorial formula

Ωi =
N !∏
i ni!

. (2.21)

For example, the number of microstates for the third macrostate is given by

Ω3 =
4!

1! · 2! · 1!
=

24

2
= 12, (2.22)

consistent with Figure 2.5. The number of microstates for each macrostate not only defines
the chance to encounter a particularmacrostate, it also defines the chance to encounter a particular
energy state in any of the subsystems by

Pi =
1

N

∑
j Ωjni,j∑

j Ωj
, (2.23)

where ni,j is the number of systems in energy state Ei for macrostate j.
Observe that Equation 2.23 is similar to Equation 2.4. The chance for example to encounter

any of the subsystems in energy state E0 is given by

P0 =
1

4

12 · 2 + 6 · 2 + 12 · 1 + 1 · 0
12 + 6 + 12 + 1

=
48

124
=

12

31
. (2.24)

Furthermore, note that Equation 2.23 is consistent with

∑
i

Pi = 1, (2.25)

as is to be expected. With this framework in place, we are able to calculate any desired
ensemble average. For example, the average energy of the system is given by

〈E〉 =
∑
i

PiEi =
∑
i

[
1

N

∑
j Ωjni∑
j Ωj

Ei

]
= 1. (2.26)
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and
〈
E2
〉
is given by

〈
E2
〉
=
∑
i

PiE
2
i =

∑
i

[
1

N

∑
j Ωjni∑
j Ωj

E2
i

]
=

61

31
. (2.27)

Technically, Equation 2.23 is sufficient to calculate canonical ensemble averages ofmechanical
variables, however, for very large systems (i.e. realistic systems we are typically dealing with),
summing over the vast array of possible macrostates is far from feasible. Thus, we wish to obtain
a more explicit expression for Pi. In the next section, we will elaborate on how we can simplify
Equation 2.23 by considering the hypothesis that a single macrostate has a weight w → 1 in the
limit N →∞.

2.4 Macrostate dominance

Let us explore what happens in the example of the previous section in the limit ofN →∞. If the
total energy remains limited to Etotal = 4, the number of possible macrostates remains the same,
however the number of microstates per macrostate will increase. Increasing the total number of
systems N effectively results in adding systems with an energy level of E0 to the set.4 Thus the
possible configurations (macrostates) as function of N become

1. n0 = N − 2, n1 = 1, n2 = 0, n3 = 1

2. n0 = N − 2, n1 = 0, n2 = 2, n3 = 0

3. n0 = N − 3, n1 = 2, n2 = 1, n3 = 0

4. n0 = N − 4, n1 = 4, n2 = 0, n3 = 0

From this, we can readily calculate the number of microstates per macrostate by application
of Equation 2.21 which gives for N ≥ 4

Ω1 =
N !

(N − 2)!
= N (N − 1) (2.28)

Ω2 =
N !

(N − 2)!2!
=

1

2
N (N − 1) (2.29)

Ω3 =
N !

(N − 3)!2!
=

1

2
N (N − 1) (N − 2) (2.30)

Ω4 =
N !

(N − 4)!4!
=

1

24
N (N − 1) (N − 2) (N − 3) (2.31)

(2.32)

and the chance to encounter (or the weight of ) macrostate i can be calculated from Equation
2.23 which gives after some careful algebra

w1 =
24

N2 + 7N + 18
(2.33)

w2 =
12

N2 + 7N + 18
(2.34)

w3 =
12N − 24

N2 + 7N + 18
(2.35)

w4 =
N2 − 5N + 6

N2 + 7N + 18
. (2.36)

4Check this for yourself: Start by listing all the possible macrostate configurations forN = 5, then forN = 6, and
N = 7. Do you see a pattern arising?
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Note that the sum of the numerators is equal to the denominator

24 + 12 + [12N − 24] +
[
N2 − 5N + 6

]
= N2 + 7N + 18, (2.37)

in agreement with Equation 2.25. The probabilities to encounter eachmacrostate are depicted
in Figure 2.6. From this picture, it can be readily observed that even for a relatively few number
of systems N , with increasing number of systems, the probability of a single macrostate goes to
unity by which this macrostate becomes the dominant macrostate.
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Figure 2.6: Weight of each macrostate as function of the number of systemsN .

Although we here demonstrated the principle of macrostate dominance for a relatively few
allowed energy states, the result can be readily extended towards canonical ensembles which
have many possible energy states Ei. This result enables us to greatly simplify the calculation of
ensemble averages, as we only have to take the dominant macrostate into account as the weight
of all other macrostates will become negligibly small for sufficiently large systems. Equation
2.23 thus simplifies to

Pi =
ni
N
, (2.38)

where ni is the number of systems in energy state Ei for the dominant macrostate only.

� Practice your understanding

Exercise 2.1

2.5 Maxwell-Boltzmann distribution law

In the previous section we have seen that there is a single macrostate that has somanymicrostates
that its weight towards the ensemble average dominates. Thus, our objective is to find the
configuration of ni that maximizes Ω for that macrostate. From here on, we define the number
of microstates corresponding to the dominant macrostate by the variable ΩD .5 Furthermore,
instead of Equation 2.21 wherein we iterated over the number of subsystems, we will here iterate
over the set of possible energy states Ei, taking explicitly the degeneracy factor gi of each energy
state into account as given by

ΩD = N !
∏
i

(gi)
ni

ni!
. (2.39)

5The ’D’ refers to distinguishable.
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In this formula, the degeneracy factor gi corresponds to the number of quantum states that
have the same energy.6 To optimize a function, we can take its first derivative and set this equal
to 0. For the multi-variable function ΩD(ni), this gives

∂ΩD

∂ni
= 0, (2.40)

for all ni and corresponding to a maximum for ΩD under the restriction that the values for
ni adhere to Equations 2.41 and 2.42.

n1 + n2 + ... ≡
∑
i

ni = N (2.41)

n1E1 + n2E2 + ... ≡
∑
i

niEi = E (2.42)

where N is the number of subsystems in the canonical ensemble and E the total energy
of the system. By changing the values of n1, n2, · · ·ni by a small amount ∂ni, the value ΩD is
changed by the small amount ∂ΩD :

∂ΩD =

(
∂ΩD

∂n1

)
∂n1 +

(
∂ΩD

∂n2

)
∂n2 + · · ·+

(
∂ΩD

∂ni

)
∂ni. (2.43)

According to Equation 2.41, the above gives

∂n1 + ∂n2 + · · ·+ ∂ni + · · · = 0 (2.44)

and similarly Equation 2.42 yields

E1∂n1 + E2∂n2 + · · ·+ Ei∂ni + · · · = 0. (2.45)

Maximizing ΩD subject to these restrictive conditions can be done by means of Lagrange’s
method of undetermined multipliers.7 We therefore introduce two new variables β and γ, the
Lagrange multipliers, by which we obtain

∂ΩD =

(
∂ΩD

∂n1
− γ − βE1

)
∂n1 +

(
∂ΩD

∂n2
− γ − βE2

)
∂n2

+ · · ·+
(
∂ΩD

∂ni
− γ − βEi

)
∂ni. (2.46)

When ΩD has a maximum value, i.e.

∂ΩD = 0, (2.47)

6In quantum mechanics, an energy level is degenerate if it corresponds to two or more different measurable states of a
quantum system. Conversely, two or more different states of a quantum mechanical system are said to be degenerate if they
give the same value of energy upon measurement.

7See Appendix B.6 on page 280.
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the values of ni must therefore be such that the left-hand side of Equation 2.46 vanishes.
Suppose that we choose arbitrary values for ∂n3, ∂n4, · · · , ∂ni, · · · , then ∂n1, ∂n2 should be
chosen in such a way that Equations 2.44 and 2.45 hold. Since Equation 2.46 holds for any γ
and β, let us choose values for γ and β such that:

∂ΩD

∂n1
− γ − βE1 = 0 (2.48)

∂ΩD

∂n2
− γ − βE2 = 0 (2.49)

The only way to ensure that the right-hand side of Equation 2.46 is zero for any small values
of ∂n3, ∂n4, · · · , ∂ni, · · · is to equate all values between the brackets to zero, which generalizes
to

∂ΩD

∂ni
− γ − βEi = 0 (i = 1, 2, 3, · · · ). (2.50)

The distribution function that gives the largest ΩD is also the distribution giving the largest
lnΩD , since lnx increases monotonically with x. It turns out to be more convenient to maximize
lnΩD instead of ΩD , thus we will focus on solving Equation 2.51 instead of 2.50.

∂ ln(ΩD)

∂ni
− γ − βEi = 0 (2.51)

By applying Stirling’s approximation (see appendix B.2) to Equation 2.51 we obtain the
following equation

lnΩD = N lnN −N +
∑
i

(ni ln gi)−
∑
i

(ni lnni − ni) (2.52)

and taking the first derivative of the above yields

∂ lnΩD

∂ni
= ln gi − lnni. (2.53)

By combining expression 2.51 and 2.53 this yields

ln gi − lnni − γ − βEi = 0 (2.54)

and with some rearranging, this gives

lnni = ln gi − γ − βEi. (2.55)

Finally taking the exponent on both sides, we obtain

ni = gi exp (−γ) exp (−βEi) . (2.56)

Note that the above equation is theMaxwell-Boltzmann distribution law, which gives the
values for each ni for the most probable distribution of systems among the energy levels (i.e. the
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dominant macrostate). On the basis of Equation 2.44, the sum of the most probable distribution
of systems should be equal to unity, thus giving:

∑
i

ni∗ = N , (2.57)

where ni∗ is the number of subsystems in state i for the most probable distribution ΩD .
Furthermore,

N = g1 exp (−γ) exp (−βE1) + g2 exp (−γ) exp (−βE2) + · · ·+ gi exp (−γ) exp (−βEi) + · · ·

= exp (−γ)
(
g1 exp (−βE1) + g2 exp (−βE2) + · · ·+ gi exp (−βEi) + · · ·

)
= exp (−γ)

∑
i

gi exp (−βEi) (2.58)

Hence,

exp (−γ) =
N∑

i gi exp (−βEi)
=
N

q
, (2.59)

where

q =
∑
i

gi exp (−βEi) . (2.60)

The sum q is coined by Planck as theZustandssumme, but is also called themolecular partition
function or sum-over-states. So far, we have been talking about subsystems and supersystems (i.e. the
canonical ensemble), but what are now these systems and subsystems. Given the thermodynamic
system of interest which is represented by the canonical ensemble (e.g. a set of molecules in a
container), the subsystems can be (but are certainly not limited to)

• Different molecules.

• Different degrees of freedom in the same molecule (wherein the supersystem is a set of
identical molecules).

• Molecules adsorbed on different active sites on a catalytic surface.

For example, let us consider the subsystems to be the same molecule (particle) which can be
in each of two possible energy states. The term partition function becomes obvious when one
wants to evaluate the fraction of molecules in each of the energy states, for example:

ni∗
nj∗

=
gi exp (−βEi)

gj exp
(
−βEj

) (2.61)

In other words, for a given assembly of particles, the partition function shows how the
molecules are allocated among the different energy levels or equivalently, how the total energy is
partitioned among the molecules.

In principle, we can drop the degeneracy factor gi by including the degenerate states as sepa-
rate (though identical in energy) states in the summation. Using this approach, the probability
to encounter the system in state i is then given by
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Pi =
exp (−βEi)∑
j exp

(
−βEj

) . (2.62)

The only remaining matter is to define β. From thermodynamic considerations it is obvious
that there is some relation between the value β and the temperature T . We will derive an
expression for β in the upcoming section.

� Practice your understanding

Exercise 2.2

2.6 Thermodynamic variables

In Figure 2.7, the general procedure for obtaining any thermodynamic property, both mechanical
as well as non-mechanical, is shown. In the previous sections, we showed how we can utilize
probability theory to calculate averages from the canonical ensemble. From the definition of
the partition function as given in Equation 2.61, we are able to calculate a probability density or
distribution function using the approach as shown in section 2.2. In turn, from this distribution
function, we can calculate the average value for a mechanical thermodynamic property using the
discrete form of Equation 2.17 as given by

〈M〉 =
∑
i

MiPi, (2.63)

whereMi is a mechanical thermodynamic valueM for state i and Pi is the probability of
state i.

Figure 2.7: Flow diagram of the general procedure to obtain mechanical and non-mechanical thermodynamic
properties from the canonical ensemble.

By appealing to classical thermodynamics we can also calculate non-mechanical thermody-
namic properties from the mechanical thermodynamic properties. In the upcoming subsections,
we will derive expressions for the total energy, pressure, heat capacity, the entropy and enthalpy,
the chemical potential and the Helmholtz free energy from the (canonical) partition function as
given in Equation 2.60.

2.6.1 Internal energy and heat capacity

The total energy E for a system can thus be readily calculated by application of Equation 2.63.



�
C

H
A

P
T

E
R

2
�

C
H

A
P

T
E

R
2

2.6 Thermodynamic variables 93

〈E〉 =
∑
i

PiEi

=

∑
i Ei exp

(
−Ei
kBT

)
∑

i exp
(
−Ei
kBT

)
=

∑
i Ei exp

(
−Ei
kBT

)
q

= kBT
2 ∂ ln q

∂T
.

(2.64)

(2.65)

(2.66)

(2.67)

Once we have obtained an expression for 〈E〉, we can also calculate the heat capacity at
constant volume Cv by

Cv =
∂ 〈E〉
∂T

. (2.68)

Note that the heat capacity is a non-mechanical property and we calculate its value from the
average energy, which is amechanical thermodynamic property. In other words, we have derived a
non-mechanical thermodynamic property from amechanical one by using classical thermodynamics.

2.6.2 Entropy

The average energy E is given by

〈E〉 =
∑
i

PiEi. (2.69)

Taking the differential of 〈E〉 gives

d 〈E〉 =
∑
i

EidPi +
∑
i

PidEi (2.70)

= −
1

β

∑
i

(lnPi + ln q) dPi +
∑
i

Pi

(
∂Ei

∂V

)
N
dV. (2.71)

Using the equalities

∑
i

Pi = 1,
∑
i

dPi = 0 (2.72)

and

d

∑
i

Pi lnPi

 =
∑
i

lnPidPi, (2.73)
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we can rewrite Equation 2.71 to

−
1

β
d

∑
i

Pi lnPi

 = d 〈E〉+ 〈p〉 dV. (2.74)

This result can be readily associated to the following expression in classical thermodynamics

T dS = dE + p dV, (2.75)

where T is the temperature, S the entropy, p the pressure and V the volume. Thus we obtain
the following association

TdS ←→ −
1

β
d

∑
i

Pi lnPi

 , (2.76)

which can be rewritten as

dS ←→
1

βT
dG, (2.77)

wherein

G = −

∑
i

Pi lnPi

 . (2.78)

From classical thermodynamics we know that the left side of Equation 2.77 is an exact
differential8, hence the right side of the equation also has to be an exact differential. This
condition will be met if 1

βT is any function of G, in such a way that

dS ←→ φ(G)dG = df(G), (2.79)

where

f(G) =

∫
φ(G)dG (2.80)

and

φ(G) =
df(G)

dG
. (2.81)

Integrating Equation 2.79 then yields

S ←→ f(G) + c, (2.82)

8A differential is said to be exact if the corresponding vector field is conservative. The thermodynamic functionG is a
so-called state function, which holds the property that a change of a state function during a process depends only on the
initial and final states of the system, not on the path of the process.
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where c is an integration constant independent of G and therefore independent of the variables
on whichG depends. From experiment, it is known that the entropy always involves the difference
in entropy between two states. Therefore, the constant c will cancel out upon calculation of such
a difference and we are thus allowed to set c = 0 for convenience.

We now wish to obtain an expression for the function f(G). From thermodynamics, it is
known that the entropy is an additive property in the sense that

S(A ∩B) = S(A) + S(B). (2.83)

Thus the function f(G) should also have this property in the sense that,

f(GA +GB) = f(GA) + f(GB). (2.84)

or in more general terms

f(x+ y) = f(x) + f(y). (2.85)

Differentiating Equation 2.85 gives

df(x+ y)

d(x+ y)

∂(x+ y)

∂x
=
df(x+ y)

d(x+ y)
=
df(x)

dx
(2.86)

df(x+ y)

d(x+ y)

∂(x+ y)

∂y
=
df(x+ y)

d(x+ y)
=
df(y)

dy
, (2.87)

hence

df(x)

dx
=
df(y)

dy
. (2.88)

In other words, a function of x is equal to the same function of y. The only function that
satisfies this property is a constant. Thus

df(x)

dx
= k (2.89)

and

f(x) = kx+ c, (2.90)

where c is another constant. In order to satisfy Equation 2.85, we have to set this constant to
c = 0 and f(x) = kx. Plugging this result into Equation 2.82 yields

S ←→ f(G) = kG (2.91)

S ←→ −k
∑
i

Pi lnPi. (2.92)

Furthermore, from Equation 2.79 we have

φ(G) =
df(G)

dG
= k =

1

βT
, (2.93)
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or

1

T
←→ βk,

1

kT
←→ β. (2.94)

The constant k is at this point still unknown, but can be derived from experiment. Typically,
it is derived from the pressure of an ideal gas by which it can be found that k = kB. Thus we
obtain the following expressions for calculating the entropy from the partition function:

S = −kB
∑
i

exp
(
− Ei

kBT

)
q

ln

 exp
(
− Ei

kBT

)
q


= kB

∑
i

Pi
Ei

kBT
+ kB

∑
i

Pi ln (q)

= kB

(
〈E〉
kBT

+ ln (q)

)

= kBT

(
∂ ln q

∂T

)
+ kB ln q

=
∂

∂T
(kBT ln q) .

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

2.6.3 Free energy and the chemical potential

If we substitute Equation 2.62 into Equation 2.92, we obtain

S =
〈E〉
T

+ kB ln q =
E

T
−
A

T
, (2.100)

whereA corresponds to the Helmholtz free energy as given by the classical thermodynamical
expression

dA = −SdT − pdV +
∑
i

µidNi. (2.101)

By rewriting Equation 2.100 and inserting the expressions for the internal energy and the
entropy (Equations 2.67 and 2.99), we can derive an expression for the Helmholtz free energy by

A = E − TS (2.102)

= kBT
2 ∂ ln q

∂T
− T

∂

∂T
(kBT ln q) (2.103)

= kBT
2 ∂ ln q

∂T
− kBT2 ∂ ln q

∂T
− kBT ln q (2.104)

and by noting that the first two terms cancel each other out, we obtain

A = −kBT ln q. (2.105)

From the Helmholtz free energy, we can derive an expression for the pressure as
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p = −
(
∂A

∂V

)
T,N

= kBT

(
∂ ln q

∂V

)
T,N

. (2.106)

And for the chemical potential we have

µ =

(
∂A

∂N

)
T,V

= −kBT
(
∂ ln q

∂N

)
T,V

. (2.107)

Finally, for the enthalpy we obtain

H = E + pV = kBT
2 ∂ ln q

∂T
+ kBT

(
∂ ln q

∂V

)
T,N

V. (2.108)

2.7 Partition functions of subsystems

Sometimes it makes sense to calculate the overall partition function of a system by considering
the individual partition functions of its subsystems. If a system can be divided intoN subsystems
with negligible interaction, then the overall partition function9 is given by

Q =
∏
i

qi. (2.109)

For example, the total partition function for an ensemble of N distinguishable particles
which all have the same partition function, the overall partition functions can be calculated from
the product of the partition function of its subsystem. If the partition function of each of these
subsystems is the same, the overall partition function is given by

Q = qN . (2.110)

If the subsystems are identical particles10, which are impossible to distinguish from each
other, the partition function is calculated by

Q =
∏
i

qNi
i

Ni!
, (2.111)

which reduces to

Q =
qN

N !
, (2.112)

when the individual partition functions for the particles are the same.
9Sometimes a capital Q is used to distinguish the partition function pertaining to an ensemble versus the partition

function of a single species or a single subsystem. In other cases, subscripted labels will be used to indicate the meaning. It
should be clear from the context what is exactly meant.

10We mean with identical here in the quantum mechanical sense.
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2.7.1 Gibbs Paradox

At this point, you might wonder where the 1/N ! correction in Equation 2.112 comes from. The
1/N ! correction is best explained using Gibbs paradox, which is a semi-classical derivation of the
entropy that does not take into account the indistinguishability of particles, yielding an expression
for the entropy which is not extensive (thus a paradox). The paradox goes as follows: Consider
an ideal gas of N (indistinguishable) particles in a container with a fixed volume V . A partition
separates the container into two sections with volumes V1 and V2 in such a way that

V1 + V2 = V. (2.113)

Also, there areN1 particles in the volume V1 andN2 particles in the volume V2. It is assumed
that the number density is the same throughout the system as given by

ρ =
N1

V1
=
N2

V2
. (2.114)

Consider what would happen to the total entropy if the partition would be removed. Since
the particles are identical, the total entropy should not increase upon removal of the divisor as
the particles cannot be distinguished from each other. Let us first calculate the entropy without
the 1/N ! factor and then calculate the entropy with the 1/N ! factor.

Figure 2.8: Gibbs Paradox: What would happen to the total entropy when going from the left situation to the right?
The entropy of the particles in the container on the left is the same as that for the particles in the container on the
right.

The total entropy without the 1/N ! factor is given by

S =
∂

∂T
(kBT ln q) (2.115)

=
∂

∂T

(
NkBT ln q(V )

)
(2.116)

= NkBT
∂

∂T
ln q(V ) +NkB ln q(V ). (2.117)

Thus the total entropy before and after are

Sbefore = N1kB

[
T
∂

∂T
ln q (V1) + ln q(V1)

]
+N2kB

[
T
∂

∂T
ln q (V2) + ln q(V2)

]
, (2.118)
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and

Safter = kB (N1 +N2)

(
T
∂

∂T
ln q (V1 + V2) + ln q (V1 + V2)

)
, (2.119)

respectively. Thus, the difference in entropy ∆S is given by

∆S = Safter − Sbefore (2.120)

= kBN1

T ∂

∂T
ln

(
q(V )

q(V1)

)
+ ln

(
q(V )

q(V1)

)+ kBN2

T ∂

∂T
ln

(
q(V )

q(V2)

)
+ ln

(
q(V )

q(V2)

) .
(2.121)

Since the volume V is constant, V cannot be a function of T . Furthermore, q scales linearly
with V in the sense that V is only a multiplicative factor in the partition function q. Thus, the
term V cancels out when taking the derivative of q towards T and the following identity holds11

∂

∂T
ln q (V1) =

∂

∂T
ln q (V2) =

∂

∂T
ln q (V1 + V2) . (2.122)

Using the identity above, we can further simplify the expression for ∆S as

∆S = kBN1 ln

(
q(V )

q(V1)

)
+ kBN2 ln

(
q(V )

q(V2)

)
6= 0. (2.123)

Since the entropy is an extensive property,∆S should be equal to zero. Let us now introduce
the correction factor 1/N ! and apply the Stirling approximation lnN ! ≈ N lnN −N . We then
obtain for S1 and S2

S1 = N1kB

[
T
∂

∂T
ln q(V1) + ln q(V1)− lnN1 + 1

]
(2.124)

S2 = N2kB

[
T
∂

∂T
ln q(V2) + ln q(V2)− lnN2 + 1

]
(2.125)

and for the situation after the divisor has been removed

Safter = kB (N1 +N2)

(
T
∂

∂T
ln q (V1 + V2) + ln q (V1 + V2)− ln (N1 +N2) + 1

)
. (2.126)

Taking the difference between these two and using the identity as shown in Equation 2.122
yields the following expression for the change in entropy upon removal of the divisor

∆S = Sbefore − Safter (2.127)

= kBN1 ln

(
q(V )

q(V1)

)
+ kBN2 ln

(
q(V )

q(V2)

)
− kBN1 ln

(
N

N1

)
− kBN2 ln

(
N

N2

)
(2.128)

= kBN1 ln

(
q(V )

N

N1

q(V1)

)
+ kBN2 ln

(
q(V )

N

N2

q(V2)

)
. (2.129)

11In Chapter 3, the translational partition function will be shown to be qT =
(

2πmkBT

h2

)3/2
V by which you can

verify that this statement is indeed valid.
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We already stated earlier that q scales linearly with V . Since all other properties upon which q
depend are the same because the gas particles are the same, this implies that the only difference
between the partition functions comes from the value of V . In other words,

q(V )

q(V1)
=

(V )

V1
. (2.130)

Using this equality gives

∆S = kBN1 ln

(
V

N

N1

V1

)
+ kBN2 ln

(
V

N

N2

V2

)
. (2.131)

Since the number density is the same in both partitions of the volume as given by

ρ =
N1

V1
=
N2

V2
=
N

V
, (2.132)

this implies that

∆S = kBN1 ln

(
ρ

ρ

)
+ kBN2 ln

(
ρ

ρ

)
, (2.133)

by which the logarithmic terms vanish as ln(1) = 0, giving the expected result of ∆S = 0.
Thus, it seems that the 1/N ! term is absolutely necessary to resolve the paradox.

2.7.2 Quantum mechanical explanation

Although we have now found a practical way to resolve the entropy problem, it does not readily
explain why the factor of 1/N ! is required. The answer to that question originates from quan-
tum mechanics. From a quantum-mechanical point of view, the arrangement of the particles
is operationally indistinguishable from any other arrangement as the particles themselves are
indistinguishable. In our formulation of the partition functions as shown in Equation 2.60,
we sum over the particles but we should sum over all the quantum states of the system. If
two indistinguishable particles are swapped, no one would be able to tell. In fact, all possible
permutations of the indistinguishable particles pertain to the same single quantum state and
should thus only be counted once.

Thus, if we know the total number of possible permutations that leave the system in the same
state, we can calculate the correction factor. Consider a system of only five particles. How many
different permutations are possible? The answer to this question is relatively straightforward.
We can place the first particle in any of the five options, for the next particle, only four options
remain. For the third particle, there are only three options left and so on. Thus, the total
number of possible arrangements is 5 · 4 · 3 · 2 · 1 = 5! = 120. In general, there are N ! possible
arrangements forN particles and from this we can readily see that the correction factor to resolve
the over-counting is 1/N !. 12

12It should be noted here that this correction factor is only valid in the limit where the number of available states is
significantly larger than the number of particles by which we can safely assume that two particles rarely find themselves
in the same state. If this assumption cannot be made, Bose-Einstein or Fermi-Dirac statistics has to be used of which the
Boltzmann statistics as presented here is a limiting case.
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2.8 Equilibrium constants

Consider the arbitrary reaction that proceeds in a closed vessel at constant volume V and pressure
p as given by the following reaction equation

νAA+ νBB
k+

−−⇀↽−−
k−

νCC + νDD. (2.134)

The Gibbs free energy of this reaction is defined as

∆G =
∑
i

νiµi = νCµC + νDµD − νAµA − νBµB . (2.135)

At equilibrium, the Gibbs free energy is equal to zero. By insertion of Equation 2.107 in
Equation 2.135 and using Equation 2.112 (because molecules are indistinguishable particles), we
obtain

∑
i

−νikBT
∂

∂Ni

ln
 qNi

i

Ni!


 = 0, (2.136)

where qi is the partition function of molecule i and Ni is the total number of molecules i.
Because the kBT term does not depend on the index i, we can drop it. Furthermore, we can also
drop the minus sign.13 Thus, we can rewrite the above equation to14

0 =
∑
i

−νikBT
∂

∂Ni

ln
 qNi

i

Ni!


 (2.137)

=
∑
i

νi
∂

∂Ni

ln
 qNi

i

Ni!


 (2.138)

=
∑
i

νi
∂

∂Ni

[
Ni ln (qi)− ln (Ni!)

]
(2.139)

=
∑
i

νi
∂

∂Ni

[
Ni ln (qi)−Ni ln (Ni) +Ni

]
(2.140)

=
∑
i

νi

[
ln (qi)− ln (Ni)−

Ni

Ni
+ 1

]
(2.141)

=
∑
i

νi
[
ln (qi)− ln (Ni)

]
(2.142)

= ln

∏
i

qνi
i

− ln

∏
i

Nνi
i

 (2.143)

=

∏
i

qνi
i

−
∏

i

Nνi
i

 = 0 (2.144)

13Because the equation is equal to zero, we are allowed to multiply both sides by -1.
14Note that in the derivation, we have used Stirling’s approximation to simplify the ln (N !) term. More information

about Stirling’s approximation can be found in Appendix B.2 on page 278.
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by which we obtain

Kn(T, V ) =
∏
i

qνi
i =

∏
i

Nνi
i , (2.145)

wherein Kn is a number-based equilibrium constant that depends on temperature and
volume. Applying the above formula to our example reaction yields

Kn(T, V ) =
NνC
C NνD

D

NνA
A NνB

B

=
qνC
C qνD

D

qνA
A qνB

B

, (2.146)

thus the number of molecules at equilibrium is related to their corresponding partition
functions. It is often convenient to express the equilibrium constants in terms of concentrations
or number densities. We can do this by dividing both q andN by the volume V such that ρ = N/V ,
by which we obtain

(
NC/V

)νC
(
ND/V

)νD(
NA/V

)νA
(
NB/V

)νB
=

(
qC/V

)νC
(
qD/V

)νD(
qA/V

)νA
(
qB/V

)νB
, (2.147)

which is equal to

ρνC
C ρνD

D

ρνA
A ρνB

B

=

(
qC/V

)νC
(
qD/V

)νD(
qA/V

)νA
(
qB/V

)νB
= Kc(T ), (2.148)

whereinKc(T ) is a number-density-based equilibrium constant that only depends on the
temperature T . Multiplying all terms by kBT and assuming the ideal gas law, yields

pνC
C pνD

D

pνA
A pνB

B

=

(
qCkBT/V

)νC
(
qDkBT/V

)νD(
qAkBT/V

)νA
(
qBkBT/V

)νB
= Kp(T ), (2.149)

by which we can define a pressure-based equilibrium constantKp(T ).
The various kinds of equilibrium constants can be connected to the standard Gibbs free

energy of reaction as follows. First, we need to define the so-called thermodynamic equilibrium
constant[3] as given by

K ≡
∏
i

(ai)
νi = exp

(
−
∆G−◦

r

kBT

)
, (2.150)

Next, the chemical potential µ is related to the standard chemical potential µ−◦ by

µi = µ−◦i + kBT ln (ai) = µ−◦i + kBT ln

(
φi

pi
p−◦

)
, (2.151)

wherein µ−◦i is the standard chemical potential for the pure phase, which is the chemical
potential under specified standard conditions (i.e. being in the standard state; typically p = 1 atm
and T = 298.15K), ai the activity of component i, p−◦ is the standard pressure and φi the fugacity
coefficient of component i, which from here onwards we will consider to be unity.

Insertion of Equation 2.151 into Equation 2.150 and expanding the natural logarithms gives
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ln (K) = ln

∏
i

(
pi/p

−◦
)νi

 (2.152)

=
∑
i

νi ln
(
pi/p

−◦
)

(2.153)

=
∑
i

νi
µi − µ−◦i
kBT

(2.154)

= −
∆G−◦

kBT
. (2.155)

From this, we can readily relate the thermodynamic equilibrium constant, to the other
equilibrium constants, essentially connecting these to the Gibbs free energy of the reaction. For
the pressure-based equilibrium constant we obtain

Kp(T ) =
∏
i

(pi)
νi =

∏
i

(
qikBT/V

)νi = K
(
p−◦
)∆ν

=
(
p−◦
)∆ν

exp

(
−
∆G−◦

r

kBT

)
,

(2.156)

where

∆ν =
∑
i

νi. (2.157)

For the number-based equilibrium constant we obtain

Kn(T, V ) =
∏
i

Nνi
i =

∏
i

qνi
i =

(
kBT

V

)∆ν

Kp =

(
p−◦ V
kBT

)∆ν

exp

(
−
∆G−◦

r

kBT

)
,

(2.158)

and for the number-density-based equilibrium constant

Kc(T ) =
∏
i

ρνi
i =

∏
i

(
qi/V

)νi = (kBT )
∆ν Kp =

(
p−◦

kBT

)∆ν

exp

(
−
∆G−◦

r

kBT

)
.

(2.159)

In summary, we have defined three different variants of the equilibrium constant, which
differ only by the variables of interest that we use. These are the number-based equilibrium
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constantKn(T, V ), the number-density based equilibrium constantKc(T ) and a pressure-based
equilibrium constantKp(T ). These three different types of equilibrium constants can in turn be
connected to the standard Gibbs free energy of the reaction via the thermodynamic equilibrium
constant.

2.9 Application of partition functions

Let us consider a simple example to illustrate the theory shown in this chapter. Consider two
systems (A and B) which each have two states separated by an energy∆E and where the ground
state energy of A lies ∆E lower in energy than system B. The partition function for system A is
then given by

qA =
∑
i

gi exp

(
−
∆Ei

kBT

)
(2.160)

= 1 + exp

(
−

∆E

kBT

)
(2.161)

and for system B by

qB =
∑
i

gi exp

(
−
∆Ei

kBT

)
(2.162)

= exp

(
−

∆E

kBT

)
+ exp

(
−
2∆E

kBT

)
. (2.163)
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Figure 2.9: Partition function q for system with particles A and B and the occupancies of the energy states of A as
function of temperature.



�
C

H
A

P
T

E
R

2
�

C
H

A
P

T
E

R
2
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In Figure 2.9, the partition function of A and B as well as the occupancy (n) of energy states
A0 and A1 are shown as function of temperature. At very low temperature (please note the
logarithmic plot), only the ground state of A is occupied as this is the lowest state. With increasing
temperature, the first excited state of A becomes increasingly occupied. At very high temperature,
system A is half the time in the ground state and half the time in the first excited state. From the
ergodicity principle, this is the same as saying that if we would construct a large ensemble of
particles of A, half of these particles would be in the ground state and half in the first excited
state at any point in time. These occupancies are reflected by the partition function of A. As at
low temperature only the ground state of A is occupied, the partition function equals unity as
this is the only state that A can reside in. With increasing temperature, the first excited state
of A becomes accessible and hence the partition function increases towards a value of 2 with
increasing temperature.

For system B, a similar reasoning is valid. Since the ground state of B lies higher than the
ground state of A, at very low temperature it is unoccupied. Hence, the partition function of B
is around zero at very low temperature as there are no states the system can occupy and hence
there are no configurations possible. With increasing temperature, both the ground state as well
as the first excited state increase in occupancy and the total partition function for B increases
towards 2.

We can define an equilibrium between A and B with a corresponding equilibrium constant

K =
qB
qA

=
exp
(
−∆E

kBT

)
+ exp

(
− 2∆E

kBT

)
1 + exp

(
−∆E

kBT

) . (2.164)
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Equilibrium constant K = qB/qA

Figure 2.10: Equilibrium constantK between A and B as function of temperature.

The value for the equilibrium constantK as function of temperature is depicted in Figure
2.10. Herein, we can see that at very low temperature the value for K is almost 0 as at this
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temperature only states of A are occupied. At the very high temperature limit, all states of A and
B are equally occupied. This is reflected byK, which has a value of unity.

We could for example also calculate the total energy, which for system A would be

EA = kBT
2
(
∂ ln q

∂T

)
(2.165)

=
exp
(
−∆E

kBT

)
·∆E

1 + exp
(
−∆E

kBT

) (2.166)

and for system B

EB = kBT
2
(
∂ ln q

∂T

)
(2.167)

=
exp
(
−∆E

kBT

)
·∆E + exp

(
− 2∆E

kBT

)
· 2∆E

exp
(
−∆E

kBT

)
+ exp

(
− 2∆E

kBT

) . (2.168)

Careful examination of the above two formula shows that the total energy is simply the
occupation fraction of a particular state multiplied by the energy of that state. This is of course
exactly what you would expect for the total energy. At the lowest temperature, the total energy of
a molecule corresponds to the energy of the ground state and with increasing temperature, the
total energy increases as well as more states at higher energy are occupied.

From the above, it should be clear that once the partition function of a system has been
defined, we are able to calculate many meaningful thermodynamic properties. In section 3.3, we
will calculate heat capacities using molecular partition functions and in section 4.2, partition
functions are used to construct expressions for the reaction rate constants.

� Practice your understanding

Exercise 2.3, 2.4, 2.5 and 2.6

� Challenges

Exercise 2.7
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2.10 Exercises

The answers to the exercises can be found at the end of this Chapter on page 111. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 2.1 � � �

Consider a canonical ensemble of N = 5 subsystems. There are six allowed energy levels
E0, E1, E2, E3, E4, E5, where the index i in Ei corresponds to how many units of energy are in
the energy state Ei. The total energy of the canonical ensemble is set at Etotal = 5.

a) List the set of different macrostate configurations. How many macrostates are there in total?

b) How many microstates are there for each macrostate? You are not expected to list all the
possible configurations.

c) Which macrostate will be the dominant macrostate in the limit N →∞?

� EXERCISE 2.2 �

In NMR spectroscopy, a magnetic field is applied to create an energetic difference between
spin-up (α) and spin-down (β) protons, creating a two-level system. Assume that the spin-up
protons are aligned with the magnetic field (more favorable and thus exothermic) and spin-down
protons are oppositely aligned (less favorable and therefore endothermic). Their energies are
then given by

Eα = −
1

2
γNB0h̄ (2.169)

Eβ = +
1

2
γNB0h̄ (2.170)

Calculate the distribution of protons that are in the excited state as given by the ratio nβ

nα

at room temperature. Assume that the NMR has a magnetic field strength of 1.4 Tesla. The
gyromagnetic ratio γN of a proton is 42.577 MHz / Tesla.

� EXERCISE 2.3 � �

Consider the equilibrium for the dissociation of A in B and C according to

A� B + C (2.171)

A has four energy levels. One ground state, two degenerate excited states ∆E above its
ground state and a second excited state 2∆E above the ground state. B has two energy levels of
which the lowest energy level is ∆E above the ground state of A and another energy level that
lies 2∆E above the ground state of A. The ground state of C lies at the same level as the ground
state of B. Furthermore, there are two degenerate excited states that lie 2∆E above the ground
state of C.
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a) Provide the equilibrium condition for this system.

b) Express the equilibrium constantK in terms of the partition functions of A, B, and C.

c) What are the limiting values ofK at zero and at infinite temperature?

� EXERCISE 2.4 � �

A molecule A has two energy states separated by ∆E.

a) Derive an expression for the partition function of A and calculate the value of the partition
function at 0 K and infinitely high temperature.

b) Suppose that A is in equilibrium with its isomer B which has the following energy levels
with respect to the ground state of isomer A: ∆E/2, 3∆E/4 and ∆E. Derive an expression for
the equilibrium constantK and compute the limiting values ofK at low and high temperature.

� EXERCISE 2.5 � � �

Two isomers A and B are in equilibrium and possess the following spectroscopically deter-
mined energy levels

EA
i = i∆E (2.172)

EB
j =

(
j

2
+ 1

)
∆E (2.173)

with i, j = 0, 1, 2, 3, ....

Provide an expression for the equilibrium constant for the isomerization betweenA andB as
a function of temperature and provide values for this constant at T = 0.1∆E/kB, T = 2∆E/kB,
and T = 10∆E/kB and at infinitely high temperature. You will get an infinite geometric series
for which an exact solution is known. If you forgot about geometric series, have a look at Appendix
B.5 on page 279.

� EXERCISE 2.6 � � �

Consider the equilibrium:

A+ B � C+ 3D. (2.174)

Assume that:

• A has three energy levels separated by ∆E.

• B has two energy levels, all separated by ∆E and the ground state at the same level as the
ground state of A.
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• C and D both have only a double-degenerate ground state located 2∆E above the ground
state of A.

a) Draw a schematic representation of the energy levels of all the molecules.

b) Derive the partition function for each of the molecules.

c) Derive the equilibrium constant for this system.

d) What is the value for the equilibrium constant at very low and very high temperature? Provide
a chemical interpretation for your findings.

� EXERCISE 2.7 � � � �

In this exercise, we are going to explore the Maxwell-Boltzmann distribution in greater detail
by considering a relatively simple example. Consider an ensemble of 5 particles among which
you can distribute 6 units of energy. There are a number of ways that 6 units of energy can be
distributed over these 5 particles. For example, one way to distribute 6 units of energy among 5
particles is by placing all 6 energy units into a single particle and leaving the other four particles
in the ground state. This can be done for each of the 5 particles, hence there are 5 ways of doing
this.

To make this exercise a bit more tangible, we will differentiate between macrostates and
microstates. We define a macrostate by only stating the number of particles in each energy level.
Placing all 6 energy units into a single particle and leaving the other four in the ground state
is in this terminology called a macrostate. Exactly which particle is excited and which are left
in the ground state is in turn termed as a microstate. One way to look at this differentiation
is by considering whether or not we treat the particles as distinguishable.15 If the particles are
indistinguishable, then we could only differentiate between themacrostates, but once we consider
particles to be distinguishable, we can differentiate between many more states. Those additional
states are termed microstates and each microstate can be categorized as a representation of a
particular macrostate.

The description above is schematically represented in Figure 2.11. In this Figure, three
macrostates and their corresponding number of microstates are given.

Within a Maxwell-Boltzmann distribution, all particles are distinguishable from each other.
Hence, for the first macrostate as shown in Figure 2.11, there are 5 microstates. For the second
and third macrostate, there are 20 microstates.

a) Show that the number of microstates for each macrostate is given by

Ωi =
N !∏
i ni!

, (2.175)

where N is the total number of particles and ni is the number of particles in energy level i. You
only need to show that this formula is correct for the first three macrostates. You are not expected
to derive this formula (although of course extra credits if you are able to do so).

15Recall that within a Maxwell-Boltzmann distribution, particles are considered to be distinguishable.



�
C

H
A

P
T

E
R

2
�

C
H

A
P

T
E

R
2

110 Chapter 2. Statistical Thermodynamics
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Figure 2.11: Schematic depiction of the first three macrostates for distributing 6 units of energy over 5 particles.
Above each subfigure is the number of microstates for that particular macrostate given.

b) Find the other macrostates (there are 10 in total) and show that the total number of microstates
of all macrostates amounts to 210. You can identify the remaining macrostates by using the same
schemes as shown in Figure 2.11, but another way of classifying them is by making ”sumrows”.
A sumrow is constructed using a set of numbers which are added together to create the sum. In
our case, the sum is always equals 6 and you can only use in total 5 digits. To exemplify this, the
macrostates as shown in Figure 2.11 are the following sumrows:

(a) 6+0+0+0+0

(b) 5+1+0+0+0

(c) 4+2+0+0+0

Choose the method of your preference and show all 10 macrostates and calculate their corre-
sponding number of microstates.

c) Show that the total number of microstates for distributing q levels of energy over N particles
is given by

Ω(N, q) =

(
q +N − 1

q

)
=

(q +N − 1)!

q! (N − 1)!
. (2.176)

Again, you only have to show that Equation 2.176 is valid for this example.
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d) Calculate the average number of particles in each energy level using the following formula

nj =
∑
i

Ωi

Ω
ni,j , (2.177)

where Ωi is the number of microstates in macrostate i, Ω is the total number of microstates
and ni,j is the number of particles in energy level j in macrostate i. Plot this average number
as a function of energy level i and determine the parameters A and c by fitting the following
distribution function

ni = A · exp (−c · Ei) (2.178)

where Ei is the total energy of the system using arbitrary “units of energy” ∆E.

Compare your distribution function with the Maxwell-Boltzmann distribution function. How
well does the distribution function you constructed deviate from the exact Maxwell-Boltzmann
distribution function? For example, you can calculate the R2 of your fit, but a visual inspection
is sufficient. Why does your distribution deviate from the exact result?

e) Use the equation you have obtained to calculate the temperature of this ensemble given that
the energy levels are separated by 2 kJ/mol.

2.11 Solutions

The solutions below pertain to the exercises of Chapter 2 on page 107 and further.

� SOLUTION 2.1

a) In total, there are 7 possible macrostates. These are

(a) (4, 0, 0, 0, 0, 1)

(b) (3, 1, 0, 0, 1, 0)

(c) (3, 0, 1, 1, 0, 0)

(d) (2, 2, 0, 1, 0, 0)

(e) (2, 1, 2, 0, 0, 0)

(f ) (1, 3, 1, 0, 0, 0)

(g) (0, 5, 0, 0, 0, 0)

In this notation, a macrostate is given by

(n0, n1, n2, n3, n4, n5) , (2.179)
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where ni is the number of systems in quantum state i. Note that for each macrostate, it can be
found that

N =
5∑

i=0

ni = 5 (2.180)

and

Et =

5∑
i=0

ni · Ei = 5. (2.181)

b) The number of microstates per macrostate can be calculated using Equation 2.21. These are
Ω1 = 5, Ω2 = 20, Ω3 = 20, Ω4 = 30, Ω5 = 30, Ω6 = 20, Ω7 = 1.

c) Expanding the size of the ensemble beyond N = 5 does not provide any new macrostate
configurations, but only adds additional states of E0 to the configurations. The macrostate which
will become the dominant macrostate is that state which has the least amount of subsystems
with energy E0. This corresponds to S7, which will have N − 5 subsystems with energy E0,
whereas all other macrostates have n0 > N − 5.

� SOLUTION 2.2

The energy difference can be calculated using the given formula.

∆E = γNB0h̄ =
γNB0h

2π
(2.182)

From this, the distribution can be readily calculated, giving

nβ

nα
= exp

(
−∆E
kBT

)
(2.183)

= exp

(
−γNB0h

2πkBT

)
(2.184)

= 0.999998472 (2.185)

In conclusion, there is a slightly smaller fraction of H-nuclei in the excited spin-state.
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� SOLUTION 2.3

a0

a1

a2

∆E

∆E

b0

b1

∆E

∆E

c0

c1

∆E

2∆E

Figure 2.12: Energy level diagram of A, B, and C.

a) The equilibrium constant in terms of the partition functions is given by

K =
∏
i

qνi
i =

qBqC
qA

(2.186)

b)

qA =
2∑

j=0

gj exp

(
−

εj

kBT

)
(2.187)

= 1 + 2 exp

(
−

∆E

kBT

)
+ exp

(
−
2∆E

kBT

)
(2.188)

qB = exp

(
−

∆E

kBT

)
+ exp

(
−
2∆E

kBT

)
(2.189)

qC = exp

(
−

∆E

kBT

)
+ 2 exp

(
−
3∆E

kBT

)
(2.190)

K =

(
exp
(
−∆E

kBT

)
+ exp

(
− 2∆E

kBT

))(
exp
(
−∆E

kBT

)
+ 2 exp

(
− 3∆E

kBT

))
1 + 2 exp

(
−∆E

kBT

)
+ exp

(
− 2∆E

kBT

) (2.191)

c)

lim
T→0

K =
0 · 0
1

= 0 (2.192)

lim
T→∞

K =
2 · 3
4

=
3

2
(2.193)
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� SOLUTION 2.4

a) a0

a1

∆E

The partition function for molecule A is

qA =
1∑

i=0

exp

(
−

εi
kBT

)
(2.194)

= 1 + exp

(
−

∆E

kBT

)
(2.195)

The partition function at T → 0 gives

lim
T→0

qA = 1 (2.196)

The partition function at T →∞ gives

lim
T→∞

qA = 2 (2.197)

b) a0

a1

∆E b0

b1

b2

∆E
2

∆E
4

∆E
4

The partition function for molecule B is

qB =
2∑

i=0

exp

(
−

εi
kBT

)
(2.198)

= exp

(
−

∆E

2kBT

)
+ exp

(
−

3∆E

4kBT

)
+ exp

(
−

∆E

kBT

)
(2.199)

The equilibrium between A and B is given by

K =
1∏

i=0

qνi
i (2.200)

=
qB
qA

(2.201)

=
exp
(
− ∆E

2kBT

)
+ exp

(
− 3∆E

4kBT

)
+ exp

(
−∆E

kBT

)
1 + exp

(
−∆E

kBT

) (2.202)
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The equilibrium constant for T → 0 yields

lim
T→0

K =
0

1
= 0 (2.203)

The equilibrium constant for T →∞ yields

lim
T→∞

K =
3

2
(2.204)

� SOLUTION 2.5

Note that the spectroscopically determined energy levels of A and B are an infinite series of
energy levels. The series of molecule B starts somewhat higher (∆E) than the series of molecule
A and furthermore, the energy separation of molecule B is half the size of that of molecule A.

a0

a1

a2

ai

∆E

∆E

∆E

∆E

b0

b1

b2

bi

∆E

∆E
2

∆E
2

∆E
2

∆E
2

Figure 2.13: Energy level diagram of the spectroscopically determined energy levels of A and B.

The partition function for A yields

qA =

∞∑
i=0

exp

− EA
i

kBT

 (2.205)

qA =
∞∑
i=0

exp

(
−i

∆E

kBT

)
(2.206)

=
∞∑
i=0

exp

(
−

∆E

kBT

)i

(2.207)

The partition function for B yields
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qB =

∞∑
j=0

exp

− EB
j

kBT

 (2.208)

=
∞∑
j=0

exp

(
−
(
j

2
+ 1

)
∆E

kBT

)
(2.209)

= exp

(
−

∆E

kBT

) ∞∑
j=0

exp

(
−

∆E

2kBT

)j

(2.210)

The above sums are geometric series (see Appendix B.5 on page 279). These series can be
simplified using the formula below

∞∑
k=0

ark =
a

1− r
for |r| < 1 (2.211)

Thus we can write

qA =
1

1− exp
(
−∆E

kBT

) (2.212)

and

qB =
exp
(
−∆E

kBT

)
1− exp

(
− ∆E

2kBT

) (2.213)

This gives for the equilibrium constant

K =
qB
qA

=

exp
(
−∆E

kBT

)(
1− exp

(
−∆E

kBT

))
1− exp

(
− ∆E

2kBT

) (2.214)

The values for the equilibrium constantK are then:

K(T = 0.1∆E/kB) = 0.000045 (2.215)

K(T = 2∆E/kB) = 1.079 (2.216)

K(T = 10∆E/kB) = 1.766 (2.217)

K(T →∞) = 2 (2.218)

In other words, at very low temperature, only levels of A are occupied. Hence, at low temperature
the equilibrium condition states that nearly all species will be in the A configuration. With
increasing temperature, more and more levels of B are occupied and the equilibrium shifts to
the situation where A and B states have same occupational fraction. Due to the fact that there
are twice as many levels of B (because of its separation which is half the separation of the energy
levels of A); the equilibrium constant yields 2 at infinite temperature.
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To solve for the limiting case (T →∞), it can help to employ l’Hôpital’s rule (see Appendix B.7
on 281), which states

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)
g′(x)

(2.219)

Applying this rule, yields

K(T →∞) = lim
T→∞


exp
(
−∆E

kBT

)(
1− exp

(
−∆E

kBT

))
1− exp

(
− ∆E

2kBT

)
 (2.220)

= lim
T→∞


∆E
kBT 2

(
exp
(
−∆E

kBT

)(
1− exp

(
−∆E

kBT

))
− exp

(
− 2∆E

kBT

))
− ∆E

2kBT 2 exp
(
− ∆E

2kBT

)

(2.221)

= lim
T→∞

 ∆E
kBT 2 (1 · 0− 1)

−∆E
2kBT 2

 (2.222)

= lim
T→∞

− ∆E
kBT 2

−∆E
2kBT 2

 (2.223)

= 2 (2.224)

� SOLUTION 2.6

A

∆E

∆E

B C D

Figure 2.14: Energy level diagram of the A, B, C and D.

a)

b)

qA = 1 + exp

(
−

∆E

kBT

)
+ exp

(
−
2∆E

kBT

)
(2.225)

qB = 1 + exp

(
−

∆E

kBT

)
(2.226)

qC = 2 exp

(
−
2∆E

kBT

)
(2.227)

qD = 2 exp

(
−
2∆E

kBT

)
(2.228)
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c)

K =
qCq

3
D

qAqB
(2.229)

=
16 exp

(
− 8∆E

kBT

)
(
1 + exp

(
−∆E

kBT

)
+ exp

(
− 2∆E

kBT

))(
1 + exp

(
−∆E

kBT

)) (2.230)

d) Taking the limits, yields the following results for the equilibrium constant:

K(T → 0) =
0

1 · 1
= 0 (2.231)

K(T →∞) =
16

3 · 2
=

8

3
(2.232)

At zero temperature, only the ground states of A and B are occupied. At infinite temperature, all
states have equal probability to be occupied and hence the equilibrium constant should reflect
the quotient of the product of states of both sides of the equation, which corresponds to 2 · 23

states on the right hand side and 3 · 2 states on the left hand side.

� SOLUTION 2.7

a) The total set of macrostates and the corresponding number of microstates for each macrostate
is schematically represented in Figure 2.15. The number of microstates were calculated using
Equation 2.175 on page 109. For example, the number of microstates for macrostate 4 is given
by:

Ω4 =
5!

0! · 0! · 1! · 0! · 0! · 2! · 2!
=

120

4
= 30. (2.233)

b) The total set of possible macrostates is shown in Figure 2.15. Each subfigure represents one
particular macrostate. Above each subfigure the number of microstates is given.
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Figure 2.15: Schematic depiction of all macrostates for distributing 6 units of energy over 5 particles.

c) The total number of microstates is calculated as

Ω(N, q) =
(6 + 5− 1)!

6! (5− 1)!
=

3628800

720 · 24
= 210 (2.234)

d) We calculated the average number of particles per energy state using Equation 2.177 on page
111. We obtained the following numbers as given in Table 2.2.

Table 2.2: Average number of particles ni per energy level i.

i ni
0 2.000
1 1.333
2 0.833
3 0.476
4 0.238
5 0.095
6 0.024

e) The average number of particles in energy state i is shown in Figure 2.16. We used a simple
curve fitting procedure to fit the data as shown in Table 2.2 to Equation 2.178 on page 111. The
result of this fit is shown in the same Figure. Note that the distribution we derived using only
five particles and six energy units approximates the exact Maxwell-Boltzmann distribution to a
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very large extent. Increasing the number of particles would result in a better match with respect
to the exact solution. Typically, you would consider a number of particles in the order of 1023,
which would give the exact solution.16
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Figure 2.16: Average number of particles as a function of the energy level. The dotted line represents the curve fit.

We obtained a value of A = 2.15 and c = 0.538. From this, the temperature is easily calculated
(using ∆E = 2000 J) as

T =
∆E

R · c
≈ 447 K. (2.235)

Reproduce the results of subquestions d) and
e) by reviewing this Google Spreadsheeta:
� https://docs.google.com/spreadsheets/d/
1KBcp0AJVm7aIDCqA6RI9KVDe9Ewr4DqNnS7vb51XcPw/
edit?usp=sharing

aCredit to Douwe Orij for creating this Spreadsheet.

16Although figuring out all the macrostates and number of microstates would become nearly impossible, but that is
exactly why we employ statistics.

https://docs.google.com/spreadsheets/d/1KBcp0AJVm7aIDCqA6RI9KVDe9Ewr4DqNnS7vb51XcPw/edit?usp=sharing
https://docs.google.com/spreadsheets/d/1KBcp0AJVm7aIDCqA6RI9KVDe9Ewr4DqNnS7vb51XcPw/edit?usp=sharing
https://docs.google.com/spreadsheets/d/1KBcp0AJVm7aIDCqA6RI9KVDe9Ewr4DqNnS7vb51XcPw/edit?usp=sharing
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3.1 Introduction

In the previous chapter, we covered the fundamentals of statistical thermodynamics. The concept
of partition functionswas introduced andwe showed how important thermodynamic variables can
be readily calculated from these partition functions. The partition functions employed were quite
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general. In this chapter, we will derive specific expressions for the canonical partition functions
for molecular systems. Herein, we will utilize the principle of independent subsystems. We start
this chapter by first introducing the concept of the potential energy surface and the identification
of important points on this surface, as it helps in the understanding of the association of degrees
of freedom to the partition functions. Thereafter, the molecular partition functions are derived
and a few applications of these are shown. This chapter acts as the foundation of the next chapter
which treats transition state theory and the chapter thereafter, which applies the concepts of
molecular partition functions and transition state theory to calculate rate expressions from first
principles.

3.2 The potential energy surface

Asmentioned in the introduction, before we continue with looking inmore detail into the relevant
partition functions pertaining to molecules, we first make a brief excursion to the concept of the
potential energy surface (PES). Many important concepts that might appear to be mathematically
challenging can be more easily understood with the insights provided by the idea of the PES.
Indeed, the PES is a powerful concept on which we can build when explaining the contents of
the upcoming sections of this chapter and the following chapter.

3.2.1 Visualization and interpretation

Consider the dihydrogen molecule as shown in Figure 3.1a. We can express its potential energy as
a function of its interatomic distance. This is schematically depicted in Figure 3.2. The graph as
shown in Figure 3.2 is called a potential energy surface, although for a one-dimensional system
it can be called a potential energy curve. From this Figure, it can be seen that the potential
energy of H2 shows a minimum as function of the H-H distance. This minimum corresponds
to the equilibrium bond distance of H2. Furthermore, we can observe that upon compressing
the H2 molecule, the potential energy rapidly increases due to Pauli repulsion. Elongation of
the H-H bond also leads to an increase of the potential energy, albeit less steeply, due to the
lack of favorable orbital overlap. At a very large H-H bond distance, dihydrogen dissociates into
its two H-atom fragments. As the potential energy is given with respect to all atoms at infinite
separation, the potential energy converges to zero at very large interatomic distances.

(a)H2 (b)H2O

Figure 3.1: Schematic depiction of the molecular structures of H2 and H2O. H2 has a single internal degree of
freedom (DOF), which is the H-H bond distance. H2O has two internal degrees of freedom when it is constrained to
its C2v symmetry. A bond distance and an angle.

In general terms, the potential energy of a diatomicmolecule is a function that depends only
on a single variable r, as given by

E = f(r), (3.1)
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Figure 3.2: Potential energy curve of the dihydrogen molecule. Dihydrogen has only a single degree of freedom
(DOF) and hence its energy can be given as function of only the interatomic distance.

where E is the potential energy and r the interatomic distance. From our chemical intuition,
we know that translation or rotation of the molecule does not change its energy.1 Another way
of saying this is that the potential energy of a molecule or atom is invariant under translations
or rotations. Thus, the only way by which the potential energy can be changed is by changing
the distances between the atoms. Hence, the potential energy of a diatomicmolecule is a one-
dimensional function depending only on the interatomic distance. Another way of saying this is
that the potential energy of a diatomic molecule has only a single degree of freedom. In more
mathematical terms, the function f is a so-called map as given by

f : R≥0 7→ R, (3.2)

where R≥0 means the set of real numbers greater than or equal to 0.2

A map is a way of associating unique objects to every element in a given set. In the case
of potential energy surfaces, we associate a potential energy to a geometry as described by a
set of variables. Maps allow us to look at functions in a more abstract sense. Maps such as the
one in Equation 3.2 are typically depicted in a graph by a single curve. It is easy to conceive a
molecular system with two or more degrees of freedom. Let us consider H2O constrained to its
C2v symmetry as shown in Figure 3.1b. Under this constraint, we are only allowed to change
the O-H bond distance of the two O-H bonds simultaneously and change the H-O-H dihedral
angle.3 Thus, given these restrictions, H2O has two degrees of freedom and its potential energy
becomes a function of two coordinates as given by

E = f(r, θ), (3.3)

where r is the O-H bond distance and θ the H-O-H dihedral angle. Herein, f is a map4 that

1From the perspective of this theoretical analysis, it is considered to be in full vacuum.
2Distances between atoms correspond to vector lengths and these cannot be negative. As such, the function f always

takes a non-zero value as its input.
3Convince yourself that changing only one of the two O-H bond distances would result in a breaking of the C2v

symmetry.
4This map takes two values as an input and a single value as an output. The input values are the set of non-negative

real numbers and an angle. Because of symmetry constraints, we only need to supply the angles on the interval [0, π].
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associates a scalar (i.e. the potential energy) to an interatomic bond distance and an angle as
given by

f :
{
R≥0, [0, π]

}
7→ R. (3.4)

Clearly, we can no longer construct a potential energy curve for this system, but we are able
to depict the potential energy using a contour plot as given in Figure 3.3. On the left hand side in
Figure 3.3, the potential energy as function of the O-H bond distance r and the H-O-H dihedral
angle θ is shown. In the contour plot, darker shaded areas indicate a lower potential energy,
lighter shaded areas indicate a higher potential energy.5 From this plot, it can thus already be
seen that the minimum energy configuration of H2O corresponds to r= 0.97 Å and θ = 103.6°.
A perhaps more elegant way to visualize the same result is by using a polar plot. Herein, the
polar angle in the plot corresponds to the H-O-H dihedral angle and the radius to the O-H bond
distance. The polar plot readily shows the symmetry of the system as the upper part of the graph
(corresponding to 0 < θ < 180 °) is a reflection of the lower part.
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Figure 3.3: Potential energy surface ofH2O. Theminimum energy configuration ofH2O corresponds to r = 0.974Å
and θ = 103.6°. All energies are given in Ht.

In general, given the geometry of the molecule, an energy corresponding to that specific
configuration can be defined or calculated. A system containing N atoms has 3N independent
coordinates, as each atom can be moved along three of the Cartesian axes. Nevertheless, we saw
that for the construction of the PES, fewer degrees of freedom are considered as rotations and
translations do not change the potential energy of the molecule. It is therefore useful to be a bit
more specific as not all degrees of freedom are the same. A system consisting of N atoms is said
to have 3N degrees of configurational freedom corresponding to the three-dimensional space
wherein it exists. The value of 3N is easily enough understood as each atom in the system can
move alongside each of the three Cartesian direction.

A fewer number than 3N is however necessary to construct the potential energy surface of a
molecular system and we refer to those degrees of freedom as internal degrees of freedom. The
number of internal DOFs can then be calculated by subtracting the number of translational and
rotational DOFs from the total number of configurational DOFs. The system as a whole can
also move along three Cartesian axes, hence any system in three-dimensional space has three
translational DOFs.

Furthermore, depending on the number of atoms and their configuration, a system in three-
dimensional space can have zero, two or three rotational DOFs. Single atoms are considered
to be point particles. Since we cannot define a rotation around a single point, a single atom
has zero rotational degrees of freedom. Linear molecules, such as CO, N2 or CO2, have two

5Recall that lower potential energies correspond to stabler configurations.
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rotational degrees of freedom. The rotational angles of these molecules are perpendicular to
the bond axis. This is schematically illustrated in Figure 3.4a for the CO2 molecule. Non-
linear polyatomic molecules, such as H2O, have three rotational degrees of freedom. This is
schematically illustrated in Figure 3.4b.

OC

O

x

y

z

(a) Schematic depiction of the rotational and trans-
lational axes of the CO2 molecule. Because CO2 is a
linear molecule, it has only two rotational degrees of
freedom and three translational degrees of freedom.
As atoms are point particles and a rotational around a
point is undefined, CO2 lacks a rotational axis along-
side the O-C-O bond axes.

H

O

H

x

y

z

(b) Schematic depiction of the rotational and trans-
lational axes of the H2O molecule. H2O has three
translational and three rotational degrees of freedom.

In summary, the number of internal degrees of freedom are

ndof,int = 3N − 5, for linear molecules

ndof,int = 3N − 6, for non-linear molecules

(3.5)

(3.6)

and the function that calculates the potential energy of a polyatomic molecule consisting of
N atoms corresponds to a map that associates a scalar to n = 3N − 5 or n = 3N − 6 internal
degrees of freedom as given by

f : R3N−5 7→ R for linear moleculesf : R3N−6 7→ R for non-linear molecules. (3.7)

Functions that depend on a single variable are easily plotted in a graph. Two-dimensional
functions can be visualized using a contour plot or a heat map as shown in Figures 3.3. For
three-dimensional functions you could create an isosurface plot, but for any higher-dimensional
function you need to reduce the dimensionality in order to produce a plot. Hence, the full
potential energy surfaces can rarely be depicted in a single graph. The reason we were able to do
so for H2 or H2O was because the number of internal degrees of freedom was either very low
(n ≤ 2) or because we applied a symmetry constraint to reduce the number of (relevant) degrees
of freedom.

3.2.2 Stable points

Using the PES, we can define what it means for a molecular system to be considered stable.
Chemical stability is closely connected to the potential energy of the molecular system. A
molecule is considered stable when it resides in a so-called local minimum on the PES. The
term local refers to the possibility that several such minima exist on the PES, of which only one is
the lowest. This lowest minimum is referred to as the global minimum. You can imagine these
local minima as valleys on the potential energy landscape that are separated by mountainous
regions. Once a molecular geometry lies within such a valley, it is considered stable, as energy
must be supplied to move the system out of that valley.6

6For example, by heating or excitation with photons.
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An example of multiple minima on the PES is shown in Figure 3.5a. Here, the various
isomers of hydroxyformaldoxime are explored as a function of the C–O–H (θ) and N–O–H (φ)
dihedral angles. These isomers correspond to local minima on the potential energy surface, and
the mountainous regions dividing them represent the minimum energy required to move from
one configuration to another.7
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(a) Potential energy surface. (b) Chemical structure.

Figure 3.5: Potential energy surface (PES) and chemical structure of hydroxyformaldoxime. The PES shows four
minima, but only one corresponds to the global minimum. All energies are given in HT.

From a more intuitive perspective, the molecules encountered in everyday life generally
reside in relatively deep valleys on their PES. Molecules such as H2O and CO2 are particularly
stable and correspond to very deep minima. It is well known that a significant amount of energy
is required to make H2O or CO2 react.8 A chemical reaction can therefore be envisioned as
a transition from one valley to another, requiring the system to cross the energetic mountain
separating them. These ideas will be further developed in Chapter 4.2, where transition state
theory is discussed.

Before doing so, let us examine how these stable points on the PES can be identified mathe-
matically. We will use the H2 molecule as an example. The minimum energy configuration of
H2 corresponds to its equilibrium bond length, which represents an extremum (a point of zero
slope) on its potential energy curve (PEC).9 To locate such points, we take the first derivative
of the energy with respect to its degrees of freedom (DOFs) and set it equal to zero. Figure 3.6

shows the potential energy E, the first derivative
(
∂E
∂r

)
, and the second derivative

(
∂2E
∂r2

)
as a

function of the bond distance r. The local minimum on the PEC is indicated by a black circle
in all three graphs. From the left and center panels, it can be seen that the local minimum

in E corresponds to
(
∂E
∂r

)
= 0. This condition only tells us that the point is an extremum.

To determine whether it is a minimum or a maximum, we inspect the second derivative: a
negative value corresponds to a maximum, while a positive value indicates a minimum. From
the right panel, we observe that the second derivative is positive, and thus this extremum is a
local minimum.

The above reasoning can be extended to polyatomic molecules, i.e., to higher-dimensional
space. Consider the function f that calculates the potential energy as a function of n degrees of

7See exercise 3.2 on page 153.
8This is, of course, why catalysts are often used.
9The other kind of extremum is a maximum.
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Figure 3.6: Potential energy curve of H2 and its first and second derivatives with respect to the interatomic bond
distance.

freedom of a molecular system, as given by

f : Rn 7→ R. (3.8)

The gradient of the scalar-valued differentiable function f is given by

∇f(~r) =
n∑

i=1

∂f

∂xi
(~r) ei (3.9)

and defines the vector field of f as

f : Rn → R, ∇f : Rn → Rn. (3.10)

A point where

∇f (~r) = 0 (3.11)

is called a critical point (or stationary point) of f . To determine whether this point is a
minimum, maximum, or saddle point, we must consider the second derivatives, which are
collected in theHessianmatrix:

H(~r) = ∇2f(~r) (3.12)

=

[
∂2f

∂xi∂xj
(~r)

]n
i,j=1

. (3.13)

From the definition of the ∇ operator, it is clear that the second derivatives form a matrix
termed theHessianmatrix, with each element given by

Hij =
∂2f

∂xi∂xj
. (3.14)
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Thus, for a system with n DOFs, the second derivatives form the n×nmatrix H. H describes
the local curvature around the point ~r and is symmetric in the sense that

Hij = Hji. (3.15)

If all eigenvalues10 of H are positive, the critical point ~r corresponds to a local minimum; if
all are negative, it corresponds to a maximum; and if both positive and negative eigenvalues are
present, it corresponds to a saddle point. In principle, one could attempt to assess this property
by calculating the determinant and trace of H, since det(H) is the product and Tr(H) the sum of
its eigenvalues. However, this approach is only valid in two dimensions. For higher dimensions,
positive determinant and trace do not guarantee that all eigenvalues are positive. The rigorous
condition for a minimum is that H is positive definite.

In practice, we directly evaluate the eigenvalues (and corresponding eigenvectors) of the
molecular system and ignore any eigenvalues very close to zero, as these correspond to rotations
and translations.11 Because calculating the eigenvalues also forms the basis for determining
vibrational frequencies—and since constructing the Hessian matrix is the most computationally
expensive step—the nature of stable points on the PES is identified through a so-called frequency
analysis.

3.2.3 Frequency analysis

Let us explore the relatively complex mathematical concepts of the previous section by an example.
Let us revisit the H2O molecule, but now we are going to constrain the geometry of H2O to the
two-dimensional plane as shown in Figure 3.7. In other words, all atoms of the H2O are fixed
on the xy-plane. The total number of DOFs is thus 2N = 6. The point ~r on the PES can be
defined by six coordinates and the Hessian matrix H will be a 6x6 square symmetric matrix.
Let us consider the situation wherein we have optimized12 the geometry in the sense that we
have found the most stable configuration of H2O corresponding to a point ~r on the PES. We can
probe the curvature of the PES around this point by systematically moving all the atoms in both
the positive and negative x- and y-direction by a small amount and evaluating the effect on the
potential energy. For our example system, it turns out that the Hessian matrix13 looks as shown
in Equation 3.16.

Figure 3.7: H2O molecule constrained to the xy-plane.

10See Appendix B.8 on page 282 for a brief explanation of the matrix diagonalization procedure and the concept of
eigenvalues.

11Think about this: the second derivative of the energy resembles a force constant. If the energy does not change as a
function of a particular degree of freedom, that degree of freedom would have a force constant of zero.

12The exact procedure behind the geometry optimization of the molecule is outside the scope of this textbook.
13All values are given in HT/bohr2
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H =



0.621 0.000 −0.310 0.245 −0.310 −0.245
0.000 0.427 0.187 −0.214 −0.187 −0.214
−0.310 0.187 0.341 −0.216 −0.031 0.029

0.245 −0.214 −0.216 0.203 −0.029 0.010

−0.310 −0.187 −0.031 −0.029 0.341 0.216

−0.245 −0.214 0.029 0.010 0.216 0.203


(3.16)

Each of the elements in the Hessian matrix how the i-th component of the force changes
when the j-th coordinate is displaced. This perhaps sounds relatively complicated, but let us
look into a couple of values. First, we need to define which elements of H correspond to which
atoms and which directions. The elements are given in the following order: O(1)x, O(1)y , H(2)x,
H(2)y , H(3)x, H(3)y . So the first element H11 probes the force on the oxygen atom in the
x-direction when perturbing the oxygen atom an infinitesimal amount in the x-direction. The
positive value in the matrix tells us that movement of the oxygen atom increases the force in the
x-direction. The second element H12 = H21, which is the first off-diagonal element, probes
the effect on the force on the oxygen atom in the y-direction when perturbing the oxygen in the
x-direction or alternatively, it probes the force in the x-direction when perturbing the oxygen
atom an infinitesimal amount in the y-direction.14 The value of zero shows that a perturbation
in the x-direction has no effect on the force in the y-direction for the O atom, and vice versa.
As a final example, let us consider an interaction between two different atoms. The element
H13 = H31 probes the effect on the force on the oxygen atom in the x-direction upon perturbing
the H(2) atom in the x-direction. The negative second derivative shows that this perturbation
leads to a force in the opposite direction, that is, the force in the negative x-direction for the H(2)
increases when perturbing the O atom in the positive x-direction.

The reason the Hessian matrix H was constructed was to explore the nature of the critical
point ~r on the PES. In the previous section it was explained that we can assess the nature by
calculating the eigenvalues of the Hessian matrix H. Calculation of the eigenvalues proceeds by
performing a so-called matrix diagonalization. The procedure is briefly explained in Appendix
B.8 on 282. The eigenvalues of H in Equation 3.16 are

λ =



1.125

0.857

0.157

0.000

0.000

0.000


. (3.17)

Typically, we order the eigenvalues from high to low. Note that the three lowest eigenvalues
are zero. These pertain to two translations and one rotation. As the system is constrained to
the plane, there are two translational and one rotational degrees of freedom with zero curvature,
consistent with the invariance of the potential energy under translation and rotation in the plane.
The other three eigenvalues pertain to the internal degrees of freedom of the molecule and are
thus of interest for our analysis. Since the remaining (non-zero) eigenvalues are positive, we can
conclude that the point ~r on the PES corresponds to a minimum.

From theHessianmatrixH, it is possible to construct the vibrational spectrum of themolecule
under the harmonic approximation. This is termed a (harmonic) frequency analysis. The
frequency analysis provides us with vibrational frequencies (i.e. the strengths of the vibrations)
as well as the vibrational modes (i.e. the direction of the vibrations). The result of this analysis
can directly be compared to an infrared (IR) measurement. The procedure is as follows.

14Note that because the matrix is symmetric, we are allowed to swap the x and y direction.
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130 Chapter 3. Molecular partition functions

Using a Taylor expansion15, we can construct Equation 3.18 for the potential energy around a
critical point ~r0 on the potential energy surface. Note that we are going to use V instead of E for
the potential energy as we are going to use E for the total energy.

V (~r) = V0+
3N∑
i

(
∂V

∂xi

)(
xi − xi,0

)
+

1

2!

3N∑
i,j

(
∂2V

∂xixj

)(
xi − xi,0

)(
xj − xj,0

)
+· · · , (3.18)

wherein V corresponds to the potential energy, V0 is the potential energy at the critical point
~r, and xi are the Cartesian directions in which we can perturb the atoms. Within the harmonic
approximation, we retain only the second-order term, neglecting all higher-order contributions.
Furthermore, since we are assessing a critical point on the PES, the linear term is equal to zero.16

Thus, the equation simplifies to

V (~r) = V0 +
1

2!

3N∑
i,j

(
∂2V

∂xi∂xj

)(
xi − xi,0

)(
xj − xj,0

)
. (3.19)

To calculate the normal modes, we consider that the total vibrational energy is always con-
served according to

E = T + V, (3.20)

wherein T is the kinetic energy and V the potential energy.
For a system ofN atoms, this gives the following expression for the vibrational energy around

a critical point on the potential energy surface with respect to the electronic ground state at that
critical point17

E =
1

2

N∑
i

mi |~v|2 +
1

2

3N∑
i,j

(
∂2V

∂xi∂xj

)(
xi − xi,0

)(
xj − xj,0

)
. (3.21)

We now introduce a change of coordinates. Instead of using the spatial coordinates xi, we
are going to use root-mass-weighted coordinates with respect to the critical point ~r as given by

ξi =
√
mi

(
xi − xi,0

)
, (3.22)

wherein xi,0 is the equilibrium position of the atom i in the direction of i. Applying this
coordinate transformation to Equation 3.21, results in

E =
1

2

3N∑
i

(
ξ̇i

)2
︸ ︷︷ ︸
kinetic energy

+
1

2

3N∑
i,j

(
∂2V

∂ξi∂ξj

)
ξiξj︸ ︷︷ ︸

potential energy

. (3.23)

Equation 3.23 can be rewritten as a matrix equation as given by

E(~ξ) =
1

2
ξ̇ξξ
ᵀ
ξ̇ξξ +

1

2
~ξH~ξ, (3.24)

15See Appendix B.4 on page 278.
16Recall that∇V = 0 at a critical point.
17In other words, the expression forE as shown in equation 3.21 has its zero-of-energy set at the level of the electronic

ground state implying that V0 = 0
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3.2 The potential energy surface 131

where ξξξ and ξ̇ξξ are the vectors consisting of the root-mass-weighted coordinates and the
first derivatives, respectively and H is the mass-weighted Hessian matrix. Each element in the
Hessian matrix is given by:

Hij =

(
∂2V

∂ξi∂ξj

)
. (3.25)

The matrix Equation 3.24 can be written in diagonal form18

E(q) =
1

2
q̇ᵀq̇+

1

2
~qL~q, (3.26)

wherein L is a diagonal matrix and q a matrix consisting of orthogonal column vectors. Each
qi corresponds to a single oscillator as described by

qi(t) = A cos (ωit+ φi) , (3.27)

wherein

ωi =

√
ki
µi
, (3.28)

where ωi is the angular frequency, ki the force constant and µi the reduced mass.
Note that due to the choice of coordinates in the matrix H, the elements on the diagonal of L

are the squared angular frequencies (ω2i ) of the harmonic oscillators and the eigenvalues of H. L
and q can be obtained from H by the process of a matrix diagonalization according to

L = AᵀHA. (3.29)

The column vectors in A are herein the eigenvectors as given by

qj =

3N∑
i

Aijξi. (3.30)

The above derivationmight look complicated, especially if you are not used to themathematics
behind it. The main idea behind the procedure is to obtain so-called normal modes. A normal
mode is an independent, synchronous motion of atoms that may be excited without leading
to the excitation of any other normal mode.19 This property can be readily assessed from the
orthogonality property of the eigenvectors. If you would excite the molecular system with an
amount of energy corresponding to the strength of the oscillator, the atoms in the molecule
would start to vibrate according to the eigenvector corresponding to that harmonic oscillator.

The procedure behind the frequency analysis can be summarized in the following set of
steps.

1. Find a critical point on the PES.

2. Construct the Hessian matrix.
18This is yet another coordinate transformation, but in such a way that the matrix H has only non-zero terms on its

diagonal.
19This independence is important when constructing the vibrational partition functions in section 3.7 on page 146.
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3. Convert the Hessian matrix to a root-mass-weighted Hessian matrix.

4. Perform a matrix diagonalization to obtain eigenvectors and eigenvalues.

Let us look back to the example with which we started this section. In Equation 3.16 the
Hessian matrix for H2O is given. The next step is to convert this matrix to a mass-weighted
Hessian matrix. This can be done by dividing each element of the matrix by the masses of its
corresponding atoms, as given by

H′
ij =

Hij
√
mimj

, (3.31)

where H′
ij is an element of the mass-weighted Hessian matrix, Hij is the regular Hessian

matrix andmi andmj are the masses of the atoms i and j. Note that from here on, we are going
to drop the prime for the mass-weighted Hessian matrix.

For the first elementHij in Equation 3.16, we have to divide by the mass of the oxygen atom.
It is convenient to use atomic units for the masses as the matrix elements are given in units
of HT/bohr2. The mass of oxygen is 16 amu, by which the value for the element H′

11 in the
mass-weighted Hessian matrix becomes

H′
11 =

0.621
√
16 · 16

= 0.0388. (3.32)

The units for the mass-weighted Hessian matrix are in HT/bohr2/amu, where amu is the
atomic mass unit. For the first interatomic element, the value becomes

H′
13 =

−0.310
√
16 · 1

= −0.0776. (3.33)

Applying the procedure for all elements in Equation 3.16 gives the mass-weighted Hessian
matrix as given in Equation 3.34.

H =



0.039 0.000 −0.078 0.061 −0.078 −0.061
0.000 0.027 0.047 −0.053 −0.047 −0.053
−0.078 0.047 0.341 −0.216 −0.031 0.029

0.061 −0.053 −0.216 0.203 −0.029 0.010

−0.078 −0.047 −0.031 −0.029 0.341 0.216

−0.061 −0.053 0.029 0.010 0.216 0.203


(3.34)

The eigenvalues (λ) of this matrix correspond to the squared angular frequencies (ω2i ) and
are

λ =



0.542

0.515

0.00976

0.000

0.000

0.000


. (3.35)

The eigenvalues are in the same units as the original elements (HT/bohr2/amu). Converting
these to SI-units and taking the square root gives us units of angular frequency (rad · s−1). These
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3.2 The potential energy surface 133

can be converted to vibrational frequency (in s−1 or Hz) by dividing by 2π. As the value of the
vibrational frequency is typically in the order of 1012, they are often given in THz.

The angular frequencies for the three strongest oscillators (i.e. the three largest eigenvalues)
are

ω1 = 713 · 1012 rad · s−1 (3.36)

ω2 = 695 · 1012 rad · s−1 (3.37)

ω3 = 303 · 1012 rad · s−1. (3.38)

The corresponding ordinary frequencies are (ν = ω
2π )

ν1 = 114 THz (3.39)

ν2 = 111 THz (3.40)

ν3 = 48.1 THz. (3.41)

Vibrational frequencies can be probed using infrared (IR) spectroscopy. Herein, the oscillator
strength is typically given in wavenumbers (ν)in cm−1, which we can obtain by multiplying the
vibrational frequency ν by the conversion factor 33.35641.20 For our H2O example, this gives the
following wavenumbers

ν1 = 3772 cm−1 (3.42)

ν2 = 3674 cm−1 (3.43)

ν3 = 1601 cm−1. (3.44)

Besides the oscillator strength, we can also obtain the eigenvectors corresponding to the
eigenvalues. These eigenvectors pertain to the normal modes. The three eigenvectors for the
three strongest oscillators are

~v1 =



−0.267
0.000

0.535

−0.422
0.535

0.422


,

~v2 =



0.000

−0.195
−0.574
0.390

0.574

0.390


,

~v3 =



0.000

0.270

−0.414
−0.541
0.414

−0.541


.

(3.45)

20We leave it as an exercise to the reader to derive this conversion factor.
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A schematic depiction of the three vibrational modes is given in Figure 3.8. The strongest
two oscillators correspond to the asymmetric and symmetric stretch. The weakest oscillator of
the three is the bending mode.

Figure 3.8: The three vibrational modes of the H2O molecule.

In summary, in this section we have introduced the concept of the potential energy surface
and a number of mathematical techniques how we can describe such a surface. Local minima on
the PES correspond to stable states of the molecules. In order to assess whether a critical point
on the PES is a local minimum, we can perform a frequency analysis. If all non-zero eigenvalues
of the mass-weighted Hessian are positive, the critical point corresponds to a local minimum. If
one or more eigenvalues are negative, the point is a saddle point or transition state.

� Practice your understanding

Exercises 3.1 and 3.2

3.2.4 The transition state

So far, we have seen that local minima on the potential energy surface (PES) correspond to
stable molecular configurations. These minima represent equilibrium geometries, for which the
potential energy increases when the nuclear coordinates are slightly perturbed. However, not all
stationary points on the PES are minima. Between two neighboring local minima there typically
exists another special kind of stationary point, located at the highest energy along the path of
lowest possible energy connecting the two minima. Such a point is known as a transition state,
or more generally, a saddle point.

From a mathematical point of view, a transition state is a critical point on the PES, meaning
that the first derivatives of the potential energy with respect to all nuclear coordinates vanish:

∇V (~rTS) = 0, (3.46)

where ~rTS denotes the position of the transition state on the PES. Whether this critical point
corresponds to a minimum, a maximum, or a saddle point is determined by the curvature of the
PES in the vicinity of ~rTS, which is described by the Hessian matrix H(~rTS).

At a transition state, the Hessian matrix has exactly one negative eigenvalue. This means
that there is one direction in configuration space along which the potential energy decreases
when the system is displaced away from the transition state. This direction is known as the
reaction coordinate. Along all other directions, the curvature of the PES is positive, so the energy
increases upon displacement. In this sense, the transition state is a maximum along the reaction
coordinate, but a minimum with respect to all directions perpendicular to it.

Physically, the transition state represents the energy barrier thatmust be crossed for a chemical
reaction to occur. In a one-dimensional reaction coordinate diagram, it appears as the peak
separating two valleys corresponding to the reactant and product minima. The energy difference
between the transition state and the reactant minimum is called the activation energy (∆Eact):

∆Eact = ETS − Ereactants. (3.47)
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Within the harmonic approximation, introduced in Section 3.2.3, the curvature of the PES is
directly related to the vibrational motion of the system. The eigenvalues of the mass-weighted
Hessian correspond to the squared angular frequencies of the normal modes. A negative
eigenvalue at the transition state therefore leads to an imaginary vibrational frequency. This
reflects the fact that the transition state is not mechanically stable: even an infinitesimally small
displacement along the reaction coordinate causes the system to move away from the transition
state and descend the PES toward either the reactant or the product minimum. For this reason,
the transition state represents a fleeting configuration that can only be located by imposing the
condition that the forces vanish.

In practice, this property provides a simple and powerful computational criterion: a stationary
structure that exhibits one and only one imaginary vibrational frequency is identified as a
transition state.

These ideas are summarized in the following formal definition.

Definition (Transition State). A transition state is a first-order saddle point on the potential
energy surface (PES). It is a stationary configuration ~rTS satisfying

∇V (~rTS) = 0,

for which the Hessian matrix has exactly one negative eigenvalue. Equivalently, within the
harmonic approximation, the vibrational spectrum of a transition state contains one and
only one imaginary frequency.
The corresponding eigenmode defines the reaction coordinate and points along theminimum
energy path connecting two adjacent local minima corresponding to the reactant and product
states. All remaining normal modes have real frequencies and describe stable vibrations
orthogonal to the reaction pathway.

The transition state thus forms the bottleneck along the minimum energy path and plays a
central role in determining reaction rates. The quantitative connection between the properties
of the transition state and the rate of a chemical reaction will be developed in Section 4.2, which
introduces transition state theory.

3.3 Molecular partition functions

In the previous sections, we introduced the concept of the potential energy surface (PES) and
discussed how its local curvature around a minimum defines the normal modes of vibration
of a molecule. Each normal mode represents an independent, quantized motion of the nuclei
about the equilibrium geometry. The frequencies of these normal modes are obtained from the
eigenvalues of the mass-weighted Hessian matrix H. As such, the PES not only determines the
equilibrium structure of a molecule but also the spectrum of possible vibrational energy levels.

These normal modes, together with the translational and rotational degrees of freedom that
correspond to zero eigenvalues of H, form the basis for constructing the molecular partition
function. Each type of motion, translation, rotation, and vibration, contributes independently
to the total partition function of a molecule. In other words, the curvature of the PES defines
the quantized energy levels associated with these motions, and the statistical distribution of
molecules among these levels gives rise to the thermodynamic properties of the system.

With this connection established between the PES and the quantized energy levels of a
molecule, we can now evaluate the partition function for a single molecule. Once the partition
function of a molecule is known, many important thermodynamic properties can be readily
calculated.

Energies must always be defined with respect to a reference state.21 Several conventions
are commonly used. One approach defines all energies with respect to the separated atoms

21There is no such thing as an absolute energy.
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(~r →∞) at rest, while another defines the zero of energy relative to the electronic ground state
of the molecule. The different choices are illustrated in Figure 3.9. In this figure, the zero of
energy corresponds to the situation where the atoms are infinitely far apart and at rest. An
alternative reference is the depth of the potential well, denoted byDe. Although the choice of the
zero of energy affects the absolute form of the energy expressions and hence the mathematical
form of the partition functions, it has no influence on the resulting thermodynamic quantities
(such as equilibrium constants) as long as the same energy reference is used consistently for all
(sub)systems.

Figure 3.9: Ground state (and first excited) state of the electronic energyE as function of the internuclear separation.
E0 refers to the energy of the electronic ground state and re to the equilibrium interatomic distance. A few vibrational
energy levels are denoted.

For the different energy terms that constitute the total molecular energy, we make the
following assumptions

• The electronic energy is only a function of the positions of the nuclei.

• The molecule is allowed to move freely, i.e. without any change in its corresponding
energy, inside a volume V and once the center of mass is outside of this box, we assume
that the energy becomes infinite. In other words, the molecule can never leave the box.

• We assume rotational and vibrational motions to be decoupled. The rotational motion is
considered to be that of a rigid, free rotator.

• Vibrational motions are considered to correspond to a set of simple harmonic oscillators
as described by the normal modes.

Under these assumptions, the total molecular energy Et is composed of the following series
of energy terms, each corresponding to independent subsystems, as given by
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Et = Etrans + Erot + Evib + Eel + Enuc, (3.48)

where Etrans, Erot, Evib, Eel, and Enuc are the translational, rotational, vibrational, electronic
and nuclear energies, respectively. The translational, rotational, vibrational, electronic and
nuclear energies can each be associated to a partition function by which we obtain translational,
rotational, vibrational, nuclear and electronic partition functions, by means of the following
(general) equation

qk =
∑
i

exp

−Ek
i

kBT

 , (3.49)

where k can be any of the above mentioned types. The total molecular partition function
qmol can be calculated using Equation 2.109 which gives

qmol =
∏
i

qi = qtransqrotqvibqelecqnuc. (3.50)

For the partition function of an ensemble of N molecules, we have to divide by the factor
1/N ! to account for the indistinguishability of the molecules, which gives

Q =
1

N !
qNmol, (3.51)

whereQ is the partition function for an ensemble ofN identical molecules and qmol the total
molecular partition function.22

3.4 Electronic and nuclear partition functions

For the construction of the molecular partition function, we can neglect the contribution of the
excited states of the nuclear and electronic subsystems. As the energy difference between excited
nuclear states and the nuclear ground state is extremely large, for almost all terrestrial purposes
(i.e. relatively low T ), only the ground state of the nuclear energy is occupied. Therefore, within
this work, we assume that the influence of the nuclear partition function is negligible and that
the term cancels out, corresponding to

qnuc = 1 (3.52)

For the electronic excited states we will provide a similar reasoning. On average, the electronic
states are separated by about 2 eV (equivalent to a wave number of 15000 cm−1). Therefore, for
low T , only the ground state is occupied and the electronic partition function with respect to the
atoms at infinite distance is

qelec = ωe,0 exp

(
De

kBT

)
, (3.53)

22Sometimes a capital Q is used to distinguish the partition function pertaining to an ensemble versus the partition
function of a single species or a single subsystem. In other cases, subscripted labels will be used to indicate the meaning. It
should be clear from the context what is exactly meant.
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where ωe,0 is the degeneracy of the electronic ground state and De is depth of the potential
energy well (as shown in Figure 3.9).23 For most molecules, ωe,0 = 1. A notable exception is for
instance O2, which has a degenerate ground state. If we express the electronic partition function
however with respect to the depth of the energy well, it simplifies to

qelec = ωe,0. (3.54)

3.5 Translational partition function

The translational partition function corresponds to the number of energy states associated with
the movement of the center of mass of the molecule. Herein, we assume that the molecule exists
within a volume defined by a rectangular box of dimensions a × b × c wherein the potential
energy of the molecule does not change and wherein interactions with other molecules or atoms
are being neglected. This corresponds to the quantum mechanical textbook problem24 of a
particle in a three-dimensional box of which the solutions are known to be

Ep,r,s =
h2

8m

(
p2

a2
+
r2

b2
+
s2

c2

)
, (3.55)

where h is Planck’s constant and m is the mass of the particle and the labels p, r, s are
particular translational quantum states such that

qtrans = qxqyqz =
∑
p

e−Ex(p)/kBT
∑
r

e−Ey(r)/kBT
∑
s

e−Ez(s)/kBT (3.56)

Combining the two Equations 3.55 and 3.56 yields

qtrans =
∑
p=1

e−Ap2 ∑
r=1

e−Br2
∑
s=1

e−Cs2 (3.57)

where A,B,C are

A =
h2

8ma2kBT
(3.58)

B =
h2

8mb2kBT
(3.59)

C =
h2

8mc2kBT
(3.60)

We can replace the sum in Equation 3.57 by an integral if, in passing from one energy level to
the next higher level, ∆E � kBT , for in this case the summand will change its value essentially
continuously with as function of p, r and q. We then obtain

qtrans =

∫ ∞

0
e−Ap2

dp

∫ ∞

0
e−Br2 dr

∫ ∞

0
e−Cs2 ds. (3.61)

By applying the standard integral

23Note thatDe corresponds to the electronic binding energy for polyatomic molecules.
24See for instance Introduction to Quantum Mechanics of Griffiths.
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I =

∫ ∞

0
e−cz2

dz =
1

2

(
π

c

) 1
2

(3.62)

the expression for the translational partition function becomes

qtrans =
(2πmkBT )

3
2 abc

h3
=

(2πmkBT )
3
2 V

h3
. (3.63)

The above formula corresponds to the three-dimensional translational partition function.
As the energy levels for translation in one direction are independent of the energy levels for
translation in any of the two other direction (if they are orthogonal to each other and to the first
direction), we can define the partition functions for one translational degree of freedom as shown
in Equation 3.64.

qtrans =
L
√

2πmkBT

h
(3.64)

3.5.1 Thermodynamic properties

Mono-atomic gases only have translational degrees of freedom.25 Thus, we can readily calculate
the average energy (Equation 2.67) and heat capacity (Equation 2.68) of a mono-atomic gas. The
total energy of a mono-atomic gas is given by26

〈E〉 = kBT
2 ∂ ln q

∂T
(3.65)

= kBT
2

∂ ln

 1
N !

(
(2πmkBT )

3
2 V

h3

)N


∂T
. (3.66)

= NkBT
2

∂ ln

(
(2πmkBT )

3
2 V

h3

)
∂T

. (3.67)

=
3

2
NkBT. (3.68)

or simply

〈E〉 =
3

2
kBT, (3.69)

per atom.
From this, we can calculate the heat capacity as

Cv =
∂ 〈E〉
∂T

=
3

2
kB, (3.70)

25Recall that we cannot rotate around a point particle, so there are no rotational degrees of freedom. Furthermore, there
are no chemical bonds in atoms, so there are no vibrational degrees of freedom either.

26Recall that atoms are indistinguishable particles, so we have to apply Equation 2.112 to get the partition function of the
full ensemble (i.e. many atoms).
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which for one mole of gas results in

Cv,m =
3

2
kBNa =

3

2
R = 12.47 J/mol/K. (3.71)

We can readily compare this result with the molar heat capacities of gases such as Ar, He,
and Kr, which have values of 12.55, 12.64, and 12.48 J/mol/K, respectively.

3.6 Rotational partition function

For the construction of the rotational partition function, we differentiate between diatomic (and
linear) molecules and the more general situation of polyatomic molecules.

3.6.1 Diatomic molecules

The rotational energy for a diatomic molecule is given by

Erot(J) =
J(J + 1)h2

8π2I
(3.72)

where J is any non-negative integer and I is themoment of inertia about an axis perpendicular
to the molecular axis passing through the center of mass of the molecule. As the energy level
Erot(J) is degenerate with degeneracy grot = 2J + 1, the rotational partition function is

qrot =
∞∑

J=0

(2J + 1) exp

(
−J(J + 1)h2

8π2IkBT

)
. (3.73)

In Figure 3.10, the contribution of rotational energy level J to the total rotational partition
function for a N2 molecule at room temperature is shown. The contributions pass through a
maximum as the population decreases exponentially while the degeneracy increases linearly.
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Figure 3.10: Contribution of rotational energy level J to the total rotational partition function for a N2 molecule at
room temperature. The vibrational temperature of N2 is 2.88 K.

Similar to the derivation of the translational partition function, we replace the sum over
states by an integral, thus obtaining
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qrot =

∫ ∞

0
(2J + 1) exp

(
−J(J + 1)h2

8π2IkBT

)
dJ (3.74)

yielding

qrot =
8π2IkBT

h2
, (3.75)

wherein I is the moment of inertia about the center of mass as defined as

I =

∑
imir

2
i∑

imi
. (3.76)

Equation 3.75 is derived for a diatomic molecule.27 In that case, the moment of inertia can
be further simplified to

Idiatomic =
m1m2R

2

m1 +m2
= µR2, (3.77)

wherein R is the interatomic distance between atoms 1 and 2 and µ is called the reduced
mass and is defined as

µ =
m1m2

m1 +m2
. (3.78)

Just like we have seen for the vibrational frequencies, a part of the above formula has
the dimension of temperature and we can define the characteristic temperature for rotation
represented by Θrot as

Θrot =
h2

8π2IkB
(3.79)

which turns Equation 3.75 into

qrot =
T

Θrot
(3.80)

For a homonuclear diatomic molecule, rotating the molecule by 180 degrees brings the
molecule into a configuration which is indistinguishable from the original configuration. This
leads to an overcounting of the accessible states, hence we need to correct this by introducing a
correction factor σ which is termed the symmetry number.28 The symmetry number corresponds
to the number of distinct ways by which a molecule can be brought into identical configuration
by a rotation. For a homonuclear diatomic molecule (e.g. H2, N2, O2, the symmetry numbers
equals σ = 2, whereas for a heteronuclear diatomic molecule (e.g. CO, NO, CN), σ = 1 as given
by

σ =

2 for homonuclear diatomic molecules

1 for heteronuclear diatomic molecules
(3.81)

27Please note that Equation 3.75 contains both rotational degrees of freedom.
28A detailed explanation of the origin of the symmetry number and the calculation of its value is provided in section

3.6.2 on page 144.
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Thus, the final result becomes

qrot,diatom =
8π2IkBT

σh2
(3.82)

Note that the above formula is only valid at sufficiently high temperature, i.e. T � Θrot. If
this is not the case, you can use the following formula

qrot,diatom =
T

Θrot

(
1 +

Θrot

3T
+ · · ·

)
. (3.83)

or use Equation 3.73 explicitly, but limit the number of terms.

3.6.2 Polyatomic molecules

To derive the rotational partition function for a polyatomic molecule, we first have to evaluate its
principal moments of inertia IA, IB and IC . A rather elegant way of describing the principal
moments of inertia is as follows.29 Locate the center of mass of the equilibrium configuration of
the molecule. Next, consider any straight line passing through the center of mass. A moment of
inertia can be calculated about this line: I =

∑
imid

2
i , where di is the perpendicular distance of

the massmi from the line. On this line, mark off a distance on both sides of the center of mass
proportional to I−1/2 calculated about the line. Now choose other lines through the center of
mass and on each of these lines mark off distances proportional to I−1/2 about the line. The loci
of the marks will form an ellipsoid, called the ellipsoid of inertia. The longest line corresponds
to a principal axis of the ellipsoid, and the associated moment of inertia I is the smallest of the
three principal moments. The shortest line likewise defines a principal axis, and its associated
moment of inertia is the largest. The third principal moment of inertia corresponds to the axis
perpendicular to the first two.
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Figure 3.11: (a) Atomic positions and moment of inertia marks of CH4. (b,c) Three-dimensional render of the
molecular configuration and the ellipsoid of inertia.

In Figures 3.11, 3.12, and 3.13, this procedure is shown for methane, ammonia and caffeine.
Different shapes of molecules give different ellipsoids of inertia. For a highly symmetrical

29See An introduction to Statistical Thermodynamics by Hill, Dover.
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molecule such as methane, we obtain a sphere corresponding to three equal moments of inertia,
whereas for low symmetrical molecule such as caffeine, we obtain an ellipsoid with three different
moments of inertia.

The mathematical procedure for calculating the moments of inertia is as follows. Given the
set of coordinates that defines the positions of the atoms, we first center the molecule around its
center of mass. The center of mass for a polyatomic molecule is defined as the point for which
the following identities hold.

∑
i

mixi =
∑
i

miyi =
∑
i

mizi (3.84)

Next, we construct the inertia tensor as given by

I =

Ixx Ixy Ixz
Ixy Iyy Iyz
Ixz Iyz Izz

 , (3.85)

where

Ixx =
∑
i

mi

(
y2i + z2i

)
(3.86)

Iyy =
∑
i

mi

(
x2i + z2i

)
(3.87)

Izz =
∑
i

mi

(
x2i + y2i

)
(3.88)

Ixy = −
∑
i

mi (xiyi) (3.89)

Iyz = −
∑
i

mi (yizi) (3.90)

Ixz = −
∑
i

mi (xizi) (3.91)

To obtain the moments of inertia and the axes of inertia, we perform a matrix diagonalization
procedure on the inertia tensor. The resulting eigenvalues correspond to the principal moments
of inertia and the eigenvectors to the principal moments of inertia. For example, the three

moments of inertia of methane each have a value of IA = IB = IC = 3.20 amu Å
2
. The moments

of inertia for ammonia are IA = 1.73 amu Å
2
, IB = 1.73 amu Å

2
, and IC = 2.66 amu Å

2
. Two of

the principal moments of inertia of ammonia thus have the same value. The moments of inertia

for caffeine are IA = 479 amu Å
2
, IB = 722 amu Å

2
and IC = 1192 amu Å

2
.

If all three moments of inertia are the same, the molecule is called a spherical top. If only
two out of the three moments of inertia are the same, the molecule is a symmetric top. If all
three moments of inertia are different, the molecule is an asymmetric top.

Once the principal moments of inertia are established, we can readily calculate the rotational
partition function for a polyatomic molecule. Without any further derivation, the rotational
partition function for a polyatomic molecule is given by

qrot,asym =

√
π

σ

√
8π2IAkBT

h2

√
8π2IBkBT

h2

√
8π2ICkBT

h2
(3.92)
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Figure 3.12: (a) Atomic positions and moment of inertia marks of NH3. (b,c) Three-dimensional render of the
molecular configuration and the ellipsoid of inertia.
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Figure 3.13: (a) Atomic positions and moment of inertia marks of caffeine (C8H10N4O2). (b,c) Three-dimensional
render of the molecular configuration and the ellipsoid of inertia. The moment of inertia marks and the ellipsoid
have been scaled by a factor of 100.

which can also be written as

qrot,asym =

√
π

σ

√
T3

ΘAΘBΘC
(3.93)

using Equation 3.79 for the rotational temperatures.

Symmetry number

Similar to the result obtained for the diatomic molecules, also for polyatomic molecules there
is a symmetry number σ corresponding to the number of distinct ways the molecule can be
rotated onto itself. The fundamental origin of the symmetry number relates to the number
of forbidden rotational states due to symmetry constraints.30 This is best explained using the
(simple) example of 16O2. Because the 16O nucleus is a boson, its total wave function should be

30The explanation relates to that given in section 2.7.2 on page 100.
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symmetrical under interchange of the two nuclei.31 The total wave function is the product of the
nuclear, electronic, rotational, vibrational and translational wave function as given by

ψtotal = ψnuc × ψelec × ψtrans × ψrot × ψvib. (3.94)

Under exchange of the nuclei, the electronic ground state for 16O2 is odd32, the nuclear spin
wave function is even33, the vibrational wave function is also even and the translational wave
function only depends on the motion of the center of mass and therefore has no effect on the
overall symmetry. Thus, in order for the total wave function for O2 to be even, the rotational
wave functions have to be odd. In other words, the even rotational wave functions are forbidden.

In the construction of the diatomic rotational partition function as provided in Equation 3.82,
we integrated over all rotational levels, but for O2, only half of the values of J are allowed (i.e.
only the odd values). To correct for this, we have to divide by a factor of 2.34

For polyatomic molecules, the situation can be significantly more complicated because there
can be more than two identical nuclei, the vibrational wave function are not necessarily all
symmetrical and the rotational wave function are more complicated for polyatomic molecules.35

Luckily, there is an easy way to calculate the symmetry number of a molecule by considering its
point group. The symmetry number σ is then equal to the number of rotational operators in the
point group. An overview of the σ value for common point groups is provided in Table 3.1

Table 3.1: Rotational symmetry number σ of the most common point groups in chemistry. Table taken from reference
[5].

Point group σ

C1 1

Cs 1

C2 2

C2v 2

C3v 3

C∞v 1

D2h 4

D3h 6

D5h 10

D∞h 2

D3d 6

Td 12

Oh 24

Let us consider a couple of examples. Methane corresponds to the Td point group and thus

31For fermions, e.g. 1H, the nuclear wave function is antisymmetrical under exchange.
32This is actually a rare exception. Most diatomic molecules have the symmetric 1Σ+

g electronic ground state. O2

however has the anti-symmetric 3Σ−
g ground state.

33Because it is composed of bosons.
34It has to be noted that at low temperature, this trick is only approximately correct as we are still including the inaccessible

J = 0 state. Because at low temperature only a few rotational energy levels are populated, this leads to a relatively large
error in the rotational partition function. Nevertheless, the classical approximation is in general quite good, especially at
elevated temperature (i.e. above room temperature). The main exception here is H2 below room temperature.

35In principle, one has to evaluate the correct nuclear degeneracy for each rovibrational state by the evaluation of the direct
product between the permutation group symmetries of the rovibrational states and the nuclear spin wave functions.[4, 5]
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has a symmetry number of 12. The water molecule with C2v symmetry has a symmetry number
of 2 and the methyl radical with the D3h point group has a rotational symmetry number of 6.

3.6.3 Thermodynamic properties

From the rotational partition function, we can readily calculate the contribution of rotations to for
instance the energy or the molar heat capacity using Equations 2.67 and 2.68. For a polyatomic
molecule with three rotational degrees of freedom, these are36

〈Erot〉 =
3

2
NkBT (3.95)

and

Cv,rot,m =
3

2
NkB =

3

2
R. (3.96)

For a diatomic molecule, we obtain very similar results, which are

〈Erot〉 = NkBT (3.97)

and

Cv,rot,m = NkB = R. (3.98)

From these results, we can conclude that each rotational degree of freedom (similar to each
translational degree of freedom), contributes 1

2NkBT to the total energy and 1
2NkB to the molar

heat capacity.

3.7 Vibrational partition function

To obtain an expression for the vibrational partition function, we will first elaborate how the
vibrational partition function is obtained for a diatomic molecule and continue to extend this
result to polyatomic molecules.

3.7.1 Diatomic molecules

Let the equilibrium internuclear distance be re. Then according to Hooke’s law, contraction
or elongation of the interatomic distance results in an increase of the potential energy of the
molecule as given by:

V =
1

2
k (r − re)2 (3.99)

where k is the force constant which can be calculated from the PES as shown in section 3.2.3.
The variation of r with time is in classical mechanics the simple harmonic motion, for which the
angular frequency ω is given by

ω =

√
k

µ
(3.100)

where µ is the reduced mass of the molecule, which for a diatomic molecule is given by

36We leave the derivation as an exercise to the reader.
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µ =
mAmB

mA +mB
, (3.101)

whereinmA andmB are the masses of the two nuclei. The permitted vibrational energy
levels are found, according to quantum mechanics, to be

Evib =

(
i+

1

2

)
h̄ω =

(
i+

1

2

)
hν (3.102)

where ω is the angular frequency in rad · s−1, i is the vibrational quantum number which
can have any non-negative integer value, h̄ is Planck’s constant divided by 2π and ν the vibrational
frequency in s−1. In Figure 3.14, the potential energy curves for CO and N2 are given including
the harmonic approximation of their vibrational mode. From the bottom two graphs in this
figure, it can be seen that the harmonic approximation is a reasonable fit of the potential energy
close to the equilibrium position. The gray lines in the harmonic approximation correspond to
the first 25 vibrational energy levels. The stronger N-N bond as compared to the C-O bond is
reflected by the steeper increase in the potential energy (and thus a larger force constant) as well
as by the greater distance between the vibrational energy levels for N2 as compared to CO.

The above energy levels are defined with respect to the electronic ground state. The energy
difference between the electronic ground state and the lowest vibrational state is termed the zero
point energy37 and is given by

Ezpe =
h̄ω

2
. (3.103)

If we express the vibrational energy levels with respect to the lowest vibrational energy level,
we can omit the term 1

2 in the value for the vibrational energy Evib by which we obtain

Evib = ih̄ω = ihν, (3.104)

hence the partition function for a diatomic molecule is

qvib =

∞∑
i=0

exp
(
−ihν/kBT

)
. (3.105)

To evaluate this summation, the right hand side of the above equation is written as

exp
(
−ihν/kBT

)
= xi (3.106)

and Equation 3.105 can be written as

qvib =

∞∑
i=0

xi = 1 + x+ x2 + x3 + x4 + · · · (3.107)

This type of an infinite series is known as the geometric series38, which converges to

37The reason why the lowest vibrational state lies Ezpe above the electronic ground state has its origins in quantum
mechanics. If the lowest vibrational state would be at the electronic ground state, this would imply that its momentum is
zero and that the uncertainty of measuring both the position and momentum is also zero. This is a direct violation of the
Heisenberg uncertainty principle, which states that∆x∆p ≥ h̄/2.

38See Appendix B.5 on page 279.
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Figure 3.14: (top) The potential energy curve of CO and N2 and the first 25 vibrational energy levels under the
harmonic approximation. (bottom) Close-up of the potential energy curve and the harmonic approximation around
the equilibrium position.

qvib =
1

1− exp
(
−hν/kBT

) (3.108)

The quantity hν/kB has the dimensions of temperature and is often denoted as the charac-
teristic temperature for vibration and written as Θ, so that we can rewrite the previous equation
as

qvib =
1

1− exp
(
−Θ/T

) (3.109)

or with respect to the electronic ground state as
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qvib =
exp
(
− 1

2Θ/T
)

1− exp
(
−Θ/T

) . (3.110)

� Practice your understanding

Exercise 3.3

3.7.2 Polyatomic molecules

The question that now arises is how to define Equation 3.109 for a polyatomic molecule. For any
given (non-linear) polyatomic molecule with a fixed center of mass, n = 3N − 6 independent
coordinates can be given for the relative position of each atom with respect to one another,
where N is the number of atoms within the molecule.39 Similar to how the three-dimensional
translational partition functions can be decomposed into three independent one-dimensional
partition functions (with orthogonal translational directions), we would like to decompose the
molecule into a set of independent vibrational modes. As demonstrated in section 3.2.3, this is
possible by the construction of the normalmodes, which are defined as independent, synchronous
motions of atoms that may be excited without leading to the excitation of any of the other normal
modes. Within this framework, the contribution to the potential energy of one normal mode is
independent of the other normal modes by which we can express the total potential energy as
the following sum

V = V1 + V2 + V3 + · · ·+ V3N−6 =

3N−6∑
i=1

Vi. (3.111)

The normal modes are constructed by a change of basis, wherein we can express the contri-
bution to the potential energy of a single normal mode by

Vi =
1

2
ki

(
qi − q0i

)2
(3.112)

wherein ki is the force constant of the normal mode, qi is a coordinate in the new basis, and
q0i the equilibrium value of qi.

Coordinates qi chosen in such a way that Equations 3.111 and 3.112 are valid are termed
normal coordinates. The associated frequencies of these normal coordinates are similar to those
of the diatomic molecule as given by Equation 3.104. Considering that we are dealing with
n = 3N − 6 normal modes for a given polyatomic molecule, we can rewrite Equation 3.109 for
the full vibrational partition function as:

qvib =

3N−6∏
i

1

1− exp
(
−Θ/T

) (3.113)

However, it is more convenient to use the vibrational partition function per normal mode,
which is

39For a linear molecule we obtain n = 3N − 5 independent coordinates.
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qvib,i =
1

1− exp
(
−hνi/kBT

) , (3.114)

which is essentially the same formula as given for the vibrational partition function of a
diatomic molecule. Equation 3.114 is defined with respect to the zero point energy state. With
respect to the electronic ground state, we have to correct the partition function by a factor

exp
(
− 1

2hν/kBT
)
, which gives:

qvib,i =
exp
(
− 1

2hνi/kBT
)

1− exp
(
−hνi/kBT

) (3.115)

3.7.3 Thermodynamic properties

Using the expressions for the vibrational partition function, we can readily derive expressions
for important thermodynamic properties. The contributions to the total energy for a non-linear
polyatomic molecule by the vibrational partition function, with respect to all atoms at infinite
distance and at rest, is given by40

〈
Evib

〉
= NkBT

3N ′−6∑
i=1

 hνi
2kBT

+
hνi/kBT(

exp
(
hνi/kBT

)
− 1
)
 (3.116)

and the contributions to the the molar heat capacity are41

Cv,vib,m = R

3N ′−6∑
i=1

(
hνi
kBT

)2
exp
(
hνi/kBT

)(
exp
(
hνi/kBT

)
− 1
)2 . (3.117)

Thus, the total energy from all contributions (i.e. translational, rotational and vibrational) is

〈E〉 = NkBT

3

2
+

3

2
+

3N ′−6∑
i=1

 hνi
2kBT

+
hνi/kBT(

exp
(
hνi/kBT

)
− 1
)

−De, (3.118)

where De is the bonding energy of the molecule.42 The molar heat capacity from all contri-
butions is

Cv,m = R

3

2
+

3

2
+

3N ′−6∑
i=1

(
hνi
kBT

)2
exp
(
hνi/kBT

)(
exp
(
hνi/kBT

)
− 1
)2
 . (3.119)

40Note thatN refers to the total number of molecules and N’ (note the prime) refers to the number of atoms within the
molecule.

41Observe that when calculating molar properties that theNkB term is replaced for the gas constantR.
42This is a positive number for a stable complex. It corresponds to the depth of the potential well on the potential energy

surface with respect to the atoms at infinite distance.
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For a diatomic molecule, the above equations simplify to

〈E〉 = NkBT

3

2
+

2

2
+

 hν

2kBT
+

hν/kBT(
exp
(
hν/kBT

)
− 1
)

−De, (3.120)

and

Cv,m = R

3

2
+

2

2
+

(
hν

kBT

)2
exp
(
hν/kBT

)(
exp
(
hν/kBT

)
− 1
)2
 , (3.121)

as a diatomic molecule only has two rotational degrees of freedom and one vibrational degree
of freedom.
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Figure 3.15: Heat capacity of N2O as function of temperature. Note that the thermodynamic calculation matches
the experimental results quite well.

Let us compare how Equation 3.119 holds up to experiment. Consider the N2O molecule,
which is a polyatomic linear molecule. It has three translational, two rotational and four vi-
brational degrees of freedom. The heat capacity of a di- and polyatomic molecule depends
on temperature only due to the vibrational degrees of freedom. The contributions to the heat
capacity of the translational and rotational degrees of freedom equal 5

2NkB. For the vibrational
contributions, vibrational temperatures ofΘi of 850, 850, 1840 and 3200 K are used.43 In Figure
3.15, the calculated heat capacity is compared against experimental values. From this Figure, it
can be seen that the computed values are in close agreement with the experiment.

3.8 Final remarks

In this chapter, the molecular partition functions commonly seen in chemical systems were
derived. In the next chapter, we will employ these concepts in the derivation of transition state
theory. Furthermore, in the chapter thereafter, the molecular partition functions will be used

43Note that two of the four vibrational temperatures have the same value, this is not a mistake.



�
C

H
A

P
T

E
R

3
�

C
H

A
P

T
E

R
3

�
C

H
A

P
T

E
R

3
152 Chapter 3. Molecular partition functions

to construct specific expressions for the reaction rate constants in various elementary reaction
steps.

� Practice your understanding

Exercises 3.4 and 3.5

� Challenges

Exercise 3.6 and 3.7
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3.9 Exercises

The answers to the exercises can be found at the end of this Chapter on page 156. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 3.1 � �

The Morse potential is a relatively simple interatomic interaction model for the potential
energy of a diatomic molecule. Using the Morse potential, one could build the potential energy
curve of a diatomic molecule.

The Morse potential is given by

V (r) = De

(
1− exp

(
−α (r − re)

))2
, (3.122)

where r is the distance between the atoms, re the equilibrium distance between the atoms,
De the well depth and α a parameter that controls the ‘width’ of the potential.

a) Show that the first derivative of the potential equals zero when r = re.

b) Calculate the force constant at the equilibrium position of the potential as a function of De

and α.

c) The Morse potential values for HCl are De = 43291 cm−1 and α = 1.7314Å
−1

. Calculate
the vibrational frequency ν in THz and the wavenumber ν of the H-Cl stretching vibration.

Hint: Think about how wavenumbers (ν, typically expressed in cm−1) are related to the energy
of a wave. Recall that energy (E) can be expressed using the relation

E = hcν, (3.123)

whereh is Planck’s constant and c is the speed of light. This connection hints at howwavenumbers
inherently reflect the energy of photons.

d) How does the wavenumber change when you swap the hydrogen atom for a deuterium atom?

� EXERCISE 3.2 � � �

In Figure 3.5a on page 126, the potential energy surface of hydroxyformaldoxime is drawn as
a function of two bond angles.

a) Identify the four local minima on the potential energy surface.

b) Schematically draw the four stable isomers of hydroxyformaldoxime and indicate their posi-
tions on the potential energy surface.

c) Draw a path on the potential energy surface that connects the two local minima at the top and
bottom left on the potential energy surface. The path has to be constructed in such a fashion
that is as low in energy as possible. This path is termed the minimum energy pathway. Indicate
the highest point in this path.
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d) Schematically draw the potential energy curve corresponding to this path. In other words,
place the progress along this path on the x-axis and the potential energy on the y-axis.

e) What is the highest point on the potential energy curve called? What would the corresponding
structure look like?

f ) Determine the energy difference between the lowest and highest point on the potential energy
curve. To what kinetic parameter does this value correspond?

� EXERCISE 3.3 � �

Calculate the molar fraction of the first four (vibrational) energy levels of Cl2 at 200, 800,
and 1000 K. Assume that Cl2 has infinitely many vibrational energy levels, each separated by a
vibrational temperature defined as Θvib = hν

kB
= 810 K.

� EXERCISE 3.4 � �

a) Calculate the translational partition function of a N2 molecule at T = 298.15 K and at p = 1
atm. Assume that N2 can be treated as an ideal gas.

b) The wave number for the stretching frequency of N2 is 2330 cm−1. Calculate the vibrational
partition function corresponding to this vibrational mode and with respect to the vibrational
ground state.

c) Calculate the moment of inertia of N2. Assume that the interatomic distance is 1.1069 Å.

d) Calculate the rotational partition function of N2 at 298.15 K.

e) Calculate the total molecular partition function of N2.

f ) Calculate the molar heat capacity of N2 at standard conditions.

� EXERCISE 3.5 � � � �

a) Derive the average energy
(
〈E〉
)
for a mono-atomic ideal gas.

b) Derive the entropy for a mono-atomic ideal gas and substitute the temperature T in this
expression for U = 〈E〉 as constructed in the previous subquestion. Show that the result
corresponds to the Sackur-Tetrode equation.

S

NkB
= ln

 V

N

(
4πmU

3h2N

) 3
2

+
5

2
(3.124)
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� EXERCISE 3.6 � � � � � �

a) Derive an expression for the entropy of a diatomic molecule based on its partition functions.

b) Calculate the value for the molar entropy of CO at standard conditions (T = 298.15 K and p =
1 atm). Use a rotational temperature Θr = 2.77 K and a vibrational temperature Θv = 3070 K.
Compare your results to the experimentally obtained result of 197.9 J/mol/K.

� EXERCISE 3.7 � � � � � �

Equation 3.82 on page 142 works well in the case where T � Θrot. For H2 however, this
is not the case and the explicit form as shown in Equation 3.73 on page 140 has to be used.
Furthermore, in H2, the spin states of the nuclei play a very important role. In this exercise, we
will calculate the rotational contribution to the heat capacity of H2 in the lower temperature limit
and show its deviation from an ideal gas Cv,rot = kB. We will first start by deriving the rotational
contribution to the heat capacity for HD, which is somewhat simpler, after which we will derive
it for H2.

a) Insert Θrot into Equation 3.73.

b) Calculate the contribution of the rotations to the average (internal) energy Erot. Use Equation
2.67 on page 93.

c) Calculate the contribution of the rotations to the heat capacity Cv,rot. Use Equation 2.68 on
page 93.

d) The answer of the previous question looks quite complicated44, but if you study it carefully,
you will note that a lot of terms are actually the same. Use a spreadsheet program such as Excel
and calculate the rotational contribution to the heat capacity as a function of the temperature.
You do not have to take a lot of terms J for the answer to converge, about 30 terms should be
sufficient.45 The rotational temperature of HD is 64.0K.

e) The situation for H2 is a bit more complicated, as H2 has, because of its identical nuclei,
two different forms known as para-hydrogen and ortho-hydrogen. Para-hydrogen has an an-
tisymmetric (odd) nuclear wave function and ortho-hydrogen has a symmetric (even) nuclear
wave function. The total wave function should be anti-symmetric as the two hydrogen atoms
are fermions. Thus, for para-hydrogen, only the even rotational wave functions are allowed,
whereas for ortho-hydrogen, only the odd rotational wave functions are allowed.46 Furthermore,
the ortho-hydrogen state is triple degenerate as the odd rotational wave functions are triple
degenerate.

Calculate the rotational contribution to the heat capacity for para- and ortho-hydrogen. For
para-hydrogen, only include the even terms in J (i.e. J = 0, 2, · · · ), while for ortho-hydrogen,
only the odd terms in J (i.e. J = 1, 3, 5, · · · ) should be used.

44Feel free to peak at the solutions if you have trouble deriving it. I will not judge you.
45Bonus question: How many terms are required for convergence, e.g. up to the fourth decimal?
46Note that odd × even gives odd.
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f ) Finally calculate the rotational contribution to the heat capacity including both even and
odd terms, but increase the weight of the odd terms by a factor of 3 to account for the triple
degeneracy of the para-hydrogen state. Compare your results with a simple mixture of para- and
ortho-hydrogen at a ratio of 1:3 using the results obtained in the previous subquestion. Why is
there a significant difference between the two?

3.10 Solutions

The solutions below pertain to the exercises of Chapter 3 on page 153 and further.

� SOLUTION 3.1

a) Taking the first derivative of the potential energy towards the internuclear distance, yields

∂V

∂r
= 2Deα · exp

(
−α (r − re)

)
·
(
1− exp

(
−α (r − re)

))
. (3.125)

Filling out r = re gives

∂V

∂r
(r = re) = 2Deα · 1 · (1− 1) = 0 (3.126)

You would expect this result, as the equilibrium distance is a critical point on the potential energy
curve.

b)

∂2V

∂r2
= 2α2De exp

(
−α (r − re)

) (
2 exp

(
−α (r − re)

)
− 1
)

(3.127)

Filling out r = re gives

∂2V

∂r2
(r = re) = 2α2De · 1 · (2− 1) = 2α2De (3.128)

c)

k = 2Deα
2 = 2 · 43291 · h · c · 100 ·

(
1.7314 · 1010

)2
= 515.6N/m (3.129)

µ =
mCl ·mH

mCl +mH
= 1.614 · 10−27 kg (3.130)

ν =
1

2π

√
k

µ
= 89.95 THz (3.131)

ν = ν · 10−2/c = 3000 cm−1 (3.132)

d) The wavenumber scales roughly by a factor 1/
√
2. Repeating the above calculation gives a

value of ν = 2150cm−1.
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� SOLUTION 3.2

a) The four minima correspond to the four darkly shaded areas on the PES. They are indicated
by the arrows in Figure 3.16.

b) In Figure 3.16, a schematic depiction of the four configuration of hydroxyformaldoxime are
given and their position on the PES is indicated.

c) The white dotted line in Figure 3.16 corresponds to the minimum energy pathway connecting
the two stable states at the bottom left and top right of the PES. The highest point along this
minimum energy pathway has been indicated by a circle.

Figure 3.16: The four local minima of hydroxyformaldoxime and one of the depicted transition states.

d) The one-dimensional projection of the PES along the minimum energy pathway is shown in
Figure 3.17.

e) The highest point along the minimum energy pathway is termed the transition state. In
Figure 3.16, a schematic depiction of the transition structure is provided (center structure on the
left).

f ) The energetic difference is roughly 0.035 HT (which is about 90 kJ/mol). This energetic
difference corresponds to the activation energy for crossing the reaction barrier.
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Figure 3.17: Potential energy curve of hydroxyformaldoxime along the minimum energy path.

� SOLUTION 3.3

The partition function is given by47

qCl2
=

∞∑
j=0

exp

(
−
jΘvib
T

)
(3.133)

=
1

1− exp
(
−Θvib/T

) (3.134)

The molar fraction of energy level i can then be calculated by

ηi =
exp
(
− iΘvib

T

)
qCl2

= exp
(
−iΘvib/T

)
·
(
1− exp

(
−Θvib/T

))
(3.135)

which gives the results as presented in Table 3.2.

Table 3.2: Molar fraction of energy level i as function of T .

i/T 200 K 800 K 1000 K

0 0.9825 0.6367 0.5551
1 0.0171 0.2313 0.2470
2 0.0002 0.0840 0.1099
3 0.0000 0.0305 0.0489

47Similar to 2.5, we used the geometric series to evaluate the infinite sum.
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� SOLUTION 3.4

a) The translational partition function in three dimensions using the ideal gas law is:

qT = V
(2πmkBT )

3/2

h3
(3.136)

=
kBT

P

(2πmkBT )
3/2

h3
(3.137)

Plugging in the values gives

qT =
1.3806488 · 10−23 J · K−1 · 298.15 K

1.01325 · 105 Pa(
2π · 28 · 10−3kg /

(
6.0221409 · 1023

)
· 1.3806488 · 10−23 J · K−1 · 298.15 K

)3/2

(6.62607004 · 10−34 m2 · kg · s−1)3

(3.138)

= 5.8236 · 106 (3.139)

b)

qV =
1

1− exp
(
− hν

kBT

) (3.140)

=
1

1− exp

(
− 6.62607004·10−34 m2·kg·s−1·299792458·m·s−1·233000 m−1

1.3806488·10−23 J·K−1·298 K

) (3.141)

= 1.000013 ≈ 1 (3.142)

Note that the vibrational partition function under typical atmospheric conditions usually equals
unity.

c) The moment of inertia is calculated by48

I = µr2 (3.143)

=
m1m2

m1 +m2
r2 (3.144)

=
m

2
r2 (3.145)

=
14

2
· 10−3 kg ·

(
6.0221409 · 1023

)−1
·
(
1.1069 · 10−10m

)2
(3.146)

= 1.424 · 10−46 kg ·m2 (3.147)

48Note thatm represents the mass of a single nitrogen atom, not that of the dinitrogen molecule.



�
C

H
A

P
T

E
R

3
�

C
H

A
P

T
E

R
3

�
C

H
A

P
T

E
R

3
160 Chapter 3. Molecular partition functions

d) The rotational partition function is given by:

qR =
8π2IkBT

σh2
(3.148)

Please note that this partition function represents rotation for a diatomic molecule in two
dimensions. In other words, this partition function represents two degrees of freedom!

Plugging in the values yields

qR =
8π2 · 1.424 · 10−46 kg ·m2 · 1.3806488 · 10−23 J · K−1 · 298.15 K

2(6.62607004 · 10−34 m2 · kg · s−1)2
(3.149)

= 52.71 (3.150)

e)

Q = qTqVqR (3.151)

= 5.8236 · 106 · 1.000013 · 52.71 (3.152)

= 3.070 · 108 (3.153)

Note that the translational partition function represents 3 degrees of freedom, the rotational
partition function 2 degrees of freedom and the vibrational partition function 1 degree of freedom.
Summing up these numbers gives a total of 6 degrees of freedom, exactly what we would expect
from a diatomic molecule!

f ) The heat capacity can be calculated using Equation 3.121 on page 151.

Cv,m = NkB

3

2
+

2

2
+

(
hν

kBT

)2
exp
(
hν/kBT

)(
exp
(
hν/kBT

)
− 1
)2
 (3.154)

= R

3

2
+

2

2
+

(
hν

kBT

)2
exp
(
hν/kBT

)(
exp
(
hν/kBT

)
− 1
)2
 (3.155)

= 20.80 J/mol/K (3.156)

Perform the above calculations on repl.it:
� https://repl.it/@ifilot/N2-partition-functions

https://repl.it/@ifilot/N2-partition-functions
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� SOLUTION 3.5

a) The average energy is given by

〈E〉 = kBT
2 ∂

∂T
ln (Q) (3.157)

with Q =
qNT
N !

(3.158)

and qT =

(
2πmkBT

h2

) 3
2

V (3.159)

Readily solving the derivative then yields

〈E〉 = kBT
2 ∂

∂T
ln

{
3N

2
ln

(
2πmkBT

h2

)
+ ln (V )− ln(N !)

}
(3.160)

= kBT
2 ∂

∂T

{
3

2
N ln (T )

}
(3.161)

=
3

2
NkBT or

3

2
RT on a per mole basis. (3.162)

(3.163)

b) The fundamental expression for the entropy is given by

S =
∂

∂T

{
kBT ln (Q)

}
(3.164)

= kB ln (Q) + kBT
∂ ln (Q)

∂T
(3.165)

Plugging in the relevant terms and recycling the answer of the previous subquestion readily
yields

S = NkB

{
3

2
ln

(
2πmkBT

h2

)
+ ln (V )− ln (N) + 1

}
+

3

2
NkB (3.166)

= NkB

{
3

2
ln

(
2πmkBT

h2

)
+ ln (V )− ln (N) +

5

2

}
(3.167)

S

NkB
= ln

(
2πmkBT

h2

) 3
2

+ ln (V )− ln (N) +
5

2
(3.168)

= ln

 V

N

(
2πmkBT

h2

) 3
2

+
5

2
(3.169)

in which,

T =
2

3

〈E〉
NkB

(3.170)
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Thus,

S

NkB
= ln


V

N

2πmkB
2〈E〉
3NkB

h2


3
2

+
5

2
(3.171)

= ln

 V

N

(
4πmU

3h2N

) 3
2

+
5

2
, (3.172)

which is fully consistent with the Sackur-Tetrode equation.

� SOLUTION 3.6

a) The entropy can be derived from the partition functions by

S =
∂

∂T
(kBT ln q) , (3.173)

where

q =
1

N !
(qTqRqVqe)

N , (3.174)

where N is the amount of molecules. Note that we have to introduce the 1
N ! factor because CO

molecules are indistinguishable particles. Let us first calculate the individual entropy contribu-
tions of translational, rotational, vibrational and electronic partition functions and then combine
them into the final formula. Note that we evaluate all partition functions with respect to the
electronic ground state. We will incorporate the 1

N ! only in the evaluation of the translational
partition function.49

Let us start with the most simple contribution, that of the electronic partition function. Since we
evaluate all partition function with respect to the electronic ground state and since we assume
that only the electronic ground state is occupied, the electronic partition function becomes

qe = ωe,0, (3.175)

where ωe,0 corresponds to the degeneracy of the electronic ground state.50 Next, we evaluate the
contribution of the translations, which gives

49This choice is fully arbitrary here. Yet if we use it for the translational partition functions, we can recycle the result for
the derivation of the entropy of a mono-atomic gas.

50Which is usually equal to one, so note that the entropic contribution of the electronic ground state is typically zero.
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St =
∂

∂T

kBT ln

 qNT
N !


 (3.176)

= kBT
∂

∂T

ln

 qNT
N !


+ kB ln

 qNT
N !

 (3.177)

= kBT
∂

∂T

ln

(
1

N !

)
+N ln

(2πmkB
h2

)3/2

V

+
3

2
N ln (T )

+ kB ln

 qNT
N !


(3.178)

= kBT
∂

∂T

{
3

2
N ln (T )

}
+ kB

(
N ln (qT)− ln (N !)

)
(3.179)

=
3

2
NkB +NkB ln qT − kB (N lnN −N) (3.180)

= NkB

(
3

2
+ ln qT − lnN + 1

)
(3.181)

= NkB ln

(2πmkBT

h2

)3/2

V
exp
(
5
2

)
N

 . (3.182)

Note that in the derivation above, we applied Stirling’s approximation to evaluate ln (N !). For the
entropy contribution due to rotations, we get

Sr =
∂

∂T

{
kBT ln

(
qNR

)}
(3.183)

= kBT
∂

∂T
ln
(
qNR

)
+ kB ln

(
qNR

)
(3.184)

= NkBT
∂

∂T
ln

(
8π2IkBT

σh2

)
+NkB ln (qR) (3.185)

= NkBT
∂

∂T
ln (T ) +NkB ln (qR) (3.186)

= NkB ln

(
8π2IkBT exp(1)

σh2

)
. (3.187)

And finally for the vibrational partition function we obtain
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Sv =
∂

∂T

{
kBT ln

(
qNV

)}
(3.188)

= kBT
∂

∂T
ln
(
qNV

)
+ kB ln

(
qNV

)
(3.189)

= NkBT
∂

∂T
ln


exp
(
− hν

2kBT

)
1− exp

(
− hν

kBT

)
+NkB ln (qV) (3.190)

= NkBT
∂

∂T


(
−

hν

2kBT

)
− ln

1− exp

(
−
hν

kBT

)
+NkB ln (qV) (3.191)

= NkBT


(

hν

2kBT2

)
+

hν
kBT 2 exp

(
− hν

kBT

)
1− exp

(
− hν

kBT

)
+NkB ln (qV) (3.192)

= NkBT


(

hν

2kBT2

)
+

hν
kBT 2

exp
(

hν
kBT

)
− 1
−
(

hν

2kBT2

)
−

1

T
ln

1− exp

(
−
hν

kBT

)


(3.193)

= NkB

 hν
kBT

exp
(

hν
kBT

)
− 1
− ln

1− exp

(
−
hν

kBT

)
 . (3.194)

Note that we have multiplied by exp
(
+ hν

kBT

)
in equation 3.192 to get rid of the exponent in the

numerator to obtain equation 3.193. Combining all three results yields

Sm

NkB
= ln

(2πmkBT

h2

)3/2

V
exp
(
5
2

)
N

+ ln

(
8π2IkBT exp(1)

σh2

)
· · ·

· · ·+
hν
kBT

exp
(

hν
kBT

)
− 1
− ln

1− exp

(
−
hν

kBT

)+ lnωe,0. (3.195)

b) Applying the ideal gas law and calculating per mole of molecules gives

Sm

R
= ln

(2πmkBT

h2

)3/2 kBT

p

exp
(
5
2

)
1

+ ln

(
8π2IkBT exp(1)

σh2

)
· · ·

· · ·+
hν
kBT

exp
(

hν
kBT

)
− 1
− ln

1− exp

(
−
hν

kBT

)+ lnωe,0. (3.196)

Let us first calculate the values for the translational, rotational and vibrational partition functions,
which yield the results at standard conditions

qT = 5.824 · 106 (3.197)

qR = 1.076 · 102 (3.198)

qV = 1.000. (3.199)
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From these results, we can already conclude that we are allowed to neglect vibrational contribu-
tions51, significantly simplifying the equation to

Sm = R

ln

(2πmkBT

h2

)3/2 kBT

p
exp

(
5

2

)+ ln

(
8π2IkBT exp(1)

σh2

) . (3.200)

Identifying the formulas for the partition functions in the above equation gives

Sm = R

ln

(
qT exp

(
5

2

))
+ ln

(
qR exp(1)

) . (3.201)

And upon filling out the values for the partition functions we obtain the final result of Sm =
197.52 J/mol/K. This result is in very close agreement to the experimental result of S−◦m = 197.9
J/mol/K.

� SOLUTION 3.7

a)

qrot =
∞∑

J=0

(2J + 1) exp

(
−J(J + 1)Θrot

T

)
(3.202)

b)

Erot = kBT
2 ∂

∂T
ln qrot (3.203)

= kB


∑∞

J=0(2J + 1)J(J + 1)Θrot exp

(
−J(J+1)Θrot

T

)
∑∞

J=0(2J + 1) exp

(
−J(J+1)Θrot

T

)
 (3.204)

51Feel free to include the vibrational contribution; you will see it only starts to matter for the final answer at the third
digit after the decimal point.
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c)

Cv,rot =
∂

∂T
Erot (3.205)

=
∂

∂T
kB


∑∞

J=0(2J + 1)J(J + 1)Θrot exp

(
−
J(J + 1)Θrot

T

)
∑∞

J=0(2J + 1) exp

(
−
J(J + 1)Θrot

T

)
 (3.206)

=
kB
T2


∑∞

J=0(2J + 1)
(
J(J + 1)Θrot

)2 exp(−J(J + 1)Θrot

T

)
∑∞

J=0(2J + 1) exp

(
−J(J + 1)Θrot

T

) − · · ·

· · ·

(∑∞
J=0(2J + 1)

(
J(J + 1)Θrot

)
exp

(
−
J(J + 1)Θrot

T

))2

(∑∞
J=0(2J + 1) exp

(
−
J(J + 1)Θrot

T

))2

 (3.207)

� Note the minus sign between the two terms in the square brackets.

d) You should obtain an answer similar to what is shown in Figure 3.18. Note that the results
converges toCv,rot = kB at higher temperatures, which is the result obtained for an ideal diatomic
gas.
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Figure 3.18: Rotational contribution to the heat capacity in units of kB for the hydrogen-deuterium molecule.

e) You should obtain an answer similar to what is shown in Figure 3.19. Note that para-hydrogen
is lower in energy (its first allowed rotational energy level is at J = 0) and thus its contribution
to the heat capacity starts at lower temperature.

f ) You should obtain an answer similar to what is shown in Figure 3.20. The main reason for the
difference is that the 1:3 mixture is the high-temperature ratio between para- and ortho-hydrogen
(corresponding to the degeneracy of their nuclear states). However due to the allowed rotational
energy levels, the distribution between ortho- and para- will change as a function of temperature.
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Figure 3.19: Rotational contribution to the heat capacity in units of kB for para- and ortho-hydrogen.
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Figure 3.20: Rotational contribution to the heat capacity in units of kB for a 1:3 mixture and the equilibrium
composition.

Explore the rotational contribution to the heat capacities of H2 and
HD online using this Wolfram Cloud app:
� https://demonstrations.wolfram.com/
LowTemperatureHeatCapacityOfHydrogenMolecules/

https://demonstrations.wolfram.com/LowTemperatureHeatCapacityOfHydrogenMolecules/
https://demonstrations.wolfram.com/LowTemperatureHeatCapacityOfHydrogenMolecules/
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4.1 Collision theory

Before we discuss transition state theory and derive the corresponding rate equation within this
theory, we will first treat collision theory which is a somewhat simpler theory enabling us to
calculate reaction rates, yet conveys a lot of important principles behind transition state theory.

Our derivation of collision theory proceeds in a couple of steps. First, we estimate the number
of collisions as a function of the velocity of a molecule. Next, we derive an equation to calculate
the average velocity of a particle as a function of temperature and use this speed distribution to
obtain an expression for the average velocity between two molecules as a function of temperature.
As not all collisions lead to a reaction, we finally introduce a correction factor to account for the
collision efficiency.

Consider a mixture composed of molecules A and B which are able to react upon contact. Let
us furthermore assume that these molecules can be represented as rigid spheres with diameters
dA and dB for the two types of molecules A and B with ρA and ρB the corresponding number
of molecules per cubic meter. We can then define a bimolecular collision as the situation where
the surfaces of the two spheres make contact with each other.
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170 Chapter 4. Transition state theory

To derive the rate of reaction for the mixture, we first start by calculating the number of
collisions per second for a single molecule of A. For a mixture of A and B, we can consider that
one molecule of A will be moving in an arbitrary direction ~r with a mean velocity relative to a
molecule of type B. A collision between A and B will occur in the situation wherein the center of
molecule B is at a position within a distance σAB of the line of flight of the center of molecule A
during the passage of A, wherein σAB is given by1

σAB =
dA + dB

2
. (4.1)

This is schematically depicted in Figure 4.1.

Figure 4.1: Schematic depiction of the cylinder space swept out by molecule A. All molecules whose center are within
the volume as defined by the cylinder will undergo a collision. The radius of this cylinder is equal to half of the sum
of the diameters of the two molecules A and B.

The total number of collisions of molecule A with those of type B per second can then be
estimated from the volume swept out by a cylinder with radius σAB multiplied by the number
of molecules of type B per cubic meter, ρB . The required volume is thus

V = πσ2
AB

r, (4.2)

where r is the mean relative velocity of molecule A. The number of collisions for a single
molecule of A is given by

ncol = πσ2
AB

rρB . (4.3)

4.1.1 Maxwell-Boltzmann speed distribution

The appropriatemean relative velocity r can be calculated from the two-body distribution function
of the molecules A and B. This process involves quite some mathematical steps, so let us proceed
one step at a time. Let us first establish the distribution function for a singlemolecule and in the
next subsection, we will build a two-body distribution function based on the results found in
this subsection. The chance to encounter a single particle as function of its energy is given by

1In other words, the sweeping radius is essentially the sum of the radii of the potentially colliding particles.
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the Boltzmann distribution of energy as given in Equation 2.61. According to this equation, the
probability that a molecule has energy Ei is given by

pi =
exp
(
− Ei

kBT

)
∑

j exp

(
− Ej

kBT

) =
exp
(
− Ei

kBT

)
Z

, (4.4)

where Z corresponds to the total translational partition function.
The velocity ~v has three components, i.e. in the vx, vy and vz direction. The translational

energy in each of the Cartesian directions is given by

Et,x =
1

2
mv2x, (4.5)

where Et,x corresponds to the total translational energy in the x-direction,m is the mass
of a particle and vx is the velocity in the x-direction. For all three Cartesian directions, we thus
obtain

Ei =
1

2
m
(
v2x + v2y + v2z

)
. (4.6)

We can readily plug Equation 4.6 into Equation 4.4. Furthermore, because ~v can be consid-
ered to be a continuous function, we change the finite chance pi into an infinitesimal chance2 f
as given by

f (~v) = Z−1 exp

(
−
m ‖~v‖2

2kBT

)
(4.7)

= Z−1 exp

(
−
mv2x
2kBT

)
exp

(
−
mv2y

2kBT

)
exp

(
−
mv2z
2kBT

)
, (4.8)

where f (~v) is the infinitesimal chance (probability density) to encounter a particle at velocity
~v as function of ~v. Because the function f (~v) corresponds to an infinitesimal chance, this
function can be interpreted as a distribution function. The function f (~v) is however not yet
normalized. To normalize it, we have to integrate3 over all possible velocities, irrespective of
direction, and set the value of Z−1 such that this integral over all possible configurations equals
unity. Hence,

∫
f (~v) = 1 (4.9)

= Z−1

∫ ∞

−∞
exp

(
−
mv2x
2kBT

)
dvx

∫ ∞

−∞
exp

(
−
mv2y

2kBT

)
dvy

∫ ∞

−∞
exp

(
−
mv2z
2kBT

)
dvz .

(4.10)

= Z−1

(
2πkBT

m

) 3
2

. (4.11)

From this, it follows that Z−1 can be interpreted as a normalization constant to ensure
that the integral equals unity. Plugging this normalization constant Z−1 back into the original

2If you find this step confusing, have another look at section 2.2. Because ~v is considered continuous rather than
discrete, to obtain the finite chance (or probability) p from f , we simply integrate f over some domain. In other words, f
can be interpreted as a probability density.

3Have a look at section B.3 in the appendix on page 278 for a handy set of standard integrals.
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equations yields the following equation for the infinitesimal chance to encounter a particle at
velocity ~v:

f(~v) =

(
m

2πkBT

) 3
2

exp

(
−
mv2x
2kBT

)
exp

(
−
mv2y

2kBT

)
exp

(
−
mv2z
2kBT

)
(4.12)

Equation 4.12 is the Maxwell-Boltzmann speed distribution. Considering our problem
formulation wherein we aim to calculate the number of collisions between molecules A and B,
we wish to derive a related expression corresponding to the distribution function of a particle that
only depends on the magnitude of the velocity f(‖~v‖) and irrespective of the particular direction
that the particle is moving in. In other words, we wish to obtain a distribution as function of the
particle’s speed, rather than its velocity.4

To calculate this property, we perform a coordinate transformation fromCartesian to spherical
coordinates and integrate out the parts that depend on the polar angle θ and the azimuthal angle
φ. In spherical coordinates5, Equation 4.12 is written as

f(‖~v‖ , θ, φ) =
(

m

2πkBT

) 3
2

exp

(
−
m ‖~v‖2

2kBT

)
‖~v‖2 sin (θ) . (4.13)

Note that the part ||~v||2 sin (θ) corresponds to the Jacobian due to the unit transformation
from Cartesian to spherical coordinates. Let us now integrate out the part that depends on the
angles θ and φ by which we obtain the following results6

f(‖~v‖) =
∫ 2π

0
dφ

∫ π

0
sin (θ) dθ

( m

2πkBT

) 3
2

exp

(
−
m ‖~v‖2

2kBT

)
|v|2

 (4.14)

= 4π ‖~v‖2
(

m

2πkBT

) 3
2

exp

(
−
m ‖~v‖2

2kBT

)
(4.15)

Since the speed c corresponds to

c =
√
v2x + v2y + v2z = ‖~v‖ , (4.16)

let us rewrite Equation 4.15 as

f(c) = 4πc2

(
m

2πkBT

) 3
2

exp

(
−
mc2

2kBT

)
(4.17)

Equation 4.17 is the Maxwell-Boltzmann speed distribution, irrespective of the direction of
said velocity.

4Recall that there is a subtle difference between speed and velocity. Velocity is defined as the speed with a direction,
while speed does not have a direction.

5See Appendix B.1.3 on page 277.
6Observe that this procedure is analogues to calculating the surface of a sphere of radius r = ‖~v‖.
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As seen in section 2.2, we can calculate the average property given a distribution by multiply-
ing that distribution by the variable of interest and integrating over the whole distribution.7 From
this distribution, we can thus obtain the average speed or average magnitude for the velocity
by multiplying the distribution function by c and integrating over the complete configuration
space8 as given by

cavg =

∫ ∞

0
f(c) · c dc =

∫ ∞

0
4πc3

(
m

2πkBT

) 3
2

exp

(
−
mc2

2kBT

)
dc (4.18)

=

√
8kBT

πm
. (4.19)

In a similar fashion, we can obtain the root-mean-squared speed, which equals

crms =

[∫ ∞

0
f(c) · c2 dc

] 1
2

=

∫ ∞

0
4πc4

(
m

2πkBT

) 3
2

exp

(
−
mc2

2kBT

)
dc


1
2

(4.20)

=

√
3kBT

m
(4.21)

and the most probable speed, which is obtained by solving

df(c)

dc
= 0 = 4π

(
m

2πkBT

) 3
2

(
2kBT −mc2

)
exp

(
− mc2

2kBT

)
kBT

. (4.22)

Observing that the term before the fraction cannot be zero, neither the exponent term in the
numerator nor the denominator, it follows that

2kBT −mc2 = 0, (4.23)

giving

cmp =

√
2kBT

m
. (4.24)

In Figure 4.2, the speed distribution for a N2 molecule for two different temperatures is
given. Note that at higher temperatures, the magnitude of the velocities are more ‘smeared
out’. The most probable speed corresponds to the maximum of the speed distribution. The
average speed lies at somewhat higher speed than the most probable speed, because the speed
distribution tails off at higher speeds.

� Practice your understanding

Exercise 4.1

7Assuming of course that the distribution is normalized. If not, we have to either normalize the distribution first or
divide the result of the integration by the integral of the distribution over its complete function space.

8In other words, integrating over all possible values of c.
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Figure 4.2: Maxwell-Boltzmann speed distribution for N2 for T = 300K and T = 1000K. The most probable speed,
average speed and root-mean-square speed are indicated for T = 300K as well.

4.1.2 Collision density

In the previous subsection we derived the Maxwell-Boltzmann speed distribution pertaining to a
single particle. To obtain the mean relative velocity between two particles, we have to construct
the distribution for two particles, which is simply the product of two single-particle distribution
functions, as given by

f
(
~vA , ~vB

)
= f

(
~vA
)
· f
(
~vB
)

(4.25)

=

(√
mAmB

2πkBT

)3

exp

−mA

∥∥~vA∥∥2
2kBT

 exp

−mB

∥∥~vB∥∥2
2kBT

 (4.26)

The (kinetic) energy terms in this distribution is defined with some arbitrary frame of
reference and the total energy is herein the sum of the kinetic energy of particle A and particle B.
We can introduce a coordinate transformation wherein the total kinetic energy for the two-body
system is given as the sum of the kinetic energy due to movement of the center of mass and the
kinetic energy due to velocities with respect to the center of mass as given by

mA

∥∥~vA∥∥2
2

+
mB

∥∥~vB∥∥2
2

=
1

2

(
mA +mB

) ∥∥∥~v′∥∥∥2 +
1

2
µ ‖~r‖2 (4.27)

where ~v′ is the velocity of the center of mass, µ the reduced mass and ~r the relative velocity
of particle A with respect to particle B. It can be readily seen that Equation 4.27 is valid if we use
the following definitions for ~v′, µ and ~r:

~v′ ≡
mA~vA +mB~vB
mA +mB

(4.28)

µ ≡
mAmB

mA +mB

(4.29)

~r ≡ ~vA − ~vB . (4.30)

By using the above definitions, we can rewrite Equation 4.26 as
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f
(
~v′, ~r

)
= f

(
~vA
)
· f
(
~vB
)

(4.31)

=

(√
mAmB

2πkBT

)3

exp

− (mA +mB

) ∥∥~v′∥∥2
2kBT

 exp

(
−
µ ‖~r‖2

2kBT

)
. (4.32)

From this equation, we can derive an equation for the distribution only as function of the
relative velocity ~r and irrespective of the velocity of the center of mass ~v′ by integrating over all
possible values of ~v′. This gives

f (~r) =

(√
mAmB

2πkBT

)3 ∫ ∞

−∞
exp

(
−
(
mA +mB

)
v2x

2kBT

)
dvx

∫ ∞

−∞
exp

(
−
(
mA +mB

)
v2y

2kBT

)
dvy · · ·

(4.33)

· · ·
∫ ∞

−∞
exp

(
−
(
mA +mB

)
v2z

2kBT

)
dvz exp

(
−
µ ‖~r‖2

2kBT

)
(4.34)

=

(√
mAmB

2πkBT

)3(
2πkBT

mA +mB

)3/2

exp

(
−
µ ‖~r‖2

2kBT

)
(4.35)

=

(
µ

2πkBT

)3/2

exp

(
−
µ ‖~r‖2

2kBT

)
. (4.36)

As seen in the previous subsection, by performing a coordinate transformation fromCartesian
to spherical coordinates and integrating out the angles φ and θ, we can cast the above equation
into a distribution function that only depends on the magnitude of the relative velocity ||~r|| and
thus irrespective of the direction. The above distribution function in spherical coordinates is
given by

f
(
||r||, θ, φ

)
=

(
µ

2πkBT

)3/2

exp

(
−
µ||~r||2

2kBT

)
||~r||2 sin θ. (4.37)

Integrating out the angles yields

f
(
||~r||

)
= 4π||~r||2

(
µ

2πkBT

)3/2

exp

(
−
µ||~r||2

2kBT

)
. (4.38)

Observe that Equation 4.38 is very similar to Equation 4.17 on page 172. Instead of the speed
c, we have the relative speed ||r||. Similarly to how the mean speed was calculated in Equation
4.19, the mean relative speed can be found to be

r =

(
8kBT

πµ

)1/2

, (4.39)

wherem in Equation 4.19 is replaced by the reduced mass µ. Note that in the special case
thatmA = mB = m,

µ =
m

2
(4.40)
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and

r =
√
2c (4.41)

Finally, we can plug Equation 4.39 into Equation 4.3 to obtain the number of collisions of a
single molecule of A per second as given by

ncol =

(
8πkBT

µ

)1/2

σ2
AB

ρB , (4.42)

where ρ is the number9 of molecules per volume as given by

ρ =
n

V
. (4.43)

From this, we can calculate the number of collisions per unit volume per molecule of type A
with molecule B by multiplying ncol by ρA which gives

ZAB =

(
8πkBT

µ

)1/2

σ2
AB

ρAρB . (4.44)

In the case that molecule A and B are like molecules, the above equation can be further
simplified by substituting σAB for σ and noting that ρA = ρB . Also, we have to introduce a
factor of 1

2 to avoid double counting.10

Z =
1

2
ZAB (4.45)

=
1

2

(
8πkBT

µ

)1/2

σ2
AB

ρAρB (4.46)

=
1

2

(
8πkBT

m/2

)1/2

σ2ρ2 (4.47)

= 2

(
πkBT

m

)1/2

σ2ρ2. (4.48)

4.1.3 Collision effectiveness

Not all collisions will result in a reaction and there are a number of important factors that
determine the effectiveness of a collision. The most important one we will consider here is that
the molecules that collide should have a minimum relative kinetic energy to overcome some
energetic barrier necessary for the reaction to proceed. Consider the situation such as illustrated
in Figure 4.3a. Molecule A has some relative velocity ~r with respect to molecule B. This relative
velocity ~r is not necessarily oriented in the direction of the vector ~dAB spanned from the center
of A to the center of B. For example, the vectors ~r and ~dAB could be oriented at a 90 degrees
angle by which the collision is more like a grazing incident by which only a minimum of the
total kinetic energy of A is transferred to B.

9Please note that we literally mean here the number of molecules, not the number of moles of a molecule.
10For unlike particles, the number of collisions is counted by considering the volume sweep of molecule A through

a gaseous mixture of B (or vice versa, but only counted once). For like particles, the volume sweep is through a gaseous
mixture of itself resulting in double counting. If this concept is troubling you, have a look at exercise 4.2 on page 190.
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(a)

θ

r

d
AB

σ
AB
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(b)

Figure 4.3: (a) Schematic illustration of a collision between molecules A and B where the relative velocity~r is oriented

at an angle θ with respect to the vector ~dAB pertaining to the line of centers of molecules A of B. Only part of the

kinetic energy that corresponds to the component of the velocity projected on ~dAB can be used to overcome the barrier
for the reaction. (b) Schematic depiction of the sweeping volume V as function of the relative velocity ~r and the
angle θ. The sweeping volume corresponds to a shell (hollow cylinder) with a circumference of P = 2πσAB sin θ,
width∆l = σABdθ and a height h = ||~r||.

As such, we need to define some effective kinetic energy, which is determined by the compo-
nent of the relative velocity vector ~r in the direction as given by ~dAB . This effective energy is
given by

Ekin,eff =
1

2
µ||~r||2 cos θ. (4.49)

In the situation wherein we neglected to take the effectiveness of a collision into account, as
shown in the beginning of this section, the number of collisions was calculated by considering
the sweeping volume V = πσ2

AB
r, wherein σAB corresponds to the collision radius and r the

average relative velocity. We were allowed to consider the average relative velocity because the
shape of the sweeping volume given some value for the relative velocity ~r is always a cylinder
with a fixed radius. When the orientation of relative velocity ~r starts to play a role, the sweeping
volume is given by a hollow cylinder (or shell) with a different radius depending on the value
and direction of ~r as given in Figure 4.3b.

For a given value of ~r, the area of contact between molecules A and B for an angle between
the vectors ~r and ~dAB between θ and θ + dθ corresponds to the circumference

P = 2πσAB sin θ (4.50)

multiplied by the infinitesimal width

∆l = σABdθ (4.51)

to give

A = 2πσ2
AB

sin θdθ. (4.52)
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The sweeping volume corresponding to the above situation, taking the component of the
relative velocity ~r in the direction of ~dAB into account, is then given by

V = ||~r||2πσ2
AB

sin θ cos θdθ. (4.53)

Let us take one step back and reflect on what we are trying to derive. We want to calculate
the number of collisions between A and B in some mixture with some number density of the
molecules A and B given by ρA and ρB , respectively. To obtain this number, we consider a
single molecule of A and construct the volume that if a molecule of B is within this volume, a
collision is encountered. By multiplying then this volume V with the number density ρB , we
would obtain the total number of collisions per molecule of A. In turn multiplying this result by
the number density of A, would give the total number of collisions between A and B per volume.

In addition to the situation as sketched in this reflection, we have a set of conditions in place
by which the sweeping volume is essentially smaller in size as compared to the situation in
the absence of these conditions. We start out by considering a new sweeping volume V , but
not for any given molecule A, but a molecule of A that has a relative velocity ~r oriented at an
angle θ with respect to ~dAB . 11 The volume V as given in Equation 4.53 now corresponds to a
molecule of A with an effective magnitude ||~r|| considering that the vector ~r is oriented at an
angle θ with respect to ~dAB . To construct the total number of collisions from this value V , we
need to integrate over all relevant effective magnitudes ||~r|| and all relevant angles θ. Herein, the
effective magnitude ||~r|| is integrated from the lower bound

||~r||min =

√
2∆E

µ
, (4.54)

where ∆E is the minimum energy to overcome the reaction barrier, and the upper bound of
infinity. For the angle θ, we have a lower bound of 0 and an upper bound as given by

θmax = arccos

√ 2E

µ||~r||2

 . (4.55)

Because not all values of ||~r|| and θ are equally distributed in our mixture, our integral has
to take the (normalized) probability of encountering a molecule of A at ||~r|| and θ into account,
which is given by the two-body distribution function in relative spherical coordinates as given in
Equation 4.38. The sweeping volume V is then given by multiplying Equation 4.38 by Equation
4.53 and integrating over ||~r|| and θ using the lower and upper bounds as given above, which
yields

V = 8π2

(
µ

2πkBT

)3/2

σ2
AB

∫ ∞

||~r||min

||r||3 exp(−µ||~r||2
2kBT

)∫ θmax

0
sin θ cos θdθ

 d||~r||. (4.56)
The integral over θ evaluates to

∫ θmax

0
sin θ cos θdθ =

1

2

(
1−

2∆E

µ||~r||2

)
(4.57)

11Note that we are allowed to consider the vectors ~r and ~d
AB

to lie on the same plane.
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by which Equation 4.56 reduces to

V = 4π2

(
µ

2πkBT

)3/2

σ2
AB

∫ ∞

||~r||min

||~r||3
(
1−

2∆E

µ||~r||2

)
exp

(
−
µ||~r||2

2kBT

)
d||~r||. (4.58)

Integrating over ||~r|| finally yields

V =

(
8πkBT

µ

)1/2

σ2
AB

exp

(
−

∆E

kBT

)
. (4.59)

From Equation 4.59, the collision number ZAB can be readily established by multiplying
the sweeping volume V by the number densities of molecules A and B, giving

ZAB =

(
8πkBT

µ

)1/2

σ2
AB

exp

(
−

∆E

kBT

)
ρAρB . (4.60)

Observe now that Equation 4.60 only differs from Equation 4.44 by the energetic penalty

ξ = exp
(
−∆E

kBT

)
, where ξ is always between 0 and 1 as ∆E corresponds to a barrier and is thus

guaranteed to be a positive number.
Finally, for like particles, equation 4.60 transform to

Z = 2

(
πkBT

m

)1/2

σ2 exp

(
−

∆E

kBT

)
ρ2, (4.61)

where the formula has been adapted to mitigate the double counting of like species, similar
to as shown in the derivation of Equation 4.48.

4.1.4 Unimolecular reactions

There is a special case which deserves a bit of additional attention. Let us consider a unimolecular
reaction. You might argue that such a reaction does not require molecules to meet rendering the
concept of collisions as not very useful. For example, in an isomerization reaction, the molecule
itself transforms to another configuration which in principle does not require a collision.

According to the hypothesis of Lindemann and Christiansen, all molecules acquire and lose
energy by collisions with surrounding molecules. If we assume this hypothesis to be true, then
we can construct the following set of elementary reaction steps for the reaction of A to P activated
by a collision of another molecule M:

A+M
k+
1−−⇀↽−−
k−
1

A ∗+M (4.62)

A∗
k+
2−−→ P (4.63)

Note that in the above equation, the asterisk designates an activated complex rather than an
adsorbed species. Application of the steady state approximation to the reaction intermediate A*
yields
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d[A∗]
dt

= k+1 [A][M ]− k+2 [A∗]− k−1 [A∗][M ] = 0 (4.64)

[A∗] =
k+1 [A][M ]

k+2 + k−1 [M ]
(4.65)

and hence the rate of reaction becomes

d[P ]

dt
=
k+1 k

+
2 [A][M ]

k+2 + k−1 [M ]
. (4.66)

For a mixture only containing A, [M] is [A]. In other words, the reaction of A to P is activated
by a collision with another molecule of A and hence

d[P ]

dt
=

k+1 k
+
2 [A]2

k+2 + k−1 [A]
. (4.67)

For sufficiently high pressures of A, this reaction will be first order. However, in the low
pressure regime the above equation can be approximated by

d[P ]

dt
=

k+1 k
+
2 [A]2

k+2 + k−1 [A]
≈ k+1 [A]2. (4.68)

The above dependency of the rate on the pressure can be verified by experimental means
and it was found that the equation holds for several isomerization and decomposition reactions.
Interestingly, this implies that unimolecular reactions in fact do not exist at all, because collisions
with surrounding molecules are needed to bring the reacting molecule to a sufficiently high
energetic state that it is capable of crossing the reaction barrier of the elementary reaction step.

� Practice your understanding

Exercise 4.2

4.2 Transition state theory

Within this section, we will derive the formula for the chemical rate using transition state theory.
In principle, many similar derivations exist.[6, 7, 8] Here, we will employ a derivation wherein
we assume that the reaction coordinate can be modeled as a translation.12

4.2.1 Derivation

To derive a general formula for the reaction rate constant, let us introduce a simple model system.
In Figure 4.4, the potential energy surface of the three-body complex H-H-H for the reaction
H2 +H → H +H2 is shown.[9]

An illustrative video showing the curvature of the PES of H3 can be found on
Youtube using this link:
� https://www.youtube.com/watch?v=5y0DQhu1-CY

12There is a somewhat simpler derivation, but we leave this as an exercise to you. See exercise 4.8 on page 195 for an
alternative derivation of the Eyring equation.

https://www.youtube.com/watch?v=5y0DQhu1-CY
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Figure 4.4: Potential energy surface of the one-dimensional tri-atomic hydrogen system. The white dotted line
indicates the reaction coordinate of the elementary reaction step wherein a hydrogen atom is transferred between the
two other hydrogen atoms. All energies are given in HT. A surface plot of the same data is provided in Figure 4.5a.

Within this Figure, the two dark regions (denoted by A and B) designate the stable states,
being the complex HA-HB with the atomic hydrogen HC far away (state A) and the situation
where HB −HC are bonded and HA as atomic hydrogen (state B). One can construct a path of
minimum energy between these two states as shown by the white dotted line. This minimum
energy path that connects the two stable states, wherein all the points on the path are higher in
energy than the two stable states, is termed the reaction coordinate. The point highest in energy
along this path corresponds to a meta-stable state, which is termed the transition state (shown
in Figure 4.4 by point TS). The transition state is characterized as being a maximum in energy
along the trajectory of the reaction coordinate and a minimum in all other directions (i.e. in
any direction perpendicular to the reaction coordinate). In mathematical terms, such a point on
the potential energy surface, which is a maximum in one direction and a minimum in all other
directions, is known as a first-order saddle point.13

In addition to the contour plot of Figure 4.4, also a surface plot of the potential energy surface
is provided in Figure 4.5a. Herein, the minimum energy path that connects the two stable states
can be seen as the valley in this plot. The highest point alongside this minimum energy pathway
corresponds to the transition state, which is the first-order saddle point. If we imagine a direction
orthogonal to the direction of the minimum energy pathway, we can see in Figure 4.5a that this
corresponds to a sharp increase in the potential energy, indicating that the transition state is a
minimum in this direction.

We want to derive a rate constant corresponding to the rate of the conversion of the number
of molecules per unit volume per unit time.14 Using a statistical assumption, it is obvious that

13Similarly, a second-order saddle point is the highest point on the minimum energy pathway between two first-order
saddle points.

14Note that for this analysis, you can readily swap statesA andB due to the principle of microscopic reversibility. See
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(a) Surface plot of the potential energy landscape of trilinear H3 . (b) Example of a saddle point.

Figure 4.5: The transition state of an elementary reaction step corresponds to a saddle point on the potential energy
surface. A saddle point is a point of a function where the derivatives in orthogonal directions are all zero (i.e. critical
point), but which is not a local extremum of the function. A first-order saddle point is a critical point which is a
maximum in one and only one direction and a minimum in all other directions.

such a rate is proportional to the number density of molecules residing in state A.

rate = kρA (4.69)

where k is termed the reaction rate constant and has the appropriate dimensions given the
elementary reaction step. In the derivation, we are going to use the following assumptions:

1. The transition state and initial state are in thermal equilibrium in such a way that we
can define an (number-density based) equilibrium constantK to describe the ratio of the
species between the two states.

2. The transition state has a particular “width” in the direction of the reaction coordinate and
species have a particular velocity at which they can cross this width.

3. Species that have passed the transition state from the initial state will immediately move
towards the final state.

Given these three assumptions, an elementary reaction step can be envisioned as the following
reaction sequence

RIS � RTS −−−→
irrev

P (4.70)

for which we can construct the following expression for the reaction rate constant k:

k = νK, (4.71)

where ν is a crossing frequency (in s−1) at which species at the transition state migrate to
the final state.15

One could object to the above assumption as although the above is true for a system in
equilibrium, we are looking for reaction rates, which are also valid out of equilibrium. How
can we be sure that the Equation 4.71 also holds when we study the transient behavior? From

page 19.
15It is unfortunate that the variable ν is also used for the stoichiometric coefficient, but we hope that from the context it

is always clear what ν represents.
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experiment though, it is found that rate constants do not change when the system approaches
equilibrium[6], therefore, we believe that Equation 4.71 holds, irrespective of whether our system
is in equilibrium or not.

Going back to our model system, for the elementary reaction step H2 +H → H +H2, the
number-density based equilibrium constantK can be defined as16

K =
ρ†

ρABρC
=

(q†/V )

(qAB/V )(qC/V )
, (4.72)

wherein q† corresponds to the molecular partition function in the transition state, qAB to
the molecular partition function of the AB complex (H2) and qC to the partition function of the
single H atom. All three molecular partition functions are defined with respect to the lowest
electronic ground state. If we extract the electronic partition functions from the total molecular
partition function, we obtain

K =
(q′†/V )

(q′AB/V )(q′C/V )

q
†
e

(qe,AB)(qe,C)
(4.73)

=
(q′†/V )

(q′AB/V )(q′C/V )
exp

(
−
∆Ea,elec

kBT

)
, (4.74)

where the prime in q′ indicates that we have omitted the electronic partition function from
the total molecular partition function and∆Ea,elec corresponds to the electronic activation energy
as given by

∆Ea,elec = E
†
elec +

reactants∑
i

νiEi,elec, (4.75)

whereE†
elec is the electronic energy of the complex in the transition state, νi the stoichiometric

coefficient17, i an iterator for the reactants and Ei,elec the electronic energy of reactant i. Note
that all electronic energies are defined with the zero of energy corresponding to all constituting
atoms infinitely far apart and at rest. Furthermore, note that the same holds for the vibrational

partition functions in Equation 4.74, thus they contain the zero point energy term exp
(
1
2

hν
kBT

)
as shown in Equation 3.115.

For the derivation of ν we wish to evaluate some characteristic time τ for the system to pass
through the transition state (and then set ν as the reciprocal value of the average τ ). Given a
width δ of the transition state and an average velocity v of the species, the time τ is given by

τ =
δ

v
. (4.76)

Thus, the reaction rate constant equation so far yields

k =
v

δ

(q′†/V )

(q′AB/V )(q′C/V )
exp

(
−
∆Ea,elec

kBT

)
. (4.77)

16Here, we use a number-density based equilibrium constant as defined in Equation 2.159 on page 103 as we wish to
obtain a rate in terms of the number of molecules converted per unit volume and per unit time. If another type of rate
expression is used, e.g. based on pressures, a different equilibrium constant can be used. Examples of these types of rates
are shown in the next chapter.

17Note that these are per definition negative for reactants
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Next, we extract the partition function corresponding to the reaction coordinate from the
total molecular partition function of the transition state. In this derivation, we model motion
along the reaction coordinate as a one-dimensional translation. This approximation treats the
transition-state complex as quasi-bound in all coordinates except the reaction coordinate, which
is free to move across the dividing surface. By combination of Equation 3.64 and the previous
equation we obtain

k =
v

δ

δ
√

2πmkBT

h

(q′′†/V )

(q′AB/V )(q′C/V )
exp

(
−
∆Ea,elec

kBT

)
. (4.78)

Note that we used an additional prime in q′′ to indicate that we have extracted one translational
degree of freedom from the partition function of the transition state. The average velocity v in
one dimension can be obtained in a similar fashion as shown for the Maxwell-Boltzmann speed
distribution in section 4.1.1, which yields

v =

∫∞
0 exp

(
−mv2

2kBT

)
vdv∫∞

0 exp
(
−mv2

2kBT

)
dv

(4.79)

=

√
2kBT

πm
. (4.80)

Plugging this equation into Equation 4.78, and noting the introduction of the “2” in the
denominator of the first term as only half of the crossings are from the IS to the FS, yields

k =

√
2kBT
πm

2δ

δ
√

2πmkBT

h

(q′′†/V )

(q′AB/V )(q′C/V )
exp

(
−
∆Ea,elec

kBT

)
. (4.81)

The above equation can be rewritten to

k+ =
kBT

h

(q‡/V )

(q′AB/V )(q′C/V )
exp

(
−
∆Ea,elec

kBT

)
. (4.82)

Herein, we have dropped the primes and introduced a ‡ to indicate that one partition function
is extracted from the total motional partition function for the transition state and added a + to
indicate that this reaction rate constant corresponds to the reaction in the (arbitrarily defined)
forward direction. Equation 4.82 is known as the Eyring equation or transition state theory equation.
For the reverse reaction, we would obtain

k− =
kBT

h

(q‡/V )

(qA/V )(qBC/V )
exp

−
(
∆Ea,elec −∆Er,elec

)
kBT

 , (4.83)

where ∆Er,elec corresponds to the electronic energy for the reaction as defined as

∆Er,elec =
∑
i

νiEi,elec. (4.84)



�
C

H
A

P
T

E
R

4
�

C
H

A
P

T
E

R
4

�
C

H
A

P
T

E
R

4
�

C
H

A
P

T
E

R
4

4.2 Transition state theory 185

Combining Equations 4.82 and 4.83 gives

K =
k+

k−
=

(qA/V )(qBC/V )

(qAB/V )(qC/V )
exp

(
−
∆Er,elec

kBT

)
, (4.85)

which is in agreement with Equation 2.159.18 Finally, Equations 4.82 and 4.83 pertain to
bimolecular reactions. The general expression for transition state theory becomes19

k =
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−
∆Ea,elec

kBT

)
. (4.86)

The above expression was derived for reactions in the gas phase, where the molecular
partition functions are expressed per unit volume. For reactions occurring on surfaces or within
condensed phases, the situation is different. In those cases, the reactive species are confined to
two (or fewer) spatial dimensions, and the partition functions are expressed per surface area or
per adsorption site rather than per volume. Consequently, no volume correction appears in the
expression for the surface reaction rate constant, and its dimensionality is typically s−1. The total
number of available adsorption sites or surface coverage then replaces the role of V in defining
the molecular densities. A detailed treatment of surface reactions is given in Section 5.5.

Furthermore, note that the term
∏

i(qi/V ) ensures that the dimensionality of the reaction
rate constant is always consistent with the type of reaction. For example, for a unimolecular
reaction, the term 1/V cancels out with the 1/V term in the numerator of Equation 4.86. Thus
we obtain a dimensionality of s−1 for the reaction rate constant for a unimolecular reaction.
Using the same line of thought, we can deduce that for a bimolecular reaction, the reaction rate
constant has a dimensionality of s−1 ·m3. Thus, transition state theory can be readily applied to
all kind of reaction events (including the very unlikely trimolecular reactions).

� Practice your understanding

Exercises 4.3, 4.4, 4.5 and 4.6

4.2.2 Comparison between transition state theory and collision theory

The fundamental difference between transition state theory and collision theory is that the
latter considers molecules to be rigid spheres and hence only the translational motion of these
rigid spheres is considered. Hence, the degrees of freedom due to rotation and vibration are
not considered in collision theory. Nevertheless, for a diatomic molecule with an internuclear
distance of σAB without any vibrational degrees of freedom, transition state theory should give
the same result as collision theory. IfmA andmB are the masses of the two reactant molecules,
the moment of inertia I is

I = σ2
AB

mAmB

mA +mB

(4.87)

18Note that the exponential term in Equation 4.85 corresponds to the quotient of the electronic partition functions.
19It is important to note that the way the rate was defined influences the form of the reaction rate constant. In the

derivation used in this chapter, the rate was defined as a function of the reaction rate constant and the number-densities of
the reactants. If the rate is defined, for instance, as a function of the reaction rate constant and pressures, the expression
will differ as a different equilibrium constant between initial and transition state has to be used. In the next chapter, we will
showcase a number of situations wherein the rate constant is calculated in different constructions of the rate expression.
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and thus k can be written using expression 4.82 as

k =
kBT

h

(q‡/V )

(q′A/V )(q′B/V )
exp

(
−∆Ea,elec

kBT

)
(4.88)

=
kBT

h

q
3D
trans/V q

2D
rot

q
3D
trans/V q

3D
trans/V

exp

(
−∆Ea,elec

kBT

)
(4.89)

=
kBT

h

(2π(m
A
+m

B
)kBT )3/2

h3

8π2σ2

AB

m
A

m
B

m
A

+m
B

kBT

h2

(2πm
A
kBT )3/2

h3

(2πm
B
kBT )3/2

h3

exp

(
−∆Ea,elec

kBT

)
(4.90)

=

(
8πkBT

mA +mB

mAmB

)1/2

σ2
AB

exp

(
−∆Ea,elec

kBT

)
(4.91)

=

(
8πkBT

µ

)1/2

σ2
AB

exp

(
−

∆E

kBT

)
(4.92)

The above formula is equal to Equation 4.60 when multiplied by the number density of A
and B ρA · ρB , showing that both theories provide the same rate expression.

4.2.3 Fundamental objection against collision theory

Despite the fact that collision theory and transition state theory give the same results when the
underlying assumption of collision theory is applied to the choice of the partition functions
within transition state theory, collision theory is in conflict with thermodynamics because it
neglects vibrational and rotational degrees of freedom. This becomes immediately apparent if
we derive the equilibrium constant from collision theory

K =
k+

k−
(4.93)

=

(
8πkBT
µAB

)1/2
σ2
AB

exp
(−∆Eact,f

kBT

)
(
8πkBT
µCD

)1/2
σ2CD exp

(−∆Eact,b
kBT

) (4.94)

=
σ2
AB

σ2CD

√
µCD

µAB
exp

(
−∆H
kBT

)
. (4.95)

The above formula correctly describes the relation betweenK and the enthalpy of the reaction,
yet such an expression is only valid at 0K or in the case when there is no entropy change. In
principle, this discrepancy could be resolved by introduction of a steric factor P in collision
theory, however such an introduction would result in a loss of the fundamental understanding.

4.2.4 Motivation from sequence of successful collisions

In section 4.1.4, it was shown that molecules undergoing chemical reactions are activated by
collisions. From transition state theory, it follows that, by assuming thermal equilibrium between
the initial and transition state, the reaction rate depends exponentially on∆Eact/kBT . Transition
state theory does not explicitly account for molecular collisions; however, thermal equilibrium
can only be established if some form of interaction between molecules exists. Without collisions,
there would be no mechanism for energy transfer.

An elegant heuristic argument showing how collisions can give rise to the exponential form
of the reaction rate was provided by Hinshelwood in his seminal work The Kinetics of Chemical
Change.[10, 11] The idea is as follows. In each collision, a molecule may either gain or lose energy.
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4.2 Transition state theory 187

To reach the minimum energy required to react, a molecule must experience a sequence of
“favorable” collisions, i.e. those that increase its energy, until its energy exceeds the activation
energy ∆Ea, which is typically much larger than the average thermal energy.

Let the probability that a favorable run is terminated (i.e., that the next collision is unfavorable)
be

Pfail =
1

X
, (4.96)

so that the probability of continuing the favorable sequence is

Pcontinue = 1−
1

X
. (4.97)

The probability that a favorable run persists for x successive collisions is then

Prun,continue(x) =

(
1−

1

X

)x

=

[(
1−

1

X

)X
]x/X

. (4.98)

In the limit of many collisions, where X →∞ while x/X remains finite, we recover

lim
X→∞

Prun,continue(x) = exp

(
−
x

X

)
. (4.99)

Thus, the probability that a molecule successfully undergoes x favorable collisions before an
unfavorable one decays exponentially with the ratio x/X.

In this analogy, x represents the number of successive energy-increasing collisions required
for a molecule to reach the transition state and is therefore proportional to the activation energy
∆Ea. The quantity X corresponds to the average number of collisions occurring before an
unfavorable one and increases with temperature T . The ratio x/X can therefore be associated
with ∆Ea/kBT , leading to an exponential dependence of the reaction probability on this ratio.

This argument should not be regarded as a rigorous derivation of the Arrhenius form, but
rather as an illustrative analogy. It demonstrates that an exponential dependence naturally arises
when the probability of completing a long sequence of favorable events is considered.20

4.2.5 Comparison with the Arrhenius equation

The Arrhenius equation is an empirical relationship between the rate constant of a chemical
reaction and the absolute temperature as given by

k = ν exp

(
−
∆Eact

RT

)
, (4.100)

wherein the pre-exponential factor ν and the activation energy ∆Eact are determined by
experimental means. The Arrhenius equation works remarkable well and as such it is interesting
how it compares to the Eyring equation.

Given a hypothetical gas-phase reaction

A+ B→ C, (4.101)

20Hinshelwood explicitly emphasizes the heuristic nature of this reasoning—indeed, twice— in his book, as noted in
reference [10].
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the reaction rate constant as established from transition theory is given by21

k =
kBT

h

q
†
trans,3dq

†
rot,3dq

‡
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib
× · · ·

· · · exp
(
−∆Eact,elec+zpe

kBT

)(
V

kBT

)
(4.102)

wherein ∆Eact,zpe is the ZPE-corrected activation energy and for simplicity we assume the
vibrational modes (where the ZPE contribution has been peeled of ) to be equal to 1.

The activation energy from purely theoretical grounds can be calculated using (observe the
similarity with the apparent activation energy)

∆Eact = kBT
∂ ln k

∂T
(4.103)

which yields for Equation 4.102

∆Eact = kBT
2 ∂ ln k

∂T
(4.104)

= Eact,elec+zpe + kBT

(
1 +

[
3

2
+

3

2

]
−
[
3

2
+

3

2
+

3

2
+

3

2

]
− 1

)
(4.105)

= Eact,elec+zpe − 3kBT (4.106)

where the first term within the square brackets corresponds to the derivative of the molecular
partition functions for the transition state and the second term between the square brackets
those terms for the initial state. Note that the value of 3kBT is the result of the following three
set of terms

1. The prefactor kBT
h

2. The difference in translational and rotational degrees of freedom between initial and
transition state.

3. The factor
(

V
kBT

)
that compensates for the difference in the number of gas phase species.

Considering the second item, each degree of freedom contributes a factor of 1
2kBT . The

initial state has in total 6 translational and 6 rotational degrees of freedom whereas the transition
state only has 3 of each. Consequently, there is a difference of 6 degrees of freedom giving a
value of −3kBT . Because the contribution due to the first item and the third item cancel out, we
obtain a “correction term” of −3kBT .

Since the Arrhenius equation and the Eyring equation aim to model the same chemical
process, both equations should yield the same value for k such that

keyring = karrhenius. (4.107)

And thus

21The full derivation and the assumption that go into this is shown in the next chapter, but is not relevant for the point I
want to make here.
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ν exp

(
−
∆Eact

RT

)
=
kBT

h

q
†
trans,3dq

†
rot,3dq

‡
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib
× · · ·

· · · exp
(
−∆Eact,elec+zpe

kBT

)(
V

kBT

)
(4.108)

We can establish the value for ν in the Arrhenius equation by substituting ∆Eact for the
value found in Equation 4.106 which yields after some algebra22

ν =
kBT

h

q†trans,3dq
†
rot,3dq

‡
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib

(
V

kBT

)
exp(3). (4.109)

Conclusively, it should come as to no surprise that the Arrhenius equation works so well. It
only differs from the Eyring equation by a small compensating factor equal to the difference in
degrees of freedom and species between the initial and transition state.

� Practice your understanding

Exercise 4.7

� Challenges

Exercises 4.8 and 4.9

22Also see the Transition State Theory Exam Exercises 1 and 4.
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4.3 Exercises

The answers to the exercises can be found at the end of this Chapter on page 196. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 4.1 � � �

a) Calculate the average speed of an N2 molecule at room temperature (T = 298K). Make use
of the Maxwell-Boltzmann speed distribution as given in Equation 4.17 on page 172. Feel free to
directly use Equation B.27 on page 278 to solve the integral.

b) At which temperature is the average speed of N2 equal to that of He at T = 298K?

c) Calculate the average translational energy of 1 mol of N2 at 100, 298 and 1000 K. Feel free to
directly use Equation B.26 on page 278 to solve the integral.

� EXERCISE 4.2 � �

Given a mixture of N2 and H2 in a 1:3 ratio at 1.00 bar and T = 298K.

a) Calculate the number of molecules N2 and H2 in 1 m3 of this mixture.

b) The collision diameter of H2 is 0.289 nm and the collision diameter of N2 is 0.364 nm. How
many collisions are there per second between the H2 molecules?

c) How many collisions are there between the N2 molecules?

d) How many collisions are there between N2 and H2 molecules?

e) What is the total number of collisions in 1 m3 of this mixture?

� EXERCISE 4.3 �

a) Provide the general equation for the reaction of a molecule R via the transition state R# to a
product P according to transition state theory. Indicate in detail in which direction the reaction
steps are allowed to proceed and provide a rate expression in terms of the relevant reaction
constant and equilibrium constant. Draw an energy diagram which clearly shows the energy
levels of R, R# and P , as well as the barrier energy ∆E.

b) Give the general expression for the reaction rate constant according to transition state theory
in terms of the partition functions (no explicit expressions are required here) and ∆E.

c) What is the essential difference between transition state theory and collision theory?
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� EXERCISE 4.4 � � � � �

Consider the gas phase isomerization of cyclopropane to propylene. We are going to calculate
the reaction rate constant according to transition state theory.

a) How many degrees of freedom does cyclopropane have in total?

b) How many translational, rotational, and vibrational degrees of freedom does cyclopropane
have?

c) How many translational, rotational, and vibrational degrees of freedom does the complex in
the transition state between cyclopropane and propylene have?

d) Construct the expression for the rate constant according to transition state theory.

e) Calculate the activation energy according to the Arrhenius equation.

f ) Assume that Θi � T , where Θi =
hν
kB

. How can you simplify your answer of the previous
question?

g) Provide an interpretation of the previous two answers in the context of transition state theory.

� EXERCISE 4.5 � � � � � �

In the field of astrochemistry, the chemical processes in interstellar dust clouds are being
studied. A particular type of regime indicated as the Cold Neutral Medium (CNM) exhibits an
ambient temperature of about 50-100 K. Under these conditions, the subtle interplay between the
electronic activation energy and the number of accessible configurations in the transition state
can play an important role in determining the dominant kinetic route in reaction mechanisms
between chemical species. In this exercise, we will explore a hypothetical situation wherein a
reactant A can isomerize to a product B via two different (parallel) pathways. The first pathway
has a lower activation energy than the second, but the second pathway has two rotational degrees
of freedom in the transition state, allowing for more accessible configurations. In other words,
whereas the first pathway is favored in terms of energy, the second pathway is favored in terms
of entropy.
Assume an irreversible isomerization reaction

A→ B, (4.110)

that can proceed via two parallel pathways which each have a single transition state between
A and B denoted as TS1 and TS2.

The properties of TS1 are

• Zero point energy corrected activation energy ∆E(1)
act,e+zpe

• 3N − 1 (real) vibrational degrees of freedom

• A single imaginary vibration in the direction of the reaction coordinate

and the properties of TS2 are
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• Zero point energy corrected activation energy ∆E(2)
act,e+zpe

• 2 rotational degrees of freedom with the same rotational temperature Θ

• 3N − 3 (real) vibrational degrees of freedom

• A single imaginary vibration in the direction of the reaction coordinate

Assume that

• ∆E
(1)
act,e+zpe > ∆E

(2)
act,e+zpe

•
(
1− exp

(
− hν

kbT

))−1

≈ 1

• The zero point corrected activation energies are given in J/mol (i.e. use R instead of a kB)

• The initial state only has vibrational degrees of freedom

(a) Construct the rate expression for both pathways. Assume that each of the rotational
partition functions can be modeled using

qrot =

√
T

Θ
. (4.111)

(b) Construct the transcendental expression at which the rate for both pathways is the same.23

(c) Express the transcendental equation in the form

exp

(
−
∆Ediff
RT

)
= f (Θ, T ) , (4.112)

where∆Ediff is the difference between the zero point energy corrected activation energies
for the first and second pathways as given by

∆Ediff = ∆E
(1)
act,e+zpe −∆E

(2)
act,e+zpe. (4.113)

Produce an explicit expression Te = f(R,Θ,∆Ediff) for the equivalence temperature Te
by performing a Taylor expansion on the exponential term and cutting this expansion off
after the linear term.

(d) Provide a limiting condition with respect to Θ, R and ∆Ediff for which a temperature Te
exists.

(e) Derive the cubic equation that results from a second order expansion of the exponent.

(f ) Make a plot of T/Θ versus the first and second order expansions of the exponential term
and the exponential term itself. Use the following values: Θ=150K and∆Ediff = 0.3 kJ/mol.
Highlight where the lines intersect. How well do the first and second order expansions of
the exponential term compare to the exponential term?

(g) Calculate the value for Te using the first and second order expansions of the exponential
term and compare this to the exact result. How much do the first and second order
solutions differ from each other and how do they compare to the exact solution?24,25

23A transcendental equation is an equation containing a transcendental function of the variable(s) being solved for. Such
equations often do not have closed-form solutions.

24Note that your graphical calculator or any modern spreadsheet program have root finding functions by which you can
establish the solution to the transcendental equation.

25If you want to establish the solution for the cubic equation analytically, have a look at Equation B.60 at page 282.
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(h) Produce a graph of the rates of conversion via pathways 1 and 2 versus the temperature.
Show that these rates are equal at the equivalence temperature Te as calculated in the
previous subquestion. Produce a secondary graph wherein the ratio k2/k1 is shown and
show that this ratio equals 1 at the equivalence temperature Te. Provide an interpretation
of your results wherein you elaborate on the subtle interplay between energy and entropy
with respect to the reaction rates.

� EXERCISE 4.6 � � �

a) Derive an expression for the rate constant of O2 dissociation into two oxygen fragments in
the gas phase according to transition state theory. Provide explicit expressions for all relevant
partition functions. Clearly convey what assumptions you use and relate the partition functions
to the motional degrees of freedom of the system in the initial and transition state.

b) Rewrite your expression in the form of the Arrhenius equation and give the activation energy
and the pre-exponential factor according to the Arrhenius equation.

In your derivation, you will encounter the following term:

hν exp
(
− hν

kBT

)
(
1− exp

(
− hν

kBT

)) (4.114)

Apply a Taylor expansion to this term, truncating it before the quadratic term, to simplify the
resulting expression.

� EXERCISE 4.7 � � � �

In this exercise, we are going to derive the force constants for the linear H3 system. For
your convenience, we have constructed a matrix plot (see Figure 4.6 wherein the values of the
potential energy as function of the A-B and B-C distances are shown. This graph uses the same
values as those that were used to construct Figure 4.4. All values are given in kJ/mol.

a) Highlight the cells that correspond to the minimum energy pathway that connects the two
cells which have a value of 0.0 for the potential energy. The cells wherein the potential energy is
zero can be found at positions (2,13) and (13,2).

b) Identify the cell that corresponds to the transition state. What is the value of the potential
energy in this cell?

c) Calculate the force constant

k =
∂2V

∂x2
(4.115)
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 Å

58.97 45.75 35.54 27.65 21.51 16.70 12.89 9.82 7.31 5.20 3.39 1.79 0.36

45.75 33.91 25.06 18.47 13.59 9.98 7.30 5.30 3.77 2.57 1.59 0.75 0.00

35.54 25.06 17.53 12.24 8.62 6.22 4.69 3.77 3.25 2.99 2.88 2.83 2.80

27.65 18.47 12.24 8.23 5.86 4.67 4.29 4.47 4.99 5.69 6.48 7.25 7.98

21.51 13.59 8.62 5.86 4.71 4.72 5.50 6.79 8.36 10.06 11.76 13.40 14.90

16.70 9.98 6.22 4.67 4.72 5.90 7.83 10.23 12.86 15.57 18.23 20.74 23.07

12.89 7.30 4.69 4.29 5.50 7.83 10.89 14.39 18.09 21.82 25.45 28.87 32.04

9.82 5.30 3.77 4.47 6.79 10.23 14.39 18.98 23.74 28.49 33.09 37.44 41.48

7.31 3.77 3.25 4.99 8.36 12.86 18.09 23.74 29.54 35.31 40.89 46.18 51.11

5.20 2.57 2.99 5.69 10.06 15.57 21.82 28.49 35.31 42.08 48.64 54.87 60.69

3.39 1.59 2.88 6.48 11.76 18.23 25.45 33.09 40.89 48.64 56.16 63.33 70.06

1.79 0.75 2.83 7.25 13.40 20.74 28.87 37.44 46.18 54.87 63.33 71.42 79.05

0.36 0.00 2.80 7.98 14.90 23.07 32.04 41.48 51.11 60.69 70.06 79.05 87.56

Figure 4.6: Matrix plot around the transition state of the elementary reaction of proton shuffling in linear H3. The
data corresponds to the same dataset as used in the potential energy surface as shown in Figure 4.4. All values are
given in kJ/mol.

in the direction of the reaction coordinate and the force constant in the direction perpendicular
to the reaction coordinate. Use the following numerical approximation to calculate these force
constants.

k ≈
V
(
~r0 − ~h

)
− 2V (~r0) + V

(
~r0 + ~h

)
||~h||2

, (4.116)

where ~r0 is the position of the transition state and ||~h|| the Euclidean distance (vector norm)
between two diagonally adjacent cells. Note that the length of an edge of a cell is 0.0385 Å.

d) Calculate the angular frequencies by ω =
√

k
m . Use the rest mass of a H atom as the value

for the massm. What property does the frequency in the direction of the reaction coordinate
have?

e) Based on your frequency analysis for a two-dimensional potential energy surface, propose a
definition for a transition state on a multi-dimensional potential energy surface. Hint: What are
the properties of a stable point on a potential energy surface to be a transition state?
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� EXERCISE 4.8 � � � � �

a) How does the vibrational frequency of a chemical bond relate to the strength of that chemical
bond?

b) Would the frequency corresponding to a vibration in the direction of the reaction coordinate
in the transition state be strong or weak? Relate your answer to the strength of a (to be formed /
broken) bond in the transition state.

c) Assume that k = νcrossingK, where k is the rate constant according to transition state theory,
νcrossing is the frequency factor relating to crossing the transition state andK is the equilibrium
constant between the initial state and the transition state. We are going to derive the frequency
factor νcrossing using a different assumption.

Assume that νcrossing corresponds to the vibrational frequency in the direction of the reaction
coordinate (note that the frequency factor νcrossing and the vibrational frequency ν have the
same dimensions!). Write down the expression for K in terms of the partition functions and
separate the partition functions corresponding to motions that are perpendicular to the reaction
coordinate from the single partition function corresponding to a motion in the direction of the
reaction coordinate. Assume that the motion in the direction of the reaction coordinate is a loose
vibration. Show that the answer is:

K =
1

1− exp
(
− hν

kbT

) · ∏i qi∏
j qj

exp

(
−
Eact,zpe

kbT

)
(4.117)

where qi are the partition functions in the transition state, qj the partition functions in the initial
state and Eact,zpe the electronic activation energy including zero-point energy correction.

d) Assume that the frequency in the direction of the reaction coordinate is weak and that
hν
kbT

� 1. Use a Taylor series (see Appendix section B.4) that is terminated after the linear term
in x to rewrite the expression for the partition function of the loose vibration. Show that the
answer is:

kbT

hν
(4.118)

e) Plug the results you have obtained forK in the expression for k and assume that νcrossing = ν.
Show that you get the correct expression for the rate constant in transition state theory. Explain
the difference between this derivation of the rate constant in transition state theory and the
derivation earlier in the chapter. What is the similarity between a loose vibration and a translation?
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196 Chapter 4. Transition state theory

� EXERCISE 4.9 � � � � �

In this exercise, we will be comparing the rate constants k as calculated by collision theory
with experimental results for the union of H2 and I2 and the dissociation of HI. The experimental
results are taken from the seminal paper of Bodenstein, written in 1899.[12] His results have
been compared earlier using kinetic gas theory by Lewis in 1918[13] and we will use the cross
section σ which was used in the latter work.

The elementary reaction step is given by

H2 + I2 � 2HI. (4.119)

Express all reaction rates in mol / m3 / s. Assume that the total concentration of the gas
phase species is 1000 moles / m3.

Table 4.1: Reaction rate constants k for the union of H2 and I2. Values taken from references [12] and [13].

T [K] 556 629 666 700 781
k [mol/m3/s] 4.44 · 10−5 2.25 · 10−3 1.42 · 10−2 6.42 · 10−2 1.34 · 100

Table 4.2: Reaction rate constants k for the dissociation of HI. Values taken from references [12] and [13].

T [K] 556 629 666 700 781
k [mol/m3/s] 1.76 · 10−7 1.51 · 10−5 1.10 · 10−4 5.79 · 10−4 1.98 · 10−4

a) Provide an expression for the reaction rate constant for the forward reaction (Equation 4.119)
using collision theory. Calculate the reaction rate constant as a function of temperature between
T = 550 K and T = 800K. Use a value of σH2,I2 = 2Å and an activation energy of 168 kJ/mol.

b) Provide an expression for the reaction rate constant for the backward reaction (Equation 4.119)
using collision theory. Calculate the reaction rate constant as a function of temperature between
T = 550 K and T = 800K. Use a value of σ = 2Å and an activation energy of 180 kJ/mol.

c) Compare your results with the results obtained from Bodenstein as provided in Tables 4.1
and 4.2 by plotting them in a graph. Use a logarithmic axis for the reaction rate constant k.

4.4 Solutions

The solutions below pertain to the exercises of Chapter 4 on page 190 and further.

� SOLUTION 4.1

a) The Maxwell-Boltzmann distribution expresses the partial fraction of a set of species given
their speed and is given by the following expression

f = 4π

(
m

2πkBT

)3/2

c2 exp

(
−mc2

2kBT

)
(4.120)
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To calculate the average speed of an ensemble, you simply have to multiply the Maxwell-
Boltzmann distribution with the speed c and integrate over all possible velocities

c̄ =

∫ ∞

0
4π

(
m

2πkBT

)3/2

c2 exp

(
−mc2

2kBT

)
c dc (4.121)

= 4π

(
m

2πkBT

)3/2 ∫ ∞

0
v3 exp

(
−mc2

2kBT

)
dc (4.122)

= 4π

(
m

2πkBT

)3/2
1

2

(
2kBT

m

)2

(4.123)

=

(
8kBT

πm

)1/2

(4.124)

Note that in the above formula, the massm is the mass for a single particle. If you want to use
the molecular mass in kg/mol, you have to substitute the Boltzmann constant kB for the gas
constant R. Furthermore, to solve the improper integral, we have used the standard integral as
defined below. Alternatively, you can use the method of integration by parts.

∫ ∞

0
x2n+1 exp

(
−
x2

a2

)
dx =

n!

2
a2n+2 (4.125)

Calculating the average speed for a set of N2 molecules at room temperature gives

c̄ =

(
8RT

πM

)1/2

(4.126)

=

(
8 · 8.3145 J mol−1 K−1 · 298K

π 28 · 10−3kg ·mol−1

)1/2

(4.127)

= 475 m · s−1 (4.128)

Note that you can remember as a rule of thumb that the speed of sound is roughly 70% of the
average speed of the molecules the medium is made of.

b)

c̄N2
/c̄He = 1 =

(
8kBT1
πmN2

)1/2

(
8kBT2
πmHe

)1/2 (4.129)

Rearranging yields

T1 = T2 ·
mN2

mHe
= 2090K (4.130)
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198 Chapter 4. Transition state theory

c) In a similar manner as in a, we can find the translational energy by integrating the following
expression

ε̄t =

∫ ∞

0
4π

(
m

2πkBT

)3/2

c2 exp

(
−mc2

2kBT

)
1

2
mc2dc (4.131)

= 2mπ

(
m

2πkBT

)3/2 ∫ ∞

0
c4 exp

(
−mc2

2kBT

)
dc (4.132)

= 2mπ

(
m

2πkBT

)3/2

·
√
π · 12 ·

(
kBT

2m

)5/2

(4.133)

=
3

2
kBT (4.134)

Note that in the above expression, εt is the average translational energy per particle, not per mole
of particles. To get the average energy per mole, we need to substitute kB for R. Furthermore, to
solve the improper integral, we have used the standard integral as defined below (this one differs
from the one proposed above!). Alternatively, you can use the method of integration by parts.

∫ ∞

0
x2n exp−x2/a2

dx =
√
π
(2n)!

n!

(
a

2

)2n+1

(4.135)

Plugging in the values for 1 mol of N2 at 100, 298 and 1000 K yields

ε̄t(T = 100 K) = 1.247 kJ ·mol−1 (4.136)

ε̄t(T = 298 K) = 3.71 kJ ·mol−1 (4.137)

ε̄t(T = 1000 K) = 12.47 kJ ·mol−1 (4.138)

� SOLUTION 4.2

a) Using the ideal gas law, we can write for the particle density

ρ =
n

V
=

P

kBT
(4.139)

Plugging in the numbers yields

ρ =
P

kBT
=

1 · 105 Pa

1.3806488 · 10−23 J · K−1 · 298.15K
(4.140)

= 2.43 · 1025 particles ·m−3 (4.141)

Because the partial pressure of N2 is
1
4 of the total pressure and the partial pressure of H2 is

3
4

of the partial pressure, their respective number densities are
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ρN2
=

1

4
· 2.43 · 1025 = 6.157 · 1024 particles ·m−3 (4.142)

ρH2
=

3

4
· 2.43 · 1025 = 1.847 · 1025 particles ·m−3 (4.143)

b) The collision density is given by Equation 4.48 on 176:

Z = 2

(
πkBT

m

)1/2

σ2ρ2 = 2

(
πRT

M

)1/2

σ2ρ2. (4.144)

Note that in the above formula, σ is the collision radius as given by

σ =
dH2

+ dH2

2
= dH2

. (4.145)

Plugging in the values yields

Z(H2,H2) (4.146)

= 2

(
π · 8.3145 · 298 K

2 · 10−3 kg ·mol−1

)1/2

·
(
2.89 · 10−10 m

)2
·
(
1.847 · 1025 particles ·m−3

)2
(4.147)

= 1.124 · 1035 collision ·m−3s−1 (4.148)

Note that due to the large difference in the smallest and largest numbers (10−23 and 1025), some
calculators have numerical problems (that do not raise an error...) resulting in wrongly calculated
numbers.

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=2+*+
%28pi+*+8.3145+*+298+%2F+%282e-3%29%29%5E0.5+*+
%282.89e-10%29%5E2+*%281.847e25%29%5E2

c) Similar to the above results, we can calculate for the collision between N2 and N2

Z(N2,N2) (4.149)

= 2

(
π · 8.3145 · 298 K

28 · 10−3 kg ·mol−1

)1/2

·
(
3.64 · 10−10 m

)2
·
(
6.157 · 1024 particles ·m−3

)2
(4.150)

= 5.297 · 1033 collision ·m−3s−1 (4.151)

https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%282e-3%29%29%5E0.5+*+%282.89e-10%29%5E2+*%281.847e25%29%5E2
https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%282e-3%29%29%5E0.5+*+%282.89e-10%29%5E2+*%281.847e25%29%5E2
https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%282e-3%29%29%5E0.5+*+%282.89e-10%29%5E2+*%281.847e25%29%5E2
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200 Chapter 4. Transition state theory

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=2+*+
%28pi+*+8.3145+*+298+%2F+%2828e-3%29%29%5E0.5+*+
%283.64e-10%29%5E2+*%286.157e24%29%5E2

d) We can calculate the number of collisions between N2 and H2 by plugging in the effective
radius

σAB =
dN2

+ dH2

2
=

(2.89 + 3.64) · 10−10

2
= 3.265 · 10−10 m (4.152)

from which we find

Z(N2,H2) =

(
8πkBT

µ

)1/2

σ2ABρAρB (4.153)

=

(
8 · π · 8.3145 · 298 K

1.86 · 10−3 kg ·mol−1

)1/2

·
(
(2.89 + 3.64) · 10−10

2
m

)2

·(
1.847 · 1025 particles ·m−3

)
·
(
6.157 · 1024 particles ·m−3

)
(4.154)

= 7.014 · 1034 collision ·m−3s−1 (4.155)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input?i=%288+*+
pi+*+8.3145+*+298+%2F+%281.86e-3%29%29%5E0.5+
*+%28%282.89+%2B+3.64%29*1e-10+%2F+2%29%5E2+*1.
847e25+*+6.157e24

� Note that we directly obtain the total number of collisions between hydrogen and nitrogen
by evaluating the above expression. Swapping hydrogen and nitrogen in the above formula
gives exactly the same number. Since a collision of hydrogen with nitrogen is also a collision of
nitrogen with hydrogen, we only have to evaluate Equation 4.153 once. This principle relates to
the motivation why a factor of 1

2 was introduced in Equation 4.45 on 176.

e) The number of collision is just the sum of all possible sets of collisions yielding

Ztotal = 1.124 · 1035 + 5.297 · 1033 + 7.014 · 1034 (4.156)

= 1.878 · 1035 collision ·m−3s−1 (4.157)

https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%2828e-3%29%29%5E0.5+*+%283.64e-10%29%5E2+*%286.157e24%29%5E2
https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%2828e-3%29%29%5E0.5+*+%283.64e-10%29%5E2+*%286.157e24%29%5E2
https://www.wolframalpha.com/input/?i=2+*+%28pi+*+8.3145+*+298+%2F+%2828e-3%29%29%5E0.5+*+%283.64e-10%29%5E2+*%286.157e24%29%5E2
https://www.wolframalpha.com/input?i=%288+*+pi+*+8.3145+*+298+%2F+%281.86e-3%29%29%5E0.5+*+%28%282.89+%2B+3.64%29*1e-10+%2F+2%29%5E2+*1.847e25+*+6.157e24
https://www.wolframalpha.com/input?i=%288+*+pi+*+8.3145+*+298+%2F+%281.86e-3%29%29%5E0.5+*+%28%282.89+%2B+3.64%29*1e-10+%2F+2%29%5E2+*1.847e25+*+6.157e24
https://www.wolframalpha.com/input?i=%288+*+pi+*+8.3145+*+298+%2F+%281.86e-3%29%29%5E0.5+*+%28%282.89+%2B+3.64%29*1e-10+%2F+2%29%5E2+*1.847e25+*+6.157e24
https://www.wolframalpha.com/input?i=%288+*+pi+*+8.3145+*+298+%2F+%281.86e-3%29%29%5E0.5+*+%28%282.89+%2B+3.64%29*1e-10+%2F+2%29%5E2+*1.847e25+*+6.157e24
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� SOLUTION 4.3

R

R#

P

∆ER

∆Eact

a) The general reaction equation being used is

R
k+
1↼−−−−⇁

k−
1

R# −−→
k2

P (4.158)

This gives the following rate expression

r = k2K1[R] (4.159)

b) The general expression is

k =
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−
∆Ea,elec

kBT

)
(4.160)

Note that in the above expression, q‡ denotes the total partition function of the transition state
without the partition function corresponding to the imaginary frequency.

c) Transition State theory takes all degrees of freedom (rotational, translational as well as vi-
brational) into account and not just the translational degrees of freedom in collision theory
(rendering the latter theory inconsistent with thermodynamics).

� SOLUTION 4.4

a) The chemical formula of cyclopropane is C3H6. It thus has nine atoms, giving n = 3N = 27

degrees of freedom.

b) Cyclopropane is a non-linear polyatomic molecule (in the gas phase), thus we have to apply
nv = 27− 6 = 21 for the number of vibrational degrees of freedom. Cyclopropane can move in
three directions and we can identify three rotational axes, hence cyclopropane has 3 translational
and 3 rotational degrees of freedom.
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202 Chapter 4. Transition state theory

c) The complex in the transition state is still a single gas phase species, so the same rules as
above apply with the exception that one of the vibrational modes now corresponds to an imaginary
frequency. Thus we 3 translational, 3 rotational, and 21 vibrational degrees of which one has
an imaginary frequency. The total number of degrees of freedom remains the same and is
n = 3N = 27.

d) The general expression is given in Equation 4.86 on page 185. Using the information above,
we can readily construct an expression for the rate constant:

k =
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−
∆Ea,e

kBT

)
(4.161)

=
kBT

h

(
q
‡
vib

)(20)
q
‡
rot,3Dq

‡
trans,3D(

qvib
)(21)

qrot,3Dqtrans,3D

exp

(
−∆Ea,e

kBT

)
, (4.162)

where the ‡ symbol indicates the partition function of the transition state complex and q(n)

is short-hand notation for
∏n

i=1 qi. Note that as the activation energy is given with respect to
the electronic ground state, the vibrational partition functions are also set with respect to the
electronic ground state and thus correspond to Equation 3.115 on page 150.

e) Arrhenius theory is an empirical theory which states that

∆Earrhenius
act = kBT

2 ∂ ln k

∂T
. (4.163)

Evaluating the above expression yields
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= kBT
2 ∂

∂T
ln


kBT

h

(
q
‡
vib

)(20)
q
‡
rot,3Dq

‡
trans,3D(

qvib
)(21)

qrot,3Dqtrans,3D

exp

(
−∆Ea,e

kBT

) (4.164)

= kBT
2 ∂

∂T

ln (T ) + ln


(
q
‡
vib

)(20)
(
qvib
)(21)

+ ln

 q
‡
rot,3Dq

‡
trans,3D

qrot,3Dqtrans,3D


+∆Ea,e (4.165)

= kBT
2 ∂

∂T

ln (T ) + ln


(
q
‡
vib

)(20)
(
qvib
)(21)

+ ln

(
T6/2

T6/2

)+∆Ea,e (4.166)

= kBT
2 ∂

∂T


ln (T ) + ln


∏20

i exp

(
− hν‡

i
2kBT

)
∏21

i exp
(
− hνi

2kBT

)
+ ln


∏21

i

(
1− exp

(
− hνi

kBT

))
∏20

i

1− exp

(
− hν‡

i
kBT

)




+∆Ea,e

(4.167)

= kBT
2 ∂

∂T


ln (T ) + ln


∏21

i

(
1− exp

(
− hνi

kBT

))
∏20

i

1− exp

(
− hν‡

i
kBT

)




+∆Ea,e+zpe (4.168)

= kBT
2


1

T
+

20∑
i

hν
‡
i

kBT2

exp

+
hν

‡
i

kBT

− 1


−1

−
21∑
i

hνi
kBT2

exp

(
+
hνi
kBT

)
− 1

−1
+∆Ea,e+zpe

(4.169)

= ∆Ea,e+zpe + kBT +
20∑
i

hν
‡
i

exp

+
hν

‡
i

kBT

− 1


−1

−
21∑
i

hνi

exp

(
+
hνi
kBT

)
− 1

−1

(4.170)

where ∆Ea,e+zpe corresponds to the zero point energy corrected activation energy as given by

∆Ea,e+zpe = ∆Ea,e +
∑
i

ε
‡
zpe,i −

∑
i

εzpe,i, (4.171)

where

εzpe =
hν

2
. (4.172)

Note that in the above equation, the T -dependency of the translational and rotational partition
functions cancel out. This is not because they are the same, but because their T -dependency is
the same (which is what we probe with the apparent activation energy).
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204 Chapter 4. Transition state theory

f ) Θi � T is the same as stating that qvib ≈ 1. Thus all the terms that depend on the vibrational
partition function can be discarded, yielding

∆Earrhenius
act = ∆Ea,e+zpe + kBT (4.173)

g) The activation energy of a reaction corresponds to the difference in energy between the
transition state and initial state. As a function of temperature, more and more vibrational energy
levels get excited, increasing the energy of the initial or transition state. From the equation,
we can observe that the total activation energy is the sum of the electronic activation energy,
corrected for the zero-point energies (because these correspond to the lowest occupied vibrational
states) and a term corresponding to the average vibrational energy with respect to the lowest
vibrational state.

Under typical conditions, the separation in energy between the vibrational energy levels is
so high that under terrestrial conditions only the vibrational ground state is occupied. This
means, that the term in the exponent is relatively big. Since we are taking the reciprocal of
this term, we are multiplying hνi by a very small number and thus we can often neglect the

hνi

exp

(
+

hν‡
i

kBT

)
− 1

−1

terms in the equation.26

� SOLUTION 4.5

a) Starting at the generalized expression for the Eyring equation and plugging in the partition
functions corresponding to the IS and TS for pathway 1 (using shorthand notation), we find

k1 =
kBT

h

Q‡

Q
exp

−∆E
(1)
act,e

kBT

 (4.174)

=
kBT

h

q
(3N−1)
v

q
(3N)
v

exp

−∆E
(1)
act,e

kBT

 (4.175)

We can readily migrate the ZPE component of the vibrational partition function

qv =

1− exp

(
−

hν

kBT

)−1

exp

(
−

hν

2kBT

)
︸ ︷︷ ︸
ZPE component

(4.176)

26We leave it as an additional exercise to the reader to verify that in the limit of T → ∞, the term

hνi

exp

(
+

hν
‡
i

kBT

)
− 1

−1

≈ kBT . The easiest way to see this is by constructing a Taylor expansion of the

exponential term and cutting the expansion off after the linear term. The plus and minus one terms cancel out, leaving a
single kBT term.
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to the exponent term containing the electronic activation energy, yielding modified q′v , resulting
in27

k1 =
kBT

h

q′(3N−1)
v

q′(3N)
v

exp

−∆E
(1)
act,e+zpe

kBT

 (4.177)

Given that

qv ′ =

1− exp

(
hν

kBT

)−1

≈ 1 ∀ ν (4.178)

we can simplify the reaction rate constant equation even further to

k1 =
kBT

h
�
�
�
�q′(3N−1)

v

q′(3N)
v

exp

−∆E
(1)
act,e+zpe

kBT

 (4.179)

=
kBT

h
exp

−∆E
(1)
act,e+zpe

kBT

 . (4.180)

In a very similar fashion we find

k2 =
kBT

h

Q‡

Q
exp

−∆E
(2)
act,e

kBT

 (4.181)

=
kBT

h

q
(3N−3)
v q

(2)
r

q
(3N)
v

exp

−∆E
(2)
act,e

kBT

 (4.182)

=
kBT

h
q
(2)
r

�
�
��q′3N−3

v

q′3Nv
exp

−∆E
(2)
act,e+zpe

kBT

 (4.183)

=
kBT

h

T

Θ
exp

−∆E
(2)
act,e+zpe

kBT

 (4.184)

Finally, since ri = kiρA, we obtain

r1 =
kBT

h
exp

−∆E
(1)
act,e+zpe

kBT

 ρA (4.185)

r2 =
kBT

h

T

Θ
exp

−∆E
(2)
act,e+zpe

kBT

 ρA (4.186)

27Note the primes.
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206 Chapter 4. Transition state theory

b) To determine the transcendental equation that describes the temperature at which the rate of
conversion from A to B would be the same for both pathways, we set

r1 = r2 (4.187)

from which it follows that

exp

−∆E
(1)
act,e+zpe −∆E

(2)
act,e+zpe

RT

 =
T

Θ
(4.188)

c) Equation 4.188 can be written as

exp

(
−
∆Ediff
RT

)
=
T

Θ
. (4.189)

Performing a Taylor expansion on the exponential term and cutting this expansion off after the
linear term yields

1−
∆Ediff
RT

=
T

Θ
. (4.190)

This equation can be rewritten into the following form by which we can readily apply the quadratic
formula (see Equation B.58 on page 282) to find the two roots of the equation.

T2
e −ΘTe +∆Ediff

Θ

R
= 0 (4.191)

Using the quadratic formula, the temperature of equivalence can be established to be

Te =
Θ±

√
Θ2 − 4∆Ediff

Θ
R

2
(4.192)

which can be rewritten to

Te =

Θ±
[
Θ
√

1− 4∆Ediff
RΘ

]
2

. (4.193)

Since
√

1−
4∆Ediff
RΘ

< 1, the equivalence temperature Te is always positive (assuming its

non-imaginary) by which both roots of the equation are valid solutions.
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d) Because the equivalence temperature Te needs to be a real-valued number, the part inside
the square root has to be positive. Hence the limiting condition by which a solution is found is
given by

4∆Ediff
RΘ

≤ 1. (4.194)

If the above condition is not met, this implies that one of the two pathways has a universally (i.e.
at all possible temperatures) higher rate as compared to the other.

e) Using a second order expansion implies that the Taylor expansion is cut off after the quadratic
term. This yields the following equation:

1−
∆Ediff
RT

+
1

2

(
∆Ediff
RT

)2

=
T

Θ
. (4.195)

We can rewrite this equation into the standard form of a cubic equation as given by

T3 −ΘT2 +Θ
∆Ediff
R

T −
Θ

2

(
∆Ediff
R

)2

= 0. (4.196)

f )
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exp( Ediff/RT)

Figure 4.7: Comparison of the first and second order expansion of the exponential term with the exponential term
itself. The points of intersection of the exponential term and its approximations with the line T/Θ are shown.

g) Solving for the quadratic and cubic equations using equations B.58 and B.60 on page 282,
the first and second order approximations to Te yield the following values28

Te,first = 89.5865813 K (4.197)

Te,second = 108.3727518 K. (4.198)

28We are only showing this many digits after the decimal point for the purpose of comparing the solutions. By no means
do we have the impression that one could measure temperatures at this level of accuracy.
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208 Chapter 4. Transition state theory

The exact result is

Te,exact = 107.09620097 K, (4.199)

which only starts to differ after the sixth digit after the decimal point with respect to the results as
found using the second order approximation. As such, we can readily conclude that the second
order expansion of the exponential term is a very accurate approximation, whereas the first order
expansion gives a measurable difference with respect to the exact solution.

50 100 150 200 250
Temperature [K]

1011

1012

1013

Ra
te

 c
on

st
an

t [
1/

s]

k1
k2

50 100 150 200 250
Temperature [K]

10 1

100

101
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tio

 k
2/k

1 [
-]

Figure 4.8: (left) The rate constant in pathways 1 and 2 as a function of the temperature T . (right) The ratio
k2/k1 as function of temperature. From both figures, it can be observed that below the equivalence temperature Te,
the first pathway (with k1) has the highest rate, whereas above the equivalence temperature, the second pathway
(with k2) has the highest rate.

h) In Figure 4.8, a comparison between the two pathways is shown. From this Figure, it can
be seen that at T < Te, the first pathway is the dominant pathway, whereas at T > Te, the
second pathway dominates. The interpretation of this situation is fairly straightforward. At
very low temperature, not that many of the rotational states are accessible and the activation
energy (which resides in the exponent), is the most important term for the rate of the reaction.
With increasing temperature, more and more of the rotational states in the second transition
state become accessible. At temperatures above the equivalence temperature, the number of
accessible quantum states in the second transition state outweighs the extra cost to access this
transition state with respect to the first transition state. In other words, above the equivalence
temperature, the entropic factors are outweighing the energetic factors and in this regime, the
second pathway exhibits a higher rate than the first pathway.

� SOLUTION 4.6

a) For the initial state, it is assumed that the complex has three translational degrees of freedom,
two rotational degrees of freedom and one vibrational degree of freedom corresponding to
the O-O stretching frequency. In the transition state, this vibrational mode will correspond to
dissociation reaction coordinate and thus this mode becomes an imaginary frequency. Using
the Eyring equation, this results in the following expression for the reaction rate constant:
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k =
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−∆Eact,elec

kBT

)
=
kBT

h

(
q
‡
r,2Dq

‡
t,3D

)
qvqr,2Dqt,3D

exp

(
−
∆Eact,elec

kBT

)
,

(4.200)

where the ‡ symbol refers to the partition function of the transition state. Expressions for the
translational, rotational and vibrational partition functions can be obtained from Equation 3.64,
3.82 and 3.110 respectively.

b) To write down the above expression in Arrhenius-form, normally we are allowed to neglect
the vibrational partition functions. Here, such an assumption is not given, thus we have to
evaluate this expression. Fortunately, because the number of translational and rotational partition
functions is similar for the transition state as for the initial state, their respective contributions
will cancel out and we are allowed to a priori neglect these.

∆Earrhenius
act = kBT

2 ∂ ln k

∂T
(4.201)

= ∆Eact,elec + kBT
2 ∂ ln

kBT
h

∂T
− kBT2 ∂

∂T
ln (qv) (4.202)

= ∆Eact,elec + kBT
2 ∂ ln

kBT
h

∂T
+ kBT

2 ∂

∂T
ln

1− exp
(
− hν

kBT

)
exp
(
− hν

2kBT

)
 (4.203)

= ∆Eact,elec + kBT
2 ∂ ln

kBT
h

∂T
+ kBT

2 ∂

∂T

ln
1− exp

(
−
hν

kBT

)+
hν

2kBT


(4.204)

= ∆Eact,elec −
hν

2
+ kBT −

hν exp
(
− hν

kBT

)
(
1− exp

(
− hν

kBT

)) (4.205)

= ∆Eact,zpe + kBT −
hν exp

(
− hν

kBT

)
(
1− exp

(
− hν

kBT

)) (4.206)

where ∆Eact,zpe corresponds to the electronic activation energy including zero-point energy
corrections.

� Note that in this derivation, we considered only a single vibrational mode (the O–O stretching
vibration) which becomes the reaction coordinate in the transition state. The corresponding
zero-point energy term hν/2 therefore represents the lowest quantized vibrational level associated
with this mode. The multiplication of the Boltzmann factor for the electronic activation energy
with the exponential term from the vibrational partition function,

exp

(
−
∆Eact,elec

kBT

)
exp

(
−

hν

2kBT

)
, (4.207)

combines into a single exponential through addition of exponents:
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exp

−
(
∆Eact,elec +

1
2hν

)
kBT

 . (4.208)

This shows that the apparent activation energy naturally includes the zero-point energy contribu-
tion from this vibrational mode.

For molecules with multiple vibrational degrees of freedom, the same reasoning applies, and the
total correction would be the sum over all vibrational modes, i.e. the difference in total zero-point
energies between the transition and initial states.

Applying a Taylor approximation to the last term, truncating before the quadratic terms, gives

hν exp
(
− hν

kBT

)
(
1− exp

(
− hν

kBT

)) ≈ hν
(
1− hν

kBT

)
1− 1 + hν

kBT

(4.209)

This we can further simplify this equation by assuming that hν
kBT

� 1.

hν
(
1− hν

kBT

)
1− 1 + hν

kBT

= kBT

(
1−

hν

kBT

)
≈ kBT (4.210)

And thus finally obtaining

∆Earrhenius
act = ∆Eact,zpe (4.211)

� SOLUTION 4.7

a) The minimum energy pathway is highlighted in Figure 4.9.

b) The cell at position (5,5) which has a value of 4.71 kJ/mol for the potential energy.

c) The force constant in the direction of the reaction coordinate is

k‖ ≈
V
(
~r0 − ~h

)
− 2V (~r0) + V

(
~r0 + ~h

)
||h||2

(4.212)

=
4.67 kJ/mol− 2 · 4.71 kJ/mol+ 4.67 kJ/mol(√

2 · 0.0385 Å
)2 (4.213)

= −27.0kJ/mol/Å
2

(4.214)

= −4.48N/m. (4.215)
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0.8 0.9 1.0 1.1 1.2
Ha-Hb distance in Å

0.8

0.9

1.0

1.1

1.2

H b
-H

c d
ist

an
ce

 in
 Å

58.97 45.75 35.54 27.65 21.51 16.70 12.89 9.82 7.31 5.20 3.39 1.79 0.36

45.75 33.91 25.06 18.47 13.59 9.98 7.30 5.30 3.77 2.57 1.59 0.75 0.00

35.54 25.06 17.53 12.24 8.62 6.22 4.69 3.77 3.25 2.99 2.88 2.83 2.80

27.65 18.47 12.24 8.23 5.86 4.67 4.29 4.47 4.99 5.69 6.48 7.25 7.98

21.51 13.59 8.62 5.86 4.71 4.72 5.50 6.79 8.36 10.06 11.76 13.40 14.90

16.70 9.98 6.22 4.67 4.72 5.90 7.83 10.23 12.86 15.57 18.23 20.74 23.07

12.89 7.30 4.69 4.29 5.50 7.83 10.89 14.39 18.09 21.82 25.45 28.87 32.04

9.82 5.30 3.77 4.47 6.79 10.23 14.39 18.98 23.74 28.49 33.09 37.44 41.48

7.31 3.77 3.25 4.99 8.36 12.86 18.09 23.74 29.54 35.31 40.89 46.18 51.11

5.20 2.57 2.99 5.69 10.06 15.57 21.82 28.49 35.31 42.08 48.64 54.87 60.69

3.39 1.59 2.88 6.48 11.76 18.23 25.45 33.09 40.89 48.64 56.16 63.33 70.06

1.79 0.75 2.83 7.25 13.40 20.74 28.87 37.44 46.18 54.87 63.33 71.42 79.05

0.36 0.00 2.80 7.98 14.90 23.07 32.04 41.48 51.11 60.69 70.06 79.05 87.56

Figure 4.9: The highlighted cells (in white) correspond to the minimum energy pathway over the potential energy
surface.

The force constant perpendicular to the direction of the reaction coordinate is

k⊥ ≈
V
(
~r0 − ~h

)
− 2V (~r0) + V

(
~r0 + ~h

)
||h||2

(4.216)

=
8.23 kJ/mol− 2 · 4.71 kJ/mol+ 5.90 kJ/mol(√

2 · 0.0385 Å
)2 (4.217)

= 1589 kJ/mol/ Å
2

(4.218)

= 264 N/m. (4.219)

Note that h =
√
2 · 0.0385 Å because we take the distances across the diagonal of the cells.
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d)

ω‖ =

√
k‖
µ

(4.220)

=

√
−4.48 N/m

1.66 · 10−27 kg
(4.221)

= 51.9i · 1012 rad s−1, (4.222)

where i =
√
−1 and

ω⊥ =

√
k⊥
µ

(4.223)

=

√
263 N/m

1.66 · 10−27 kg
(4.224)

= 397 · 1012 rad s−1. (4.225)

The angular frequency corresponding to a vibration in the direction of the reaction coordinate is
the imaginary frequency. This corresponds to the point on the PES to be a maximum in that
direction.

e) A transition state on the multi-dimensional potential energy surface is characterized by one
imaginary frequency in the direction of the reaction coordinate and real frequencies in all other
directions. In other words, a transition state is a maximum in energy in one direction and a
minimum in energy in all other directions. Such a point is considered stable as the forces (the
first derivative of the energy) is zero as given by

∂V

∂qi
= 0 for all i. (4.226)

Note though that such a state is meta stable in the sense that a small perturbation in the direction
of the reaction coordinate would propagate this system either towards the initial or the final state
due to the particular shape of the potential energy curve around this point.

� SOLUTION 4.8

a) The vibrational frequency correlates with the strength of a bond. So a stronger bond has a
higher vibrational frequency.

b) The bond between two atoms in the transition state is relatively weak, as such, the frequency
of this bond is weak (or loose) as well.

c) From statistical thermodynamics, we can expressK as the quotient of the molecular partition
function in the transition and initial state as
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K =
ρ†∏
i ρi

=
(q†/V )∏
i(qi/V )

, (4.227)

wherein we have only assumed that the transition state corresponds to a single complex and
where q† is the molecular partition function in the transition state and qi is the molecular
partition function of the species in the initial state (i loops here over the species). The molecular
partition function is the product of the electronic, vibrational, translational and rotational partition
functions. We can extract the electronic partition function from the above equation and use it to
define the electronic reaction barrier as follows

K =
(q′†/V )∏
i(q

′
i/V )

exp

−E†
e

kBT

 / exp

(
−Ee

kBT

) (4.228)

K =
(q′†/V )∏
i(q

′
i/V )

exp

−(E†
e − Ee)

kBT

 (4.229)

K =
(q′†/V )∏
i(q

′
i/V )

exp

(
−
∆Ea,e

kBT

)
(4.230)

where q′† is the configurational partition function in the transition state and q′i the configurational
partition function of complex i in the initial state. The configurational partition function is the
product of the rotational, translational and vibrational partition functions.

We now transfer the zero point energy from the vibrational partition function to the activation
energy, by which we obtain

K =
(q′†/V )∏
i(q

′
i/V )

exp

(
−
∆Eact,zpe

kBT

)
, (4.231)

and wherein all qV are defined according to Equation 3.109 as given on page 148. From the
configurational partition function in the transition state, we are going to extract the partition
function corresponding to the loose vibration. This yields

K =
(q′†/V )∏
i(q

′
i/V )

exp

(
−
∆Eact,zpe

kBT

)
(4.232)

K =
1

1− exp
(
− hν

kBT

) (q′′†/V )∏
i(q

′
i/V )

exp

(
−
∆Eact,zpe

kBT

)
(4.233)

d) The vibrational partition function for a loose vibration (i.e. the vibration in the direction of
the reaction coordinate at the transition state) is



�
C

H
A

P
T

E
R

4
�

C
H

A
P

T
E

R
4

�
C

H
A

P
T

E
R

4
�

C
H

A
P

T
E

R
4

214 Chapter 4. Transition state theory

q
†
vib =

1

1− exp
(
− hν

kBT

) (4.234)

=
1

1− 1 + hν
kBT

(4.235)

=
1
hν
kBT

(4.236)

=
kBT

hν
(4.237)

e) Plugging the result for the loose vibration into the formula for the rate constant and using
νcrossing = ν gives

k = νcrossingK (4.238)

=
kBT

hν
νcrossing

(q′′†/V )∏
i(q

′
i/V )

exp

(
−
∆Ea,e+zpe

kBT

)
(4.239)

=
kBT

h

(q′′†/V )∏
i(q

′
i/V )

exp

(
−
∆Ea,e+zpe

kBT

)
(4.240)

=
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−
∆Ea,e+zpe

kBT

)
(4.241)

where q‡ is the configurational partition function in the transition state without the partition
function corresponding to the loose vibration and qi the configurational partition function of a
complex in the initial state with respect to the zpe level. Note that we have dropped all primes.

� SOLUTION 4.9

a) The rate constant for union is given in Equation 4.60 on page 179. Expressing this rate in
moles /m3 / s and extracting the reaction rate constant from the expression yields

kf =
1

Na
ρ

(
8πkBT

µ

)1/2

σ2
AB

exp

(
−∆Eact

kBT

)
, (4.242)

where Na is Avogadro’s number and ρ is the total density of gas phase molecules in mol /m3.

b) Similar to the previous subquestion, from Equation 4.61 on page 179, the reaction rate
constant k is given by

kb =
2

Na
ρ

(
πkBT

m

)1/2

σ2 exp

(
−∆Eact

kBT

)
. (4.243)
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c) The comparison between the reaction rate constants as calculated from collision theory versus
the experimental results are provided in Figure 4.10. We can readily see from this Figure that
the theory is in agreement with experiment. The main reason for this agreement is that small
diatomic molecules such as H2, I2 and HI can be adequately modeled with the framework of
assumptions used in collision theory.
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Figure 4.10: Comparison between reaction rate constants calculated from collision theory versus experiment.
Experimental data are taken from references [12] and [13].

.
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5.1 Introduction

In the previous chapters, the important concepts of statistical thermodynamics to calculate rate
equations from first principles were discussed. In this chapter, we will build further upon this
body of knowledge and derive specific expressions for various types of elementary reaction steps.
The derivation will be very similar to the derivation of the Eyring equation as shown in the
previous Chapter. In short, we start by constructing an expression for the rate of change as a
function of a crossing frequency and a assumed thermal equilibrium between initial and final
state.

rate = νK†[reactants] = k[reactants] (5.1)
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218 Chapter 5. The Rates of Elementary Reaction Steps

where ν is the crossing frequency,K the equilibrium constant between initial and transition
state, [reactants] the concentration, number density or partial pressure of the reactants and k the
reaction rate constants.

Next, we express the equilibrium constant in terms of the partition functions of the initial
and transition state and extract one degree of freedom from the transition state to cancel out the
crossing frequency to obtain an expression for the reaction rate constants as shown for instance
below

k =
kBT

h

(q‡/V )∏
i(qi/V )

exp

(
−∆Ea,e

kBT

)
. (5.2)

The exact form of the expression for the reaction rate constant may depend on the type of
rate that is desired, as will be shown in this chapter. The partition functions that need to be used
correspond to the degrees of freedom of the complex in the initial and the transition state. For
convenience, we repeat the formulas for the rotational, vibrational and translational partition
functions which were derived in Chapter 3 in Table 5.1.

Table 5.1: Formulas for the translational, vibrational and rotational partition functions.

Partition function Formula

Translational (1D)
L
√

2πmkBT

h

Vibrational (single mode, without ZPE)
1

1− exp
(
−hν
kBT

)
Vibrational (single mode, with ZPE)

exp
(

−hν
2kBT

)
1− exp

(
−hν
kBT

)
Rotational (diatomic)

8π2IkBT

h2

Rotational (polyatomic,asymmetric)
√
π

σ

√
8π2IAkBT

h2

√
8π2IBkBT

h2

√
8π2ICkBT

h2

Weproceed by first treating gas phase reactions. Thereafter, we consider gas-solid interactions
and finally we will discuss elementary reaction steps over catalytic surfaces.

5.2 Gas phase reactions

The most simple and straightforward application of transition state theory relates to reactions in
the gas phase. We will treat unimolecular and bimolecular reactions. From these two cases, the
reader can readily extend the methodology to more complex cases, e.g. trimolecular reactions.

5.2.1 Unimolecular gas phase reactions

A unimolecular gas phase reaction is a reaction wherein a single molecule is being converted as
given by

A→ B (5.3)
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5.2 Gas phase reactions 219

A typical example is an isomerization reaction, for example, between the eclipsed and
staggered conformations of ethane. The fundamental expression for the rate of conversion is
given by

−
∂pA
∂t

∣∣∣∣
+

= +
∂pB
∂t

∣∣∣∣
+

= ν
N†kBT
V

= νK† kBT
V

Nis, (5.4)

where N† is the number of gas phase molecules in the transition state, Nis the number
of gas phase molecules in the initial state and ν the crossing frequency factor. Note that we

use the subscriptum ∂�
∂t

∣∣∣
+
to indicate that we only consider the rate of change due to a single

elementary reaction step and only in one direction. Furthermore, in the above equation K
denotes a number-based equilibrium constant as given by

K† =
N†

Nis
. (5.5)

From the treatise as presented in section 2.8 on page 101, the number-based equilibrium
constant can be readily related to the partition functions in the initial and transition state, which
gives1

K† =
q†

qis
. (5.6)

Let us assume that the gas under consideration is a polyatomic and non-linear, its complete
molecular partition function is then given by

Qis =
1

Nis!
× qis,trans,3d × qis,rot,3d × qis,vib × qis,elec, (5.7)

by which qis in Equation 5.6 is given by2

Qis = qis,trans,3d × qis,rot,3d × qis,vib × qis,elec, (5.8)

wherein qis,trans,3d, qis,rot,3d, qis,vib, and qis,elec are the three-dimensional translational, three-
dimensional rotational, 3Na − 6-dimensional vibrational partition function and electronic parti-
tion function for the complex in the initial state, respectively. Note that Na corresponds to the
number of atoms in the molecule. The partition functions are herein given by

qis,trans,3d =

(
2πmkBT

h2

)3/2

V (5.9)

qis,rot,3d =

√
π

σ

√
8π2IAkBT

h2

√
8π2IBkBT

h2

√
8π2ICkBT

h2
(5.10)

qis,vib =

3Na−6∏
i

exp
(
−hνi
2kBT

)
1− exp

(
−hνi
kBT

) (5.11)

qis,elec = exp

(
−∆Eelec,is

kBT

)
. (5.12)

1Herein, we thus assume thermal equilibrium between the initial and transition state.
2Please note that the factor 1

N! corresponding to the correction factor for identical particles in Equation 5.7 and 5.14
drops out by application of Equation 2.107 (page 97) and taking µis = µts . If this goes too quick for you, the procedure is
shownmore explicitly in section 5.3 in the calculation of the rate for adsorption for amono-atomic gas. It is also recommended
to review section 2.8 on page 101.
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For the transition state, the complete molecular partition function is given by

Q† =
1

N†!
× q†trans,3d × q

†
rot,3d × q

†
vib × q

†
elec, (5.13)

by which q† in Equation 5.6 is given by

q† = q
†
trans,3d × q

†
rot,3d × q

†
vib × q

†
elec, (5.14)

wherein we obtain a similar set of equations. The most notable difference between the
partition function for the initial and transition state is in the vibrational and electronic partition
functions, which are

qis,vib =

3Na−6∏
i=1

exp
(
−hνi
2kBT

)
1− exp

(
−hνi
kBT

) (5.15)

q
†
elec = exp

(
−∆Eelec,ts

kBT

)
. (5.16)

Note that the quotient

q
†
elec

qis,elec
= exp

−
[
∆Eelec,ts −∆Eelec,is

]
kBT

 = exp

(
−∆Eact

kBT

)
, (5.17)

which provides the term for the activation energy for isomerization. We can furthermore
assume that the translational and rotational partition functions of the initial and transition state
are very similar, since the geometry and mass distribution of the molecule change only slightly
along the reaction coordinate. Consequently, the moments of inertia (IA, IB , and IC ), and
therefore qrot, are nearly identical for both states. These partition functions thus cancel out,
yielding the following expression for the equilibrium constant:

K =
q
†
trans,3dq

†
rot,3dq

†
vibq

†
elec

qis,trans,3dqis,rot,3dqis,vibqis,elec
(5.18)

=
q
†
vibq

†
elec

qis,vibqis,elec
(5.19)

=
q
†
vib

qis,vib
exp

(
−∆Eact

kBT

)
(5.20)

=

∏3Na−6
j=1

[
1− exp

(
−hνj

kBT

)]
∏3Na−6

i=1

[
1− exp

(
−hνi
kBT

)] exp

(
−
(
∆Eact +∆Ezpe

)
kBT

)
, (5.21)

where j iterates over the vibrational modes in the initial state (numerator) and i loops over
the vibrational modes in the transition state (denominator).

Finally, we wish to get rid of the crossing frequency ν, by which we are going to extract the
weak vibrational mode in the transition state that corresponds to a degree of freedom in the
direction of the reaction coordinate. Plugging Equation 5.21 into Equation 5.4 yields
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−
∂pA
∂t

∣∣∣∣
+

=
kBT

h

∏3Na−6
j

[
1− exp

(
−hνj

kBT

)]
∏3Na−7

i

[
1− exp

(
−hνi
kBT

)] exp

(
−
(
∆Eact +∆Ezpe

)
kBT

)
kBT

V
Nis

(5.22)

=
kBT

h

∏3Na−6
j

[
1− exp

(
−hνj

kBT

)]
∏3Na−7

i

[
1− exp

(
−hνi
kBT

)] exp

(
−
(
∆Eact +∆Ezpe

)
kBT

)
pA. (5.23)

Note that in Equation 5.23, we loop over 3Na − 7, instead of 3Na − 6 vibrational modes
for the transition state as we have extracted a single vibrational mode to obtain the kBT

h term
corresponding to the crossing frequency.

On the basis of microscopic reversibility, we can immediately apply Equation 5.23 for the
reverse reaction by swapping the partition functions corresponding to the initial state for the
final state by which we obtain

∂pB
∂t

∣∣∣∣
+

= −
kBT

h

∏3Na−6
j

[
1− exp

(
−hνj

kBT

)]
∏3Na−7

i

[
1− exp

(
−hνi
kBT

)] exp

−
(
∆Eact,back +∆Ezpe,back

)
kBT

 px,

(5.24)

wherein i thus now iterates over the vibrational modes of the final state. Conclusively, the
reaction rate for a unimolecular reaction A → B, in general terms and without making any
explicit assumptions on the nature of the degrees of freedom, is given by

−
∂pA
∂t

∣∣∣∣
+

=
kBT

h

q′‡

q′is
exp

(
−∆Eact

kBT

)
pA. (5.25)

In this expression, q′ denotes the product of the translational, rotational and vibrational
partition functions3 as given by

q′ = qtrans,3d × qrot,3d × qvib (5.26)

and the ‡ indicates that we extracted a single DOF from the partition function of the transition
state to construct the kBT

h term for the crossing frequency. Furthermore, note that ∆Eact in
Equation 5.25 refers to the electronic activation energy. This is the activation energy without the
zero-point energy corrections. These terms have to be calculated from the vibrational partition
functions. The reader is recommended to start from Equation 5.25 when constructing reaction
rates rather than to re-derive this equation from first principles. Next, assumptions need to
be made to come up with expressions for the partition function q′ and finally a detailed rate
expression can be constructed.

3Thus excluding the electronic partition function as that term is extracted.
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5.2.2 Bimolecular gas phase reactions

Consider the bimolecular gas phase reaction between components A and B to give C as given by

A+B → C. (5.27)

An example of a bimolecular reaction is the Diels-Alder dimerization of cyclopentadiene
to form dicyclopentadiene. A bimolecular reaction goes via a transition state which is an AB-
complex. The most notable difference between a unimolecular and a bimolecular reaction is
that the transition state is only a single species in the gas phase, whereas the initial state are two
species in the gas phase. In other words, several translational and rotational degrees of freedom
have been converted to vibrational degrees of freedom upon formation of the transition state
complex. The number-based equilibrium constant is given by

K† =
N

†
AB

NANB
=

q†

qAqB
(5.28)

=
q
†
trans,3dq

†
rot,3dq

†
vibq

†
elec

qA,trans,3dqA,rot,3dqA,vibqA,elec × qB,trans,3dqB,rot,3dqB,vibqB,elec
(5.29)

=
q
†
trans,3dq

†
rot,3dq

†
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib
exp

(
−∆Eact

kBT

)
(5.30)

We can now construct a rate expression for a bimolecular reaction using

−
∂pA
∂t

= −
∂pB
∂t

= +
∂pC
∂t

= νK† kBT
V

NANB (5.31)

= νK
kBT

V

pAV

kBT

pBV

kBT
(5.32)

=
kBT

h

q
†
trans,3dq

†
rot,3dq

‡
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib
· · ·

· · · exp
(
−∆Eact

kBT

)(
V

kBT

)
pApB. (5.33)

As the example reaction used in the derivation of transition state theory in section 4.2.1
on page 180 is also a bimolecular reaction, we should be able to convert the result from above
to the form found in Equation 4.82. The most notable difference is that we here expressed
the rates in terms of change in pressure per unit of time, whereas in the example problem for
the derivation of transition state theory, we expressed the rate in terms of the change in the
number of molecules per unit of volume per unit of time. In other words, we use p in the former
expression whereas we use ρ in the latter. The pressure p and the number-density ρ are related
by the ideal gas law by p = ρkBT . Thus we can write
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∂pA
∂t

∣∣∣∣
+

= kBT
∂ρA
∂t

(5.34)

=
kBT

h

q
†
trans,3dq

†
rot,3dq

‡
vib

qA,trans,3dqA,rot,3dqA,vib × qB,trans,3dqB,rot,3dqB,vib
· · ·

· · · exp
(
−∆Eact

kBT

)(
V

kBT

)
kBTρAkBTρB (5.35)

kBT
∂ρA
∂t

=
kBT

h

q
†
trans,3dq

†
rot,3dq

‡
vib/V

qA,trans,3dqA,rot,3dqA,vib/V × qB,trans,3dqB,rot,3dqB,vib/V
· · ·

· · · exp
(
−∆Eact

kBT

)
ρAρB, (5.36)

which is equivalent to Equation 4.82. In conclusion, we have now two types of expressions
for the rate of conversion for a bimolecular reaction

−
∂pA
∂t

∣∣∣∣
+

= −
∂pB
∂t

=
kBT

h

q′‡

q′Aq
′
B
exp

(
−∆Eact

kBT

)(
V

kBT

)
pApB (5.37)

and

−
∂ρA
∂t

∣∣∣∣
+

= −
∂ρB
∂t

=
kBT

h

(
q′‡/V

)
(
q′is/V

)(
q′B/V

) exp

(
−∆Eact

kBT

)
ρAρB, (5.38)

where

q′ = qtrans,3d × qrot,3d × qvib. (5.39)

� Take care

The comparison between the derivation done here and the one done in the previous
chapter should highlight that depending on the form of the rate expression, different
expressions of the reaction rate constant are possible, but all are based on the same
transition state theory.

5.3 Adsorption

Consider a catalytic surface in contact with a gas, such as depicted in Figure 5.1. In the gas phase,
any non-linear molecule has three translational degrees of freedom as well as three rotational
degrees of freedom.4 All other degrees of freedom correspond to internal vibrations. However,
when the molecule absorbs, it loses several degrees of motional freedom corresponding to a loss
in entropy. In general, upon (chemical) adsorption, the molecule no longer has any translational
or rotational degrees of freedom and only vibrational degrees of freedom. Let us here derive the
full rate expression rads for adsorption by which we readily obtain an expression for the reaction
rate constant kads.

4A single atom only has translational degrees of freedom. We will cover this situation specifically.
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Figure 5.1: Schematic depiction of a catalytic surface in contact with a mono-atomic gas. The adsorbed state, the
pre-adsorbed state and the gas phase state are indicated.

We wish to obtain the rate of change of the surface coverage of component X as function of
the partial pressure of X and the number of free sites on the surface.5

r+ads =
∂θx

∂t

∣∣∣∣
+

= kpxθ∗. (5.40)

Let us first write down the fundamental expression for the rate of change of the surface
coverage as a function of the number of particles in the transition state for this elementary
reaction step.

r+ads =
∂θx

∂t

∣∣∣∣
+

= ν
N†

N
= νK†Ngas

N
(5.41)

where N is the total number of active (i.e. adsorption) sites on the surface and K a number-
based equilibrium constant6 as given by

K† =
N†

Ngas
. (5.42)

In the above equation, N† is the number of particles in the transition state and Ngas is the
number of particles in the gas phase. We assume thermal equilibrium between the gas phase and
the number of particles that hover directly above a free site in the transition state for adsorption.
Let us start by finding an expression for the equilibrium constantK from the partition functions.
The canonical ensemble partition function for the gas phase species is given by

Qgas =
qNgas

N !
(5.43)

5Note that in the following we only consider the reaction in the forward direction, i.e. we ignore for the moment the
part of the reaction corresponding to desorption.

6See Equation 2.145 on page 102.
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and for the transition state by

Q† =
M !

N†!(M −N†)!

(
q
†
ads

)N†

, (5.44)

wherein M !
N†!(M−N†)!

corresponds to the number of possibilities to place N† adsorbates

aboveM available free sites.7 The chemical potential for the gas phase and the pre-adsorbed
state are given by

µgas = −kBT
∂

∂Ngas
ln

 q
Ngas
gas

Ngas!

 (5.45)

and

µ
†
ads = −kBT

∂

∂N† ln

(
M !

N†!(M −N†)!

(
q
†
ads

)N†
)
. (5.46)

Using the Stirling approximation8, we can simplify Equations 5.45 and 5.46 which gives

ln

 q
Ngas
gas

Ngas!

 = Ngas ln
(
qgas

)
−Ngas lnNgas −Ngas (5.47)

and

ln

(
M !

N†!(M −N†)!

(
q
†
ads

)N†
)

(5.48)

=M lnM −M −N† lnN† +N† −
(
M −N†

)
ln
(
M −N†

)
+
(
M −N†

)
+N† ln q†ads

(5.49)

=M lnM −N† lnN† −
(
M −N†

)
ln
(
M −N†

)
+N† ln q†ads, (5.50)

which yields the following expression for the chemical potentials

µgas = −kBT ln

(
qgas

Ngas

)
(5.51)

and

µ
†
ads = −kBT ln

 q
†
ads

N†

(
M −N†

) . (5.52)

7Recall that θ∗ ≡ M
N

.
8See Appendix B.2 on page 278
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For the chemical potential of the pre-adsorbed state, we can assume that the number of
molecules in the pre-adsorbed state is much smaller than the number of available active sites
(M � N†) by which the previous expression simplifies to

µ
†
ads = −kBT ln

(
M

N† q
†
ads

)
. (5.53)

From this, by assuming thermal equilibrium and thus setting µgas = µ
†
ads, we obtain the

following expression for the equilibrium constant

K† =
N†

Ngas
=M

q
†
ads
qgas

. (5.54)

Plugging the above expression into Equation 5.41 yields

r+ads =
∂θx

∂t

∣∣∣∣
+

= ν
q
†
ads
qgas

M

N
Ngas = ν

q
†
ads
qgas

θ∗Ngas. (5.55)

By the same procedure as shown in section 4.2.1 on page 184, we extract one DOF from the
partition function for the pre-adsorbed state to cancel out the crossing frequency ν, by which we
obtain

r+ads =
∂θx

∂t

∣∣∣∣
+

=
kBT

h

q
‡
ads
qgas

θ∗Ngas. (5.56)

In conclusion, we have the following (general) rate expressions for an adsorption reaction:

r+ads =
∂θx

∂t

∣∣∣∣
+

=
kBT

h

q‡

qgas
θ∗Ngas. (5.57)

If we now wish to obtain the rate of change in the partial pressure of component X, we can
readily do so by multiplying equation 5.57 by a factor −N kBT

V . Note herein the negative sign as
molecules in the gas phase are consumed when this reaction proceeds in the forward direction.
Applying now this factor to the left hand side of equation 5.57 yields

−N
kBT

V
·
∂θx

∂t

∣∣∣∣
+

=
∂px

∂t

∣∣∣∣
+
, (5.58)

which is exactly the differential equation we are looking for. Of course, we need to perform the
same operation on both sides of the equation is we want to equation to remain valid. Multiplying
the right hand side of equation 5.57 by this factor yields

r+ads =
∂px

∂t

∣∣∣∣
+

= −N
kBT

V
·
kBT

h

q‡

qgas
θ∗Ngas (5.59)

= −N
kBT

V
·
kBT

h

q‡

qgas
θ∗
pxV

kBT
(5.60)

= −
kBT

h

q‡

qgas
θ∗pxN. (5.61)
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Thus, the rate of change for the partial pressure in X is given by

r+ads =
∂px

∂t

∣∣∣∣
+

= −
kBT

h

q‡

qgas
θ∗pxN. (5.62)

Comparing Equation 5.57 with Equation 5.62, we observe that the change in the surface
density of free sites is related to the change in gas phase components by the factor N , which is
simply the number of active sites in our control volume. The ratio N is not easily calculated and
depends on a lot of factors such as the accessible surface of the catalyst, the number of active sites
per accessible surface of the catalyst and the catalyst loading. Equations 5.57 and 5.62 depend
on the details of the adsorption process and various cases can be constructed. In the following
subsections, we will consider a couple of cases.

5.3.1 Adsorption of a mono-atomic gas

Let us start with the most simple case: the adsorption of a mono-atomic gas wherein the atom in
the gas phase has three translational degrees of freedom of which in the transition state only two
translational degrees of freedom remain. This is the situation shown in Figure 5.1. The other
translational degree of freedom, which corresponds to a motion in the direction of the reaction
coordinate, was extracted to cancel out the crossing frequency ν. Finally, we assume that there is
no difference in the electronic energy between the initial and transition state, or in other words,
that an adsorption reaction is not activated. With these assumptions in mind, let us derive an
expression for the adsorption rate starting from Equation 5.57:

r+ads =
∂θx

∂t

∣∣∣∣
+

=
kBT

h

q
‡
ads
qgas

θ∗Ngas (5.63)

=
kBT

h

(
2πmkBT

h2

)2/2 (2πmkBT

h2

)−3/2 A

V
θ∗Ngas (5.64)

=
kBT

h

hA√
2πmkBT

θ∗
px

kBT
(5.65)

=
pxA√

2πmkBT
θ∗. (5.66)

or alternatively in terms of the rate of the change of the partial pressure by

r+ads = −
pxA√

2πmkBT
θ∗
N

V
kBT, (5.67)

wherein we have again multiplied both sides of equation 5.66 by a factor −N kBT
V . Note that

in the above equations, A corresponds to the area wherein the atom can freely above above the
active site. Typically, we set A therefore equal to the area of an active site. We can also readily

rationalize the factor N
V kBT in equation 5.66. The fraction N

V corresponds to the number of
active sites per volume. In other words, this is the active site density in our control volume. If
molecules are adsorbed on those sites, this results in a decrease of the partial pressure. Assuming
that gaseous X can be adequately described by the ideal gas law, this process scales linearly with
a factor kBT per molecule of X consumed in this fashion.

Finally, since equation 5.66 can also be written as

r+ads =
∂θx

∂t

∣∣∣∣
+

= kθ∗px, (5.68)
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it follows that

kads =
A√

2πmkBT
. (5.69)

5.3.2 Adsorption of diatomic gas

Adsorption of a diatomic gas is very similar to a mono-atomic gas. The main difference is that
a diatomic gas has rotational degrees of freedom which can either be lost or retained in the
transition state (depending on whether the transition state is a mobile or immobile transition
state). In the case that the transition state is mobile, the expression for diatomic adsorption is
similar to that as for a mono-atomic adsorption.9 We will not explicitly derive it here.

A diatomic molecule has two rotational degrees of freedom. Let us consider how the rate of
adsorption will look like when assuming that both rotational degrees of freedom are converted
to vibrational degrees of freedom. We will start the derivation from the general expression as
shown in Equation 5.57.

r+ads =
∂θx

∂t
=
kBT

h

q′‡

q′gas
θ∗Ngas (5.70)

=
kBT

h

q
′‡
trans,2d

(
q
′‡
vib

)(3)
qtrans,3dqrot,2dq

(1)
vib

θ∗Ngas (5.71)

=
kBT

h

q
′‡
trans,2d

(
q
′‡
vib

)(3)
qtrans,3dqrot,2dq

(1)
vib

θ∗
pxV

kBT
(5.72)

Observe that the volume V in the numerator of the final term will cancel with the the
corresponding V of the three-dimensional translational partition function in the initial state
and the kBT in the denominator will cancel with the kBT term in the numerator of the crossing
frequency term. Furthermore, note that the superscript (3) denotes that we have to consider
the vibrational partition function of three vibrational modes. We further assume that only the
vibrational ground state is occupied, by which the vibrational partition function simplifies to

qvib = exp

(
−

hν

2kBT

)
, (5.73)

corresponding to the partition function of the vibrational zero-point energy only. Combining
these two expressions yields

r+ads =
∂θx

∂t
=

A√
2πmkBT︸ ︷︷ ︸

translations

exp
(
−
∑3

i=1
hνi
2kBT

)
exp
(
− hν

2kBT

)
︸ ︷︷ ︸

vibrations

h2

8π2IkBT︸ ︷︷ ︸
rotations

pxθ∗, (5.74)

wherein the origin of each term is mentioned. The first term originates from the difference
between the translational degrees of freedom, which amounts to a single lost translational
degree of freedom in the transition state. The second term originates from the difference in
the vibrational partition functions, which under the approximation that only the ground state

9If we assume that the rotational partition functions and the single vibrational partition function does not change
appreciably from the gas phase to the pre-adsorbed state
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is occupied, results in the difference in the vibrational zero-point energies. The third and last
term corresponds to the difference in the rotational partition function where we observe that all
rotational degrees of freedom are lost.

5.4 Desorption

Desorption is the opposite of adsorption: a bound compound leaves the catalytic surface and goes
to the gas phase. The rate of change of the surface coverage of component X (θads) as function
of the coverage of X is given by

r+des =
∂θads
∂t

∣∣∣∣
+

= kθads. (5.75)

Let us first write down the fundamental expression for the rate of change of the surface
coverage as a function of the number of particles in the transition state for this elementary
reaction step.

r+des =
∂θads
∂t

∣∣∣∣
+

= νθ† = νK†θads, (5.76)

wherein

K† =
q′†

q′ads
. (5.77)

From the partition function of the activated complex, a degree of freedom is extracted to get
rid of the ν, by which the general expression for the rate for desorption becomes10

r+des = −
∂θads
∂t

∣∣∣∣
+

=
kBT

h

q‡

qads
θads (5.78)

and where the exact expression depends on the nature of the degrees of freedom of the
activated complex and the complex in the initial state. In the following two subsection, we will
explore a couple of cases.

5.4.1 Diatomic desorption

Let us consider the situation wherein a molecule is strongly adsorbed and only has vibrational
degrees of freedom. Upon desorption, it already regains two translational degrees of freedom
and two rotational degrees of freedom in the activated complex. We furthermore assume that all
vibrational partition functions are in their vibrational ground state only. From Equation 5.78, the
rate for desorption can then be calculated as

10This part of the derivation is exactly the same as what we have seen before for the other types of reactions.
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r+des = −
∂θads
∂t

∣∣∣∣
+

(5.79)

=
kBT

h

q‡

qads
θads (5.80)

=
kBT

h
q
†
trans,2dq

†
rot,2d exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads (5.81)

=
kBT

h
A
2πmkBT

h2
8π2IkBT

σh2
exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads (5.82)

=
kBT

h

A (2πmkBT )

h2
8π2IkBT

σh2
exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads (5.83)

=
kBT

3

h3
A (2πmkB)

σΘrot
exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads, (5.84)

wherein σ corresponds to the symmetry number for the diatomic rotational partition function
as explained on page 144 and Θrot the rotational temperature as shown in Equation 3.79 on page
141.

5.4.2 Non-linear polyatomic desorption

Let us repeat the case in the previous subsection, but now for a non-linear polyatomic molecule
and assuming three rotational degrees of freedom. The result is quite similar

r+des = −
∂θads
∂t

∣∣∣∣
+

(5.85)

=
kBT

h

q‡

qads
θads (5.86)

=
kBT

h
q
†
trans,2dq

†
rot,3d exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads (5.87)

=
kBT

h

A (2πmkBT )

h2

√
π

σ

√
8π2IAkBT

h2

√
8π2IBkBT

h2

√
8π2ICkBT

h2
· · · (5.88)

· · · exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads (5.89)

=
kBT

7/2

h3

A
(
2π3/2mkB

)
σΘAΘBΘC

exp

−
[
∆Eelec,des +∆Ezpe,des

]
kBT

 θads, (5.90)

where ΘA,ΘB ,ΘC represent the rotational temperatures corresponding to the three princi-
pal moments of inertia of the complex.11

11See section 3.6.2 on page 142.
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5.5 Surface reactions

Complexes absorbed on a catalytic surface typically only have vibrational degrees of freedom.
These complexes can associate to form a single new complex (e.g. C* hydrogenation to form
CH*) or they can dissociate and form two new complexes (e.g. CO* dissociation to from C* and
O*). The general expression for a surface reaction is given by

r+surf = −
∂θads
∂t

∣∣∣∣
+

=
kBT

h

q‡∏
i qi

∏
i

θi, (5.91)

wherein the product Π iterates over the surface complexes i in the reactant state. For a
dissociation reaction, there is only a single reactant, whereas for a association reaction, there are
two reactants. We assume that there is only a single transition state complex. In the construction
of Equation 5.91, a single weak vibrational mode was extracted from the partition function in the
transition state to obtain the kBT

h prefactor as indicated by the ‡ symbol. Using Equation 5.91,
we can readily construct the rate expression for an association and dissociation reaction.

5.5.1 Association reaction

Let us consider the association of two surface complexes, A and B, to form the AB complex.
Because all degrees of freedom are vibrational, this implies that complex A has 3NA vibrational
modes and similarly, complex B has 3NA vibrational modes. Because of the extraction of the
weak vibrational mode corresponding to the reaction coordinate, the transition state complex has
one fewer vibrational mode, i.e. AB† has 3(NA +NB)− 1, for the construction of the vibrational
partition functions. From this, the rate expression is

r+surf =
kBT

h

q‡∏
i qi

∏
i

θi

=
kBT

h

3(NA+NB)−1∏
i=1

 exp
(
− hνi

2kBT

)
1− exp

(
− hνi

kBT

)
 · · ·

· · ·
3NA∏
j=1


exp

(
− hνj

2kBT

)
1− exp

(
− hνj

kBT

)


−1

3NB∏
k=1

 exp
(
− hνk

2kBT

)
1− exp

(
− hνk

kBT

)


−1

· · ·

· · · exp
(
−
−∆Eact, elec

kBT

)
θAθB (5.92)

We can extract the zero point energy contributions from the vibrational partition functions
and add these to the electronic activation energy to obtain a zero point energy corrected reaction
barrier as given by

∆Eact,zpe-corr = ∆Eact,elec +

3(NA+NB)−1∑
i=1

hνi
2
−

3NB∑
j=1

hνj

2
−

3NB∑
k=1

hνk
2
. (5.93)

Although for many reactions the zero point energy corrections tend to be in the order of 1-5
kJ/mol, which is relatively small in comparison to the difference in electronic energies which are
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roughly in the order of 30-100 kJ/mol, they can become important, especially when dealing with
(de-)hydrogenation reactions and thus can no longer be neglected.

We can furthermore simplify Equation 5.92 by assuming that only the vibrational ground
state is occupied, which gives

r+surf =
kBT

h
exp

(
−
−∆Eact, zpe-corr

kBT

)
θAθB. (5.94)

5.5.2 Dissociation reaction

Dissociation reactions are the opposite of association reactions, so we can readily derive the
result for these results from the results obtained for the association reaction. These are

r+surf =
kBT

h

q‡∏
i qi

∏
i

θi

=
kBT

h

3(NAB)−1∏
i=1

 exp
(
− hνi

2kBT

)
1− exp

(
− hνi

kBT

)
 · · ·

· · ·
3NAB∏
j=1


exp

(
− hνj

2kBT

)
1− exp

(
− hνj

kBT

)


−1

· · ·

· · · exp
(
−
−∆Eact, elec

kBT

)
θAB (5.95)

which can be simplified, using the same assumptions as provided in the previous subsection,
to

r+surf =
kBT

h
exp

(
−
−∆Eact, zpe-corr

kBT

)
θAB. (5.96)

5.6 Energies, enthalpies and entropies of activation

For a set reaction rate constant k, its enthalpy and entropy of activation are defined as[14]

k ≡
kBT

h
exp

(
−
∆H†

kBT

)
exp

(
∆S†

kB

)
. (5.97)

Using the above expression, we can readily define the Gibbs free energy, enthalpy and entropy
of activation as

∆G‡ ≡ Gts −Gis = −kBT lnK‡, (5.98)
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∆H‡ ≡ Hts −His = kBT
2 ∂

∂T
lnK‡, (5.99)

and

∆S‡ ≡ Sts − Sis =
∆H‡ −∆G‡

T
=

∂

∂T

(
kBT lnK‡

)
, (5.100)

whereinK‡ is the equilibrium constant used, as necessary, to construct the rate expression.
The ‡ is to indicate that one degree of freedom has been extracted from this equilibrium constant
to construct the kBT

h pre-factor. Furthermore, the type of the equilibrium constantK‡ depends on
the rate expression. For example, for an adsorption/desorption step, a number-based equilibrium
constant is used, whereas for a gas-phase reaction, a pressure-based equilibrium constant can be
used.

� Take care

Because of the free choice wherein the rate expression is constructed, this can lead to
different values for the enthalpy, entropy and Gibbs free energy of activation. As such,
it is of the utmost importance that a reference state is defined when expressing these
values.[15]

Let us now compare the Gibbs free energy for activation between a unimolecular and bi-
molecular reaction in the gas phase. We assume that the activation energy for both reactions
is the same. For the unimolecular reaction, the initial and final state have by approximation
the same translational, rotational and vibrational partition functions in the initial and final.
For the bimolecular reaction, we assume that the two reactant molecules are of the same type
(corresponding to the reaction 2A→ B) and that the change in the vibrational partition functions
is negligible.

For the unimolecular reaction, the Gibbs free energy of activation is then given by

∆G
‡
unimolecular = ∆Eact. (5.101)

Note that because there is no difference in the configurational partition functions between
the initial and transition state, a lot of terms simply cancel out. Now let us consider how the
Gibbs free energy of activation for the bimolecular looks like

∆G
‡
bimolecular = ∆Eact − kBT ln

 q
†
transq

†
rot

(qtransqrot)
2

 . (5.102)

Clearly, the bimolecular reaction has an additional term corresponding to the difference in
the configurational partition functions. Since the denominator is expected to be much larger
than the numerator, the additional term in Equation 5.102 as compared to Equation 5.102 gives a
positive contribution to the Gibbs free energy of activation, essentially making the reaction more
difficult. This can be easily understood as the initial state has many more degrees of freedom as
compared to the transition state and thus the change from initial to transition state corresponds



�
C

H
A

P
T

E
R

5
�

C
H

A
P

T
E

R
5

�
C

H
A

P
T

E
R

5
�

C
H

A
P

T
E

R
5

�
C

H
A

P
T

E
R

5
234 Chapter 5. The Rates of Elementary Reaction Steps

to a significant loss in entropy. However, before we will explicitly calculate the entropy loss, we
first calculate the enthalpy of activation.12

The pressure-based equilibrium constants for the unimolecular and bimolecular reaction
are given by

K
‡
p =

q‡kBT/V
qiskBT/V

(5.103)

=
q†

qis
= 1 (5.104)

and

K
‡
p =

q‡kBT/V(
qiskBT/V

)2 (5.105)

=
q†

qis

(
V

kBT

)
(5.106)

=
q
†
transq

†
rot

(qtransqrot)
2

(
V

kBT

)
(5.107)

From these, we can readily calculate the enthalpy of activation as

∆H
‡
unimolecular = ∆Eact. (5.108)

Note that because there is no difference in the configurational partition functions between
the initial and transition state, a lot of terms simply cancel out. Now let us consider how the
Gibbs free energy of activation for the bimolecular looks like

∆H
‡
bimolecular = ∆Eact +

(
3

2
kBT +

3

2
kBT

)
− 2

(
3

2
kBT +

3

2
kBT

)
+ kBT (5.109)

= ∆Eact − 2kBT. (5.110)

From these two results, we can readily calculate the entropy of activation, which gives

∆S
‡
unimolecular = 0 (5.111)

and

∆S
‡
bimolecular = kB ln

 q
†
transq

†
rot

(qtransqrot)
2

+ 2kB. (5.112)

From the equations above, we can readily see that the bimolecular reaction has a negative
entropy of activation, which acts as an additional barrier for the reaction to occur.

It is also possible to directly calculate the Gibbs free energy of activation G† and the enthalpy
of activation H† directly from the reaction rate constants using

12This is also known as the heat of formation.
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∆G‡ ≡ Gts −Gis = −kBT
[
ln kr − ln

(
kBT

h

)]
(5.113)

and

∆H‡ ≡ Hts −His = kBT
2 ∂

∂T
ln kr − kBT − (n− 1)kBT, (5.114)

where n denotes the molecularity of a gas phase reaction. For a unimolecular reaction, n = 1

and for a bimolecular reaction n = 2.13

5.7 Final remarks

The previous sections showed explicit formulas for adsorption, desorption and surface reactions.
In principle, you can use these formulas to describe the majority of the systems out there.
However, we are sometimes interested in that particularly peculiar system, wherein none of
the above expressions are valid. In such a case, one has to start re-deriving the expression for
the reaction rate by first identifying the applicable partition functions, plugging these into the
general rate expression and finally deriving the reaction rate.

In the end, this chapter has shown you how to set up reaction rates. In the upcoming chapter
we will show that the sum of all these elementary reaction steps is the basis of a microkinetic
model which can be used to study the behavior of a chemical system.

� Practice your understanding

Exercises 5.1, 5.2 and 5.3

� Challenges

Exercise 5.4

13Note that for a surface reaction, n = 1 and the last (n − 1) term disappears.
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236 Chapter 5. The Rates of Elementary Reaction Steps

5.8 Exercises

The answers to the exercises can be found at the end of this Chapter on page 238. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 5.1 �

a) Calculate the rate constant for CO dissociation in the forward and the backward direction
using appropriate assumptions (given the limited information provided) regarding the nature of
the partition functions. Take a forward barrier of ∆Ef = 80 kJ/mol and a backward barrier of
∆Eb = 120 kJ/mol. Use a temperature of 500K.

b) Calculate the rate constant for CO desorption. Use Equation 5.84. For the surface area of the
adsorption site, assume that CO is adsorbed on a threefold site of an FCC Rh lattice. The Rh-Rh
distance is 2.71 Å. Use a rotational temperature (θ) of 2.8K, a desorption energy of 120 kJ/mol
and a temperature of 500K.

c) Calculate the rate constant for CO adsorption. Use the same surface area as you used for
the calculation of the desorption rate constant. Assume a mobile transition state, i.e. that no
rotational degrees of freedom of CO are lost between the initial and transition state.

d) Why is the rate constant for desorption higher than for adsorption?

� EXERCISE 5.2 � � �

a) Derive a formula for the entropy of activation for adsorption, assuming that the complex loses
one translational degree of freedom between the initial and transition state. You can neglect any
differences in the rotational and vibrational partition functions between the initial and transition
state. Interpret the final result.

b) Derive a formula for the entropy of activation for desorption, assuming that the complex
regains two translational and two rotational degrees of freedom when migrating from the
adsorbed state to the activated complex. You can neglect any differences in the vibrational
partition functions between initial and transition state. Interpret the final result.

� EXERCISE 5.3 � �

Consider the catalytic hydrogenation of CH2 · over a stepped surface of a Ru catalyst towards
CH3 · as given by

CH2 ∗+H∗ → CH3 ∗+∗ (5.115)

The electronic activation energies in the forward and backward direction of this elementary
reaction step are 59.0 and 53.6 kJ/mol, respectively. The zero point energy (ZPE) corrections as
given by

∆zpe =
∑
i

hνi
2

(5.116)
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for initial, transition and final state are 76.9, 75.8 and 81.2 kJ/mol. Assume a reaction
temperature of T = 500K.

a) Calculate the rate in the forward and in the backward direction with and without the ZPE
correction.

b) Calculate the quotient of the rates for including and excluding the ZPE correction.

c) Calculate the quotient of the equilibrium constant for including and excluding the ZPE
corrections.

d) Motivate why the difference is relatively large.

� EXERCISE 5.4 � � � � �

Consider the dissociative adsorption of methane as given by

CH4 + 2∗ → CH3 ∗+H∗ (5.117)

Assume that in the transition state, all translational and rotational degrees of freedom are
lost. Furthermore, assume that q′vib = 1

1−exp
(
− hν

kBT

) =≈ 1. Use the variable ∆Ee,a for the

electronic activation energy and ∆E
†
zpe for the difference in the zero-point energy between the

transition and initial state.

a) Provide the full rate expression and derive from it an expression for the reaction rate constant
for dissociative adsorption of methane from transition state theory under the conditions as given
above.

b) Calculate the enthalpy of activation using

∆H† = kbT
2 ∂ ln k

∂T
− kbT. (5.118)

This expression is very similar to the Arrhenius activation energy, but by subtracting kbT , we
exclude the frequency factor kbT

h .

c) Derive an expression for the entropy of activation using

∆S† =
∂

∂T

kbT
(
ln (k)− ln

(
kbT

h

)) . (5.119)

Similar to the expression for the internal energy of activation, we exclude the frequency factor
kbT
h in the calculation of the entropy of activation.

d) Calculate the Gibbs free energy of activation using

∆G† = ∆H† − T∆S†. (5.120)
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238 Chapter 5. The Rates of Elementary Reaction Steps

and show that the result is consistent with

k =
kbT

h
exp

(
−
∆G†

kbT

)
. (5.121)

in line with Equation 5.97 on page 232.

5.9 Solutions

The solutions below pertain to the exercises of Chapter 5 on page 236 and further.

� SOLUTION 5.1

a) We assume that this reaction occurs over a surface and that the corresponding partition
functions are vibrational. Moreover, we assume that the separation of the vibrational levels is
thus high that only the ground state is occupied and in void of any information, we assume that
we can neglect the ZPE correction. In that case, the reaction rate in the forward and backward
direction are

kforward =
kBT

h
exp

(
−∆Eact

kBT

)
(5.122)

=
kBT

h
exp

(
−∆Eact

RT

)
(5.123)

= 4.58 · 104s−1 (5.124)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23+*+500+%2F+6.62607004E-34+*+exp%
28-80e3+%2F+%288.3145+*+500%29%29

and

kbackward =
kBT

h
exp

(
−∆Eact

kBT

)
(5.125)

=
kBT

h
exp

(
−∆Eact

RT

)
(5.126)

= 3.03s−1. (5.127)

https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-80e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-80e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-80e3+%2F+%288.3145+*+500%29%29
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Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23+*+500+%2F+6.62607004E-34+*+exp%
28-120e3+%2F+%288.3145+*+500%29%29

b) The surface area A of the adsorption site (an equilateral triangle) is calculated by

A =

√
3

4
l2 (5.128)

=

√
3

4
(2.71 Å)2 (5.129)

= 3.18 Å
2

(5.130)

= 3.18 · 10−20 m2 (5.131)

The rate constant for CO desorption is calculated as

k =
kBT

3

h3
A (2πmkB)

σθrot
exp

(
−Edes
kBT

)
(5.132)

= 7.90 · 104 s−1 (5.133)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23+*+500%5E3+%2F+%286.62607004E-34%
29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.
66053906660E-27+*+28+*+1.38064852E-23%29+%2F+
2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29

c) The rate constant for the adsorption of CO is calculated by

kads =
A√

2πmkBT
(5.134)

= 7.08 · 102 Pa−1 s−1 (5.135)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/
?i=3.18E-20+%2F+sqrt%282+*+3.141527+*+1.
66053906660E-27+*+28+*+1.38064852E-023+*+500%29

https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500+%2F+6.62607004E-34+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500%5E3+%2F+%286.62607004E-34%29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-23%29+%2F+2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500%5E3+%2F+%286.62607004E-34%29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-23%29+%2F+2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500%5E3+%2F+%286.62607004E-34%29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-23%29+%2F+2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500%5E3+%2F+%286.62607004E-34%29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-23%29+%2F+2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23+*+500%5E3+%2F+%286.62607004E-34%29%5E3+*+3.18E-20+*+%282.0+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-23%29+%2F+2.8+*+exp%28-120e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=3.18E-20+%2F+sqrt%282+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-023+*+500%29
https://www.wolframalpha.com/input/?i=3.18E-20+%2F+sqrt%282+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-023+*+500%29
https://www.wolframalpha.com/input/?i=3.18E-20+%2F+sqrt%282+*+3.141527+*+1.66053906660E-27+*+28+*+1.38064852E-023+*+500%29
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240 Chapter 5. The Rates of Elementary Reaction Steps

d) Despite that the adsorption reaction has no activation energy, the rate for adsorption is lower
than for desorption. The reason for this is that in the desorption reaction the transition state has
more entropy than the initial state, whereas for adsorption the transition state has less entropy
than the initial state. As such, at relatively high temperature, the desorption becomes several
orders of magnitude faster than the adsorption rate.

� SOLUTION 5.2

a) The rate constant is given by

kr =
A√

2πmkBT
(5.136)

We can calculate the heat of activation by

∆H‡ = kBT
2 ∂

∂T
ln kr − kBT = −

3

2
kBT. (5.137)

The Gibbs free energy of activation is given by

∆G‡ = −kBT
[
ln kr − ln

(
kBT

h

)]
(5.138)

= −kBT ln

(
A√

2πmkBT

h

kBT

)
. (5.139)

and thus the entropy of activation is

S‡ =
∆H‡ −∆G‡

T
(5.140)

=

− 3
2kBT + kBT ln

(
A√

2πmkBT
h

kBT

)
T

(5.141)

= kB

−3

2
+ ln

(
A√

2πmkBT

h

kBT

) . (5.142)

Note that because kBT
h ≈ O(1013) and A√

2πmkBT
≈ O(102), the last term in the brackets gives

about 11 negative units of kB. Thus, the entropy of activation is negative as to be expected as we
are loosing entropy upon going from the gas phase to the pre-adsorbed state.

b) The rate constant for desorption is given by

kr =
kBT

3

h3
2πmkB
σΘr

exp

(
−
∆Edes
kBT

)
(5.143)
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We can calculate the heat of activation by

∆H‡ = kBT
2 ∂

∂T
ln kr − kBT = ∆Edes + 2kBT (5.144)

The Gibbs free energy of activation is given by

∆G‡ = −kBT
[
ln kr − ln

(
kBT

h

)]
(5.145)

= ∆Edes − kBT ln

(
T2

h2
2πmkB
σΘr

)
. (5.146)

and thus the entropy of activation is

S‡ =
∆H‡ −∆G‡

T
(5.147)

= kB

2 + ln

(
T2

h2
2πmkB
σΘr

) . (5.148)

For desorption, the entropy of activation is positive as the complex regains configurational degrees
of freedom upon migrating from the adsorbed state to the activated state.

� SOLUTION 5.3

a)

kf =
kBT

h
exp

(
−
∆Eact,f

kBT

)
= 7.15 · 106 s−1 (5.149)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23*500%2F6.62607004e-34*exp%28-59e3+
%2F+%288.3145+*+500%29%29

and

kf,zpe =
kBT

h
exp

−∆Eact,f +∆E
†
zpe

kBT

 = 9.13 · 106 s−1 (5.150)

https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-59e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-59e3+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-59e3+%2F+%288.3145+*+500%29%29
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Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23*500%2F6.62607004e-34*exp%28-%
2859e3+%2B+75.8e3-76.9e3%29+%2F+%288.3145+*+500%
29%29

kb =
kBT

h
exp

(
−
∆Eact,b

kBT

)
= 2.62 · 107 s−1 (5.151)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23*500%2F6.62607004e-34*exp%28-%2853.
6e3%29+%2F+%288.3145+*+500%29%29

and

kb,zpe =
kBT

h
exp

−∆Eact,b +∆E
†
zpe

kBT

 = 9.61 · 107 s−1 (5.152)

Perform this calculation on Wolfram Alpha:
� https://www.wolframalpha.com/input/?i=1.
38064852E-23*500%2F6.62607004e-34*exp%28-%2853.
6e3+%2B+75.8e3-81.2e3%29+%2F+%288.3145+*+500%29%
29

b) The quotient of the forward rate is

kf,zpe

kf
=

9.13 · 106

7.15 · 106
= 1.27 (5.153)

and for the backward rate is

kb,zpe

kb
=

9.61 · 107

2.62 · 107
= 3.67 (5.154)

https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2859e3+%2B+75.8e3-76.9e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2859e3+%2B+75.8e3-76.9e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2859e3+%2B+75.8e3-76.9e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2859e3+%2B+75.8e3-76.9e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3+%2B+75.8e3-81.2e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3+%2B+75.8e3-81.2e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3+%2B+75.8e3-81.2e3%29+%2F+%288.3145+*+500%29%29
https://www.wolframalpha.com/input/?i=1.38064852E-23*500%2F6.62607004e-34*exp%28-%2853.6e3+%2B+75.8e3-81.2e3%29+%2F+%288.3145+*+500%29%29
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c) The quotient of the equilibrium constants is given by

Kzpe

K
=
kf,zpe/kb,zpe

kf/kb
=

1.27

3.67
= 0.35 (5.155)

d) The main reason why the differences are relatively large is because hydrogenation reactions
contain light atoms (i.e. hydrogen), which results in relatively large vibrational wave numbers
(and thus vibrational frequencies), in turn giving relatively large zero point energy corrections.

� SOLUTION 5.4

� In this question, we are often making use of the following mathematical trick

∂

∂x
ln
(
f(ci 6= x)xp

)
=

∂

∂x

[
ln
(
f(ci 6= x)

)
+ p lnx

]
(5.156)

=
∂

∂x
p lnx (5.157)

=
p

x
(5.158)

wherein f(ci 6= x) represents any function (or collection of variables) that do not explicitly
depend on x. We will not explicitly write out this construction in this subquestion and leave it
up to the reader to recognize where this has been applied.

a) The full rate expression is given by Equation 5.57 on page 226

r+ads =
∂θx

∂t

∣∣∣∣
+

=
kBT

h

q′‡

q′gas
pxθ∗, (5.159)

by which the rate constant k is expressed as

k =
kBT

h

q′‡

q′gas
(5.160)

=
kBT

h

(
2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1

exp

(
−
∆Ee,a +∆Ezpe

kBT

)
(5.161)

b) The enthalpy of activation is given by

U† = kBT
2 ∂ ln k

∂T
− kBT (5.162)

= kBT
2 ∂

∂T

[
lnT −

3

2
lnT −

3

2
lnT +

∆Ee,a −∆Ezpe

kBT

]
− kBT (5.163)

= ∆Ee,a +∆Ezpe − 3kBT. (5.164)
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c) The entropy of activation is given by

∆S† =
∂

∂T

kbT
(
ln (k)− ln

(
kbT

h

)) (5.165)

=
∂

∂T

kbT
ln

(2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1

× · · ·

· · · exp

(
−
∆Ee,a +∆Ezpe

kBT

)

 (5.166)

= kB

ln

(2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1
−�������∆Ee,a +∆Ezpe

kBT

+ · · ·

· · · kBT
(
�������∆Ee,a +∆Ezpe

kBT2
−

3

T

)
(5.167)

= kB

ln

(2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1
− 3

 (5.168)

Note that in the derivation above, the terms corresponding to the electronic activation energy
and its zero point energy correction cancel out, as indicated by the diagonal lines through these
terms.

d) Finally, the Gibbs free energy of activation is given by

∆G† = ∆H† − T∆S† (5.169)

= ∆Ee,a +∆Ezpe − kBT

ln

(2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1



(5.170)

Plugging this result into Equation 5.97 on page 232 gives
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k =
kbT

h
exp

(
−
∆G†

kbT

)
(5.171)

=
kbT

h
exp


−

∆Ee,a +∆Ezpe − kBT

ln

[(
2πmkBT

h2

)−3/2
V −1

(
π1/2

σ

√
T 3

ΘAΘBΘC

)−1
]

kbT


(5.172)

=
kBT

h

(
2πmkBT

h2

)−3/2

V −1

π1/2

σ

√
T3

ΘAΘBΘC

−1

exp

(
−
∆Ee,a +∆Ezpe

kBT

)
,

(5.173)

fully consistent with Equation 5.161.
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6.1 Introduction

In Chapter 1, we introduced the concept of elementary reaction steps and the Langmuir–Hinshel-
wood–Hougen–Watson (LHHW) formalism, which provides a framework for describing surface
reactions at the molecular level. In Chapter 2, we explained how systems containing different
chemical compounds can be characterized by a small set of macroscopic parameters, such as
temperature, pressure, and concentration. Chapter 3 then detailed how molecular partition
functions can be used to relate microscopic molecular properties to macroscopic thermodynamic
quantities. In Chapter 4, we introduced transition state theory and derived the Eyring equation,
which expresses the rate of interconversion between chemical species once the activation energy
and partition functions are known. In Chapter 5, we illustrated how these rate expressions apply
to specific types of elementary reaction steps.

In this chapter, we combine these concepts to construct a complete microkinetic model from
the ground up. We show how to connect multiple elementary reaction steps into a reaction
network, formulate the corresponding set of ordinary differential equations (ODEs), and integrate
them in time using appropriate boundary conditions and initial values. Finally, we discuss how
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248 Chapter 6. Microkinetic Modeling

to derive observable quantities from a microkinetic model and how these can be compared with
experimental data.

6.2 Microkinetic modeling of a simple catalytic reaction

In this section, we illustrate how to set up a microkinetic model using a simple example of a
catalytic reaction. To keep the discussion straightforward, we will restrict ourselves to unimolec-
ular elementary reaction steps. More complex chemical systems will be introduced later in this
chapter. The most effective way to understand how microkinetic simulations work is to build one
yourself. To facilitate this, we provide a small set of Python scripts that gradually introduce the
underlying methodology. These scripts are not intended to be the most efficient implementation,
but they serve as a convenient learning tool to grasp the fundamental principles of microkinetic
modeling. We recommend running the scripts in a Python IDE such as Spyder.1

The steps we need to take to construct a microkinetic model are as follows:

1. Construct the set of elementary reaction steps.

2. Derive rate expressions for each of the elementary reaction steps.

3. Convert the set of rate expressions to a set of ordinary differential equations.

4. Define boundary conditions for the system (e.g. partial pressures), the initial values (e.g.
initial surface concentrations) and any model parameters (e.g. temperature).

5. Solve the system of ordinary differential equations.

6. Interpret the results (using our chemical intuition).

6.2.1 Unimolecular catalytic reaction

A unimolecular reaction on a catalytic surface is given by the kinetic network below. In this
network, A adsorbs on the catalytic surface, is then converted to B and finally B desorbs from the
surface.

A −−→ A ∗ −−→ B ∗ −−→ B. (6.1)

The overall reaction for this chemokinetic network is

A −−→ B, (6.2)

which is composed of the following three elementary reaction steps

A+ ∗� A∗ (6.3)

B+ ∗� B∗ (6.4)

A∗� B ∗ . (6.5)

The above system has two adsorption-desorption steps and one surface step. We will express
the rates for adsorption-desorption steps by using Hertz-Knudsen kinetics (see Equations 5.69
and 5.84 on pages 228 and 230, respectively). Furthermore, we will use the assumptions as
discussed in section 5.5 on page 231 for the surface reactions. The parameters for the adsorption
and desorption steps are given in Tables 6.1 and 6.2, respectively.

1More information about Spyder can be found at https://www.spyder-ide.org/.

https://www.spyder-ide.org/
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6.2 Microkinetic modeling of a simple catalytic reaction 249

Table 6.1: Kinetic parameters for the adsorption and desorption steps of A and B in the unimolecular reaction.

Compound A [m2] m (a.u.) σ [-] θrot [K] Edes [kJ/mol]

A 1 · 10−20 1 1 1 120
B 1 · 10−20 1 1 1 220

Table 6.2: Kinetic parameters for the conversion of A to B over the catalytic surface in the unimolecular reaction.

Reaction νf [s−1] νb [s
−1] E

f
a [kJ/mol] Eb

a [kJ/mol]

A* −−→ B* 1013 1013 50 150

Note from these two Tables that adsorbed B is significantly more stable than adsorbed A (120
versus 220 kJ/mol, respectively). Furthermore, the reaction on the surface from A to B has a
relatively low activation barrier (50 kJ/mol), while the barrier for the reverse reaction is quite
high (150 kJ/mol). On the basis of the fundamental equations and the data in Tables 6.1 and 6.2,
we can construct the following three Python functions to calculate the reaction rate constants for
adsorption, desorption and the surface reaction as shown in Listing 6.1.

The function calc_k_arr as shown in Listing 6.1 calculates the Arrhenius-type rate constant
as given by Equation 5.91 on page 231. The functions calc_kads and calc_kdes calculate
the reaction rates for adsorption and desorption, respectively. These functions are based on
Equations 5.69 and 5.84 on pages 228 and 230, respectively. The input parameters and the units
of the variables are explained in the comment section of the corresponding functions.

In order to set up a microkinetic model using the above-mentioned kinetic parameters, we
have to specify initial values, boundary conditions and model parameters. These are as follows

• Initial values: The initial values are the initial surface concentrations at time t = 0. For
our system, we will consider the initial surface concentrations of compound A and B at
t = 0 to be θA = θB = 0. The fraction of empty surface sites will be set to θ∗ = 1.

• Boundary conditions: The partial pressure of A is set to pA = 1 atm and the partial pressure
of B is set to pB = 0 atm. In other words, we operate the reaction at zero conversion. This
choice deserves some additional explanation. Within our microkinetic simulation, we
wish to study the behavior of our catalyst. We wish to compare our theoretical model with
a so-called initial rate experiment, where the production rate is measured close around
X = 0.2 In this situation, the reactants have only barely settled on the catalytic surface
and only the adsorbed species are in a steady state. To ensure zero conversion, we keep the
partial pressures in the gas phase fixed. Nevertheless, if one is interested in the solution at
any non-zero conversion, it is easy to modify these settings by simply changing the gas
phase pressures.

• Model parameters: As all rate expressions explicitly depend on the temperature, we also
have to set the temperature as a model parameter. Typically, this is the only mandatory
model parameter, although one could imagine that for more complex types of simulations
other model parameters are required. For example, if one models an electrochemical
reaction, one could consider the pH of the solution or the potential as model parameters.

Using the initial values, boundary conditions and model parameters, the system of ordinary
differential equations is completely defined and can be time-integrated. In contrast with the
types of equations we saw in Chapter 1, this set of equations can no longer be solved analytically3

2This is often termed as that one operates the reaction at differential conditions.
3Recall that for constructing an analytical expression, we require a series of assumptions.
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250 Chapter 6. Microkinetic Modeling

Listing 6.1: Python functions to calculate the reaction rate constants.

1 def calc_k_arr(T, nu, Eact):
2 """
3 Calculate reaction rate constant for a surface reaction
4

5 T - Temperature in K
6 nu - Pre-exponential factor in s^-1
7 Eact - Activation energy in J/mol
8 """
9 R = 8.3144598 # gas constant
10 return nu * np.exp(-Eact / (R * T))
11

12 def calc_kads(T, P, A, m):
13 """
14 Reaction rate constant for adsorption
15

16 T - Temperature in K
17 P - Pressure in Pa
18 A - Surface area in m^2
19 m - Mass of reactant in kg
20 """
21 kb = 1.38064852E-23 # boltzmann constant
22 return P*A / np.sqrt(2 * np.pi * m * kb * T)
23

24 def calc_kdes(T, A, m, sigma, theta_rot, Edes):
25 """
26 Reaction rate constant for desorption
27

28 T - Temperature in K
29 A - Surface area in m^2
30 m - Mass of reactant in kg
31 sigma - Symmetry number
32 theta_rot - Rotational temperature in K
33 Edes - Desorption energy in J/mol
34 """
35 kb = 1.38064852e-23 # boltzmann constant
36 h = 6.62607004e-34 # planck constant
37 R = 8.3144598 # gas constant
38 return kb * T**3 / h**3 * A * (2 * np.pi * m * kb) / \
39 (sigma * theta_rot) * np.exp(-Edes / (R*T))
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6.2 Microkinetic modeling of a simple catalytic reaction 251

and we have to use a numerical method to integrate this system over time. This can be done
using an ordinary differential equation solver (in short: ODE solver). In this chapter, we will be
using the SciPy library that readily provides an ODE solver.4

The set of ordinary differential equations for this system to solve is given in Equations 6.6 -
6.8. Please note that in these equations kb refers to the reaction rate constant in the backward
direction and not to the Boltzmann constant.

∂θA
∂t

= kads,A · pA · θ∗ − kdes,A · θA − kf · θA + kb · θB (6.6)

∂θB
∂t

= kads,B · pB · θ∗ − kdes,B · θB + kf · θA − kb · θB (6.7)

∂θ∗
∂t

= −kads,A · pA · θ∗ + kdes,A · θA − kads,B · pB · θ∗ + kdes,B · θB (6.8)

Using this set of ordinary differential equations and the proper boundary conditions, we
can readily construct our Python code to time-integrate our chemokinetic system. The code is
provided in Listing 6.2. By plotting the return variables of solve_odes(T) we can obtain a
graph. This is done in the main() function of the script as can be seen in Listing 6.3.

Listing 6.3: Python functions to perform the time-integration of the set of ordinary differential equation.

1 def main():
2 plt.figure()
3 x,y = solve_odes(1200)
4 labels = ['A','B','*']
5 for i in range(0, len(labels)):
6 plt.semilogx(x, y[:,i], label=labels[i])
7 plt.legend()
8 plt.show()

The ODE solver is constructed using a generic interface as explained in detail on its webpage.5

First, we need to construct a function that takes as input the two parameters t (time) and y
(surface concentrations). Optionally, a list of parameters can be provided. Here, we provide as
additional parameters the boundary conditions, which are the partial pressures and the model
parameters, which is the temperature. In dydt(T, y, params), the first derivative of the
surface concentrations is calculated and returned as a vector. The time-integration is performed
in the function solve_odes(T). Herein, an integration object is constructed and the function
dydt(T, y, params) is passed as input. We use the vode keyword, which stands for Real-
valued Variable-coefficient OrdinaryDifferential Equation. We set the absolute and relative tolerances
(atol and rtol) to 10−8. The maximum number of steps between two output time steps of the
integrator object is set to 1000, although the default value for this variable would probably suffice.
An important thing to remember about chemokinetic systems is that their underlying set of
ordinary differential equations is a so-called stiff system. Stiff systems require special integration
methods, such as bdf which stands for Backward Differentation Formulas. The bdf is one of
the best methods to solve such systems. The other important thing to take care of is to either
explicitly specify to calculate the Jacobian using finite differences (with_jacobian=true) or
to construct a Jacobian function yourself. Here, we have opted for using the finite difference
method, as it is much easier to use. An explicit function to calculate the Jacobian is however
computationally much faster and is the recommended procedure.6

We have chosen to perform our integration on a logarithmic scale. The main advantage of
this procedure is that we get a fixed number of data points for every time scale, beginning at

4https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.ode.html
5https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.ode.html
6Consult the web page of SciPy for more information how this is done.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.ode.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.integrate.ode.html
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Listing 6.2: Python functions to perform the time-integration of the set of ordinary differential equation.

1 def solve_odes(T):
2 # initial conditions
3 y0 = [0,0,1]
4 t0 = 0
5 t1 = 1e-6 # total integration time
6 T = 1200 # temperature in K
7 pa = 1e5 # pressure of A in Pa
8 pb = 0 # pressure of B in Pa
9

10 # construct ODE solver
11 r = ode(dydt).set_integrator('vode', method='bdf',
12 atol=1e-8, rtol=1e-8, nsteps=1000, with\_jacobian=True)
13 r.set_initial_value(y0, t0).set_f_params([T, pa, pb])
14

15 # integrate on a logaritmic scale
16 xx = np.linspace(-12.0, np.log10(t1), int((np.log10(t1) + 12.0) * 10))
17 yy = []
18 tt = []
19 for x in xx:
20 tnew = 10.0**x
21 tt.append(tnew)
22 yy.append(r.integrate(tnew))
23

24 return tt, np.matrix(yy)
25

26 def dydt(t, y, params):
27 """
28 Set of ordinary differential equations
29 """
30 T = params[0]
31 pa = params[1]
32 pb = params[2]
33

34 dydt = np.zeros(3)
35

36 ma = 1.66054e-27
37 mb = 1.66054e-27
38

39 k_ads_a = calc_kads(T, pa, 1e-20, ma)
40 k_des_a = calc_kdes(T, 1e-20, ma, 1, 1, 120e3)
41

42 k_ads_b = calc_kads(T, pb, 1e-20, mb)
43 k_des_b = calc_kdes(T, 1e-20, mb, 1, 1, 220e3)
44

45 kf = calc_k_arr(T, 1e13, 50e3)
46 kb = calc_k_arr(T, 1e13, 150e3)
47

48 dydt[0] = k_ads_a * y[2] - k_des_a * y[0] - kf * y[0] + kb * y[1]
49 dydt[1] = k_ads_b * y[2] - k_des_b * y[1] + kf * y[0] - kb * y[1]
50 dydt[2] = -k_ads_a * y[2] + k_des_a * y[0] - k_ads_b * y[2] + k_des_b * y[1]
51

52 return dydt
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Figure 6.1: Surface coverage as a function of time for the unimolecular catalytic surface reaction.

the smallest time scales (i.e. corresponding to the fastest reactions) and ending at the longest
time-scales (i.e. the slowest reactions). The results would be exactly the same if a linear time
scale is chosen, it is just a preference we like to employ.

Before we start performing the simulations and interpreting its output, we would like to
repeat some nomenclature here. All possible sets of concentrations applicable to our system is
termed the phase space. To exemplify this statement with respect to our system, the complete
phase space is defined by:

θA, θB , θ∗ ∈ [0, 1] (6.9)

under the constraint (remember that there is conservation of mass)

θA + θB + θ∗ = 1 (6.10)

Furthermore, if our system has no peculiarities such as strong non-linear behavior or bifur-
cations (if you have never heard of these terms before, just ignore them), then our system will
most likely converge to a steady state solution, which is defined as:

∂θi
∂t

= 0 (6.11)

for all i, where i is each compound in the system.
Let us apply this newly learned nomenclature to our system which models a unimolecular

reaction. In Figures 6.1a-6.1d, the transient behavior of our system (i.e., the state of our system
as a function of time) has been studied at four different temperatures. In Figures 6.1a-6.1c, a
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similar final result is obtained, which is the catalytic surface fully covered with B. Note that in
Figure 6.1a, the surface concentrations no longer changes at t ≥ 10. Therefore, we can say that
at t ≥ 10 the system is at its steady-state solution.

From the other Figures (6.1b-6.1d), we can see that the steady state solution is reached at
different time t given a different temperature. At higher temperatures, the steady state solution
is obtained in a shorter amount of time. This can easily be explained due to the fact that all
elementary reaction rates increase exponentially with increasing temperature. Therefore, our
system converges to the steady-state solution faster at elevated temperatures.

One might wonder then as to why the system in 6.1d (i.e., at a significantly high temperature,
does not converge to a similar-steady solution as the other Figures. In 6.1d, it is found that the
steady state solution has a nearly empty catalytic surface. This has to do with the temperature
dependence of the pre-exponential factors for adsorption and desorption. From Equations 5.69
and 5.84 on pages 228 and 230, respectively, it can be seen that the rate for adsorption drops
with

√
T , while the rate for desorption increases by T3. As the latter becomes dominant at high

temperature, at highly elevated temperatures the desorption term dominates resulting in a nearly
empty surface.

In Figure 6.2, the consumption of A and the production of B are shown. Due to the strong
difference in adsorption and desorption rates at different temperatures, a phenomenon similar
to the is seen. The reasoning goes as follows: at very low temperature, all compounds adsorb
easily on the surface, but due to the low temperature, there is not enough energy to overcome
the reaction barrier and no products are formed. At too high temperature, the desorption rate is
several orders of magnitude higher than the adsorption rate and almost no reagents are found on
the surface. The kinetic energy of the gaseous species is too high, thus the molecules just ricochet
off the surface. Due to the existence of these two competing effects, i.e. rate of dissociation
versus surface coverage, the production of compound B with respect to temperature shows an
optimum (at T ≈ 1175K).
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Figure 6.2: Production rates of compounds A and B as a function of temperature.

Finally, the uptake of compound A equals the production of compound B, as to be expected
on the basis of the stoichiometry of the reaction and the inherent mass conservation of the
method.

To summarize, we have shown that the overall (catalytic) unimolecular reaction is in fact a
composition of three elementary reaction steps. By means of transition state theory, we are able
to derive rate equations for these elementary reaction steps. The implementation of these rate
equations reveal interesting transient phenomena and enable us to study the kinetic system as
function of temperature. Despite that the unimolecular catalytic reaction is very illustrative, it
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6.2 Microkinetic modeling of a simple catalytic reaction 255

lacks the details of a more realistic overall reaction. As such, we are going to describe a catalytic
bimolecular reaction.

6.2.2 Bimolecular catalytic reaction

A typical bimolecular reaction in catalysis is the oxidation of CO to CO2. This particular system
is relevant to car-exhaust gas clean-up. The overall reaction is

2CO+ O2 → 2CO2 (6.12)

and constitutes the following elementary reaction steps

CO+ ∗�CO∗ (6.13)

O2 + 2∗�2O∗ (6.14)

CO ∗+O∗�CO2 ∗+∗ (6.15)

CO2 + ∗�CO2∗ (6.16)

These elementary reaction steps lead to the following set of ordinary differential equations

∂θCO
∂t

= k1,adsθ∗ − k1,desθCO − k3,f θCOθO + k3,bθCO2
θ∗ (6.17)

∂θO
∂t

= 2k2,adsθ
2
∗ − 2k2,desθ

2
O − k3,f θCOθO + k3,bθCO2

θ∗ (6.18)

∂θCO2

∂t
= k4,adsθ∗ − k4,desθCO2

+ k3,f θCOθO − k3,bθCO2
θ∗ (6.19)

∂θ∗
∂t

= −k1,adsθ∗ + k1,desθCO − 2k2,adsθ
2
∗ + 2k2,desθ

2
O

+ k3,f θCOθO − k3,bθCO2
θ∗ − k4,adsθ∗ + k4,desθCO2

(6.20)

This reaction is bimolecular in the sense that adsorbed CO needs to recombine with adsorbed
O in order to form CO2. The numerical values for the relevant rate expressions are given in
tables 6.3 and 6.4.

Table 6.3: Parameters for the adsorption and desorption steps in CO oxidation. Note that the values used here are
not necessarily representative for the actual process.

Compound A [m2] m (a.u.) σ [-] θrot [K] Eads [kJ/mol]

CO 1 · 10−20 28 1 2.8 80
O2 1 · 10−20 32 2 2.08 40
CO2 1 · 10−20 80 1 0.561 10

Combining the data in Tables 6.3 and 6.4 and the set of ordinary differential equations leads
to the Python code as shown in Listing 6.4. Note that we have introduced two auxiliary variables

Table 6.4: Parameters for the surface reaction of CO oxidation. Note that the values used here are not necessarily
representative for the actual process.

Reaction νf [s
−1] νb[s

−1] E
f
a [kJ/mol] Eb

a[kJ/mol]

CO* + O* −−→ CO2* + * 1013 1013 120 180
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Listing 6.4: Python functions to construct the first derivative towards time of the surface concentrations. Note that
we have introduced a set of auxiliary variables (i.e. r1f - r4b) to capture similar terms for the reaction rates.

1 def dydt(t, y, params):
2 """
3 Set of ordinary differential equations
4 """
5 T = params[0]
6 pa = params[1]
7 pb = params[2]
8 pc = params[3]
9

10 dydt = np.zeros(4)
11

12 ma = 28 * 1.66054e-27
13 mb = 32 * 1.66054e-27
14 mc = 80 * 1.66054e-27
15

16 # calculate all reaction rate constants
17 k_ads_1 = calc_kads(T, pa, 1e-20, ma)
18 k_des_1 = calc_kdes(T, 1e-20, ma, 1, 2.8, 80e3)
19 k_ads_2 = calc_kads(T, pb, 1e-20, mb)
20 k_des_2 = calc_kdes(T, 1e-20, mb, 2, 2.08, 40e3)
21 kf = calc_k_arr(T, 1e13, 120e3)
22 kb = calc_k_arr(T, 1e13, 80e3)
23 k_ads_4 = calc_kads(T, pc, 1e-20, mc)
24 k_des_4 = calc_kdes(T, 1e-20, mc, 1, 0.561, 10e3)
25

26 # collect similar terms in new variables
27 r1f = k_ads_1 * y[3]
28 r1b = k_des_1 * y[0]
29 r2f = k_ads_2 * y[3]
30 r2b = k_des_2 * y[1]**2
31 r3f = kf * y[0] * y[1]
32 r3b = kb * y[2] * y[3]
33 r4f = k_ads_4 * y[3]
34 r4b = k_des_4 * y[2]
35

36 dydt[0] = r1f - r1b - r3f + r3b
37 dydt[1] = 2.0 * r2f - 2.0 * r2b - r3f + r3b
38 dydt[2] = r3f - r3b + r4f - r4b
39 dydt[3] = -r1f + r1b - 2.0 * r2f + 2.0 * r2b + r3f - r3b - r4f + r4b
40

41 return dydt
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6.2 Microkinetic modeling of a simple catalytic reaction 257

for each elementary reaction step to efficiently collect terms and calculate the first derivatives
with respect to time.

For the boundary conditions, we have used the stoichiometric ratio of 1:2 for the partial
pressure of O2 and CO and set the total pressure to 20 atm.
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Figure 6.3: Production rate of CO2 and consumption rates of CO and O2 as a function of temperature.

The result for this simulation is given in Figure 6.3. From this Figure, we can see that the
uptake of CO is the same as the production of CO2, whereas the uptake of O2 is half the uptake of
CO. This shows that this reaction proceeds according to the stoichiometry, as was to be expected.
Again, we note that there is an optimum in the production as a function of temperature. Similarly
to the unimolecular reaction, this relates to the Sabatier’s principle. If the temperature is too low,
no coupling between CO and O will occur, if the temperature is too high, CO and O2 will no
longer adsorb on the surface in order to react.
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Figure 6.4: Surface coverage as a function of temperature.

In Figure 6.4, the surface coverage as a function of temperature is shown. Here we can see
that at low temperature, the surface is mainly covered by CO. This is evident from the relatively
strong adsorption energy of CO (80 kJ/mol). With increasing temperature, the surface coverage
of CO decreases, whereas the number of free sites increases. This confirms our earlier reasoning
regarding the optimal temperature for the reaction. If the temperature is too low, no reaction can
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occur between CO and O. In fact, the temperature is so low that CO poisons the surface (due to
its high adsorption energy) by which the surface coverage of O is too low for an appreciable rate of
coupling between CO and O to occur. With increasing temperature, the CO coverage decreases
and consequently, the rate increases. At elevated temperatures, the CO coverage decreases even
more and the surface becomes empty. At that point, the overall rate decreases again.

6.3 Reaction orders

In the previous section we mentioned that at low temperature, CO poisons the surface. Here,
we will show another technique that confirms this fact. If CO indeed poisons the surface at low
temperature, then we expect that the partial pressure of CO negatively influences the rate. A
systematic way of investigating the influence of the reactants and the products on the reaction is
by looking at the reaction order in these components. The reaction order is defined as follows
(see also section 1.6.1 on page 24):

ni = pi
∂ ln r+

∂pi
, (6.21)

where ni is the reaction order in component i, r+ is the rate in the forward direction (i.e.
the rate corresponding to an initial rate experiment) and pi the partial pressure of component i.
The reaction orders are calculated using a linear fitting procedure. A short code snippet how
this is done is shown in Listing 6.5. At the end of this chapter, we will also show that for some
systems, an analytical expression can be derived.

In Listing 6.5, the numerical procedure to calculate the reaction order is shown. To calculate
the derivative of the logarithm of the rate towards the partial pressure of CO, we calculate the rate
at five different partial pressures of CO. These five partial pressures are generated by multiplying
the coefficients 0.95, 0.98, 1.0, 1.02 and 1.05 with the partial pressure at the working we are
interested in (in our example, this is 13.33 bar). The derivative is then calculated by performing a
linear fit using the polyfit function. The order is finally calculated by multiplying the slope
(as found in the linear fit) by the partial pressure. At T = 800 K, this gives a reaction order of
about unity.

The reaction orders of CO and O2 as function of temperature is found in Figure 6.5. From
this Figure, we can see that at low temperature, the reaction order in CO is strongly negative.
A value of -1 indicates that if we would double the partial pressure of CO, than the rate would
decrease by a factor 2. With increasing temperature, we see that the reaction order in CO
increases. This can be related to the surface coverage of CO. At sufficient temperature, CO
no longer poisons the surface and a consequence, the reaction order increases to 0. Further
increasing the temperature leads to a nearly empty surface. Such a surface is lacking in CO and
increasing the partial pressure of CO would benefit the reaction rate. Thus, a positive reaction
order is seen. In contrast, the reaction order in O2 is nearly independent of temperature and has
a constant value of 0.5. The value of 0.5 originates from the fact that O2 dissociatively adsorbs
on the surface. For the reaction to occur, only half a molecule of O2 is needed. Thus doubling
the partial pressure of O2 only results in an increase of the overall reaction rate by a factor of

√
2.

Another way of looking at these reaction orders is from the perspective of a power law.
Assume that we can model our reaction by the following expression

r = cpνCOCO p
νO2
O2

, (6.22)

then the reaction orders in CO and O2 would match the exponents νi in this expression.
Performing a series of experiments wherein the partial pressures of CO and O2 followed by a
fitting procedure would then provide the values for the variables in this equation. Important to
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6.3 Reaction orders 259

Listing 6.5: Python functions to calculate the reaction order of CO at temperature T.

1 def main():
2 """
3 Calculate the reaction order in CO
4 """
5 T = 800 # temperature in K
6 p,r = calc_order(T)
7 m,b = np.polyfit(p, r, 1)
8 plt.plot(p, r, 'o', label='Data points')
9 plt.plot(p, m*p+b, '--', label='Linear fit')
10 plt.legend()
11 plt.xlabel('Pressure in Pa')
12 plt.ylabel('log(rate)')
13 plt.title('Reaction order CO = %f' % (m*p[2]))
14 plt.show()
15

16 def calc_order(T):
17 """
18 Calculate reaction order at temperature T
19 """
20 pt = 20
21 pa = 2.0/3.0 * pt * 1e5 # pressure of CO in Pa
22 pb = 1.0/3.0 * pt * 1e5 # pressure of O2 in Pa
23 pc = 0
24 mc = 80 * 1.66054e-27
25

26 # set series of factors to expend pressure in
27 diffs = [0.95, 0.98, 1.0, 1.02, 1.05]
28 rates = []
29 for diff in diffs:
30 x, y = solve_odes(T, pa * diff, pb, pc)
31 r_co2 = calc_kdes(T, 1e-20, mc, 1, 0.561, 10e3) * y[-1,2]
32 rates.append(r_co2)
33

34 return np.multiply(diffs, pa), np.log(rates)
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Figure 6.5: Reaction orders in CO and O2 as a function of temperature.

realize is that the above expression is limited to a fairly small region in temperature as is evident
from Figure 6.5. A significant variation of the temperature leads to a completely different value
for the reaction order. Another way of looking at this is by saying that this approach is only valid
locally. In contrast, constructing a microkinetic model provides the possibility of modeling a
reaction over a very broad range of temperatures and pressures and is in a way a more global
approach.

6.4 Apparent activation energy

Besides analyzing the dependence of the partial pressures of the reactants on the overall reaction
rate by means of calculating the reaction orders, one can also investigate the influence of temper-
ature on the activity by probing the apparent activation energy. The apparent activation energy is
given by the following equation (see also section 1.6.2 on page 26):

∆E
app
act = RT2 ∂ ln r

+

∂T
. (6.23)

The procedure is very similar as to the one showed earlier for the calculation of the reaction
orders. A linear fit is performed on the basis of Equation 6.23 as shown in Listing 6.6. The only
differences are that the coefficient interval is much smaller as the rate depends much stronger
on the temperature as compared to the pressure and that we multiply the first derivative towards
temperature by RT2 to obtain an answer in units of energy.

Listing 6.6: Python functions to calculate the apparent activation energy at temperature T.

1 def main():
2 """
3 Calculate the apparent activation energy
4 """
5 T = 500 # temperature in K
6 R = 8.3144598 # gas constant
7

8 p,r = calc_eapp(T)
9 m,b = np.polyfit(p, r, 1)
10 plt.plot(p, r, 'o', label='Data points')
11 plt.plot(p, m*p+b, '--', label='Linear fit')
12 plt.legend()
13 plt.title('Eapp = %f kJ/mol' % (R*T**2*m/1e3))
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6.4 Apparent activation energy 261

14 plt.xlabel('Temperature in K')
15 plt.ylabel('log(rate)')
16 plt.show()
17

18 def calc_eapp(T):
19 """
20 Calculate the apparent activation energy at temperature T
21 """
22 pt = 20
23 pa = 2.0/3.0 * pt * 1e5 # pressure of CO in Pa
24 pb = 1.0/3.0 * pt * 1e5 # pressure of O2 in Pa
25 pc = 0
26 mc = 80 * 1.66054e-27
27

28 # set series of factors to expend pressure in
29 diffs = [0.998, 0.999, 1.0, 1.001, 1.002]
30 rates = []
31 for diff in diffs:
32 x, y = solve_odes(T * diff, pa, pb, pc)
33 r_co2 = calc_kdes(T * diff, 1e-20, mc, 1, 0.561, 10e3) * y[-1,2]
34 rates.append(r_co2)
35

36 return np.multiply(diffs, T), np.log(rates)

This derivative probes the effect on the overall rate as a result of a change in temperature. A
positive value of the apparent activation energy indicates that the overall reaction rate increases
when the temperature is increased. In contrast, a negative energy indicates that the overall
reaction rate would be decreased as a result of an increase in temperature. Consequently, if the
apparent activation energy is zero, this means that the reaction is at an optimum with respect to
temperature.
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Figure 6.6: Apparent activation energy as a function of temperature.

In Figure 6.6, the apparent activation energy as a function of temperature is shown. From
this Figure, it can be seen that at low temperature, the apparent activation energy is positive,
whereas at high temperature, it is negative. This result can be directly interpreted in terms of
the Sabatier’s principle. At low temperature, the surface is partially blocked by CO (see Figure
6.4) and increasing the temperature results in more available sites by which the overall reaction
rate can increase. In contrast, at high temperature the apparent activation energy is found to be
negative. Here, lowering the temperature would result in more gaseous species to fixate on the
surface. Thus, lowering the temperature would result in an increase of the overall reaction rate.
Finally, around T=575K, the apparent activation energy is zero. Looking at Figure 6.3, we see
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that at this particular temperature, the overall reaction rate is at an optimum. This was to be
expected, as finding the extremum of a function can be done by equating the first derivative of a
function to zero.

Interestingly, a lot of chemical processes are run under certain conditions where the apparent
activation energy is positive. Given the above explanation, one could reason that increasing the
temperature would result in a higher activity and wonder why this is not done. The argument for
not increasing the temperature is that the apparent activation energy only gives us an indication
whether the overall reaction rate would increase or decrease with respect to temperature. It does
not convey anything about the selectivity of the reaction. Typically, increasing the temperature
of the reaction results in the production of unfavorable side products that eventually have to
be removed from the production stream. As such, overall activity is rarely the most important
criterion in deciding at which temperature the reaction should be operated.

The above discussion already shows that the rate r in Equation 6.23 is not in a sense unique
and has to be chosen with care. Rates are calculated with respect to a so-called key component.
Here, we have always chosen the key component to be one of the reactants. This is of course a
sensible choice, but if you are looking at a reaction wherein multiple products can be produced,
it might be more sensible to pick one of these products that is of interest. Thus, the apparent
activation energy is not some universal value for an overall reaction, but depends on the specific
key component that has been chosen. As such, in the literature, the formula that is used to fit
the apparent activation energy to the experiment is shown to make the matter clear. Often, the
fitting of the apparent activation energy is combined with the fitting of the reaction orders and a
formula such as the following is used:

rj = ν exp

(
∆E

app
act

RT

)∏
i

pνi
i , (6.24)

where ri is the rate of production or consumption of key component j, pi is the partial
pressure of reactant i, νi is the stoechiometric coefficient of reactant i, Eapp

act is the apparent
activation energy and ν is a pre-exponential factor.

In the results as shown in Figure 6.6, we have chosen CO to be the key component. It should
be clear though that, due to the stoichiometry, if we had chosen any other key component for our
analysis, we would have obtained exactly the same result.

6.5 Degree of rate control

From the previous two sections, we have shown how to calculate the reaction orders and the
apparent activation energy. Another step further is to investigate the effect of the reaction barrier
of each of the elementary reaction steps on the overall reaction rate. To do this, we use the
method of as introduced by Campbell and coworkers. Herein, a degree of rate control coefficient
of a single elementary reaction step is defined as

χi =

(
∂ ln r

∂ ln ki

)
kj 6=ki,Ki

, (6.25)

where χi is the degree of rate control coefficient, r the overall reaction rate, ki the reaction
rate constant for elementary reaction step i and Ki the equilibrium constant of elementary
reaction step i as defined by

Ki =
k+i

k−i
. (6.26)
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6.6 Degree of selectivity control 263

Loosely speaking, the effect of lowering or increasing the reaction barrier of an elementary
reaction step on the overall reaction rate is probed. Importantly, only the barrier is varied. All
equilibrium constants including the reaction Gibbs free energy is kept constant. Schematically,
this is depicted in Figure 6.7.

initial state

final state

Figure 6.7: Schematic representation of varying the reaction barrier of an elementary reaction step while keeping
the Gibbs free energy of the reaction constant.

A positive value of χi indicates that the elementary reaction step is rate-controlling. In other
words, decreasing the reaction barrier for this elementary reaction step results in an increase of
the overall reaction rate. In contrast, a negative value of χi means that the elementary reaction
step is rate-inhibiting. Lowering the apparent activation energy then results in a decrease of the
overall reaction rate. Finally, the sum of all DRC coefficients of all elementary reaction steps
should be unity7 as given by

∑
i

χi = 1. (6.27)

The DRC analysis for CO oxidation is given in Figure 6.8. From this Figure, we can see that
independent of temperature, CO+O recombination on the catalytic surface is the rate-limiting
step. This was to be expected as adsorption-desorption steps are rarely rate-limiting and this is
the only elementary reaction step that occurs on the surface.

Nevertheless, this result is very important as will become clearer in the next section. In the
case that the DRC analysis shows that only one elementary reaction step has a DRC coefficient
χ = 1 and that all other elementary reaction steps have χ = 0, then this means that this
elementary reaction step is rate-determining. In other words, the overall reaction rate r only
depends on the rate of this elementary reaction step. All other elementary reaction steps prior to
the rate-determining elementary reaction step are then at pseudo-equilibrium. We will use this
valuable approximation to create an analytic model of our kinetic system.

Finally, we should make an important note here. In the calculation of the degree of rate
control, we have used the overall reaction rate r. In principle, one can also use the rate for any
kind of particular reactant or product. The rate for this compound does not necessarily have to
be the same as the overall reaction rate, though for reactions where there is only a single product,
this is the case. But consider the situation wherein one reactant can form two different product.
In that case, the degree of rate control of one particular product will not be the same as the degree
of rate control of the reactant. It is up to the researcher to decide which rate is important and
relevant in your analysis and it might be that several degree of rate control simulations have
to be performed in order to fully convey the sensitivity on the elementary reaction steps of the
reaction mechanism.

6.6 Degree of selectivity control

Besides the degree of rate control, it can also be of interest what the influence of a particular
elementary reaction step is on the selectivity rather than the activity of a reaction. In this

7The proof for this equality is given in section B.10 of the Appendix.
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Figure 6.8: Degree of rate control coefficient as function of temperature.

evaluation, one solves the following differential

εi,c =

(
∂ηc

∂ ln ki

)
kj 6=ki,Ki

, (6.28)

where εi,c is the degree of selectivity coefficient of compound c due to a change in elementary
reaction step i and ηc is the selectivity of compound c.

Once the degree of rate control coefficients are known, it is fairly straightforward to calculate
the εi,c coefficients as can be seen from the following derivation:

εi,c =

(
∂ηc

∂ ln ki

)
kj 6=ki,Ki

(6.29)

= ηc

(
∂ ln ηc
∂ ln ki

)
kj 6=ki,Ki

(6.30)

= ηc

(
∂ ln rc/rr
∂ ln ki

)
kj 6=ki,Ki

(6.31)

= ηc

(∂ ln rc
∂ ln ki

)
kj 6=ki,Ki

−
(
∂ ln rr
∂ ln ki

)
kj 6=ki,Ki

 (6.32)

= ηc
(
χc,i − χr,i

)
(6.33)

In other words, the degree of selectivity control is the degree of rate control using the rate
of the compound you are interested in minus the degree of rate control using the rate of the
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6.7 Comparison with Langmuir-Hinshelwood kinetics 265

overall reaction (i.e. of a specific reactant), multiplied by the selectivity of the compound wherein
you are interested. A positive degree of selectivity coefficient indicates that the selectivity of
this compound will increase when the barrier of the corresponding elementary reaction step is
lowered and a negative value indicates that the selectivity decreases if the barrier is lowered.

From the sum-rule for the degree of rate control coefficients, another sum rule can be
constructed. It is fairly straightforward to see that

∑
i,c

εi,c = 0. (6.34)

6.7 Comparison with Langmuir-Hinshelwood kinetics

In the previous section we have seen that some kinetic networks have only a single elementary
reaction step that is rate-controlling. In other words, that elementary reaction step is automatically
the rate-determining elementary reaction step. Such a system has the requirements by which the
Langmuir-Hinshelwood-Hougen-Watson approximation applies. Here, we will demonstrate this
by solving the system for CO oxidation in an analytic fashion.

If CO ∗ +O∗ → CO2 ∗ +∗ is the rate-determining step and we operate at zero conversion,
then we can assume that all other steps that precede this step are at pseudo-equilibrium. Thus,

CO+ ∗� CO∗ (6.35)

O2 + 2∗� 2O∗ (6.36)

and consequently

KCO =
θCO

pCOθ∗
(6.37)

KO2
=

θ2O
pO2

θ2∗
, (6.38)

whereKi is the equilibrium constant for adsorption of compound i, θi is the surface coverage
of compound i and θ∗ is the fraction of free sites on the surface.

By introducing a mass balance, 8

θCO + θO + θ∗ = 1, (6.39)

we can calculate the fraction of free sites as a function of the equilibrium constants and the
partial pressures.

1 = θCO + θO + θ∗ (6.40)

= KCOpCOθ∗ +
√
KO2

pO2
θ∗ + θ∗ (6.41)

=

(
1 +KCOpCO +

√
KO2

pO2

)
θ∗ (6.42)

θ∗ =
1

1 +KCOpCO +
√
KO2

pO2

(6.43)

8Note that we have neglected to take the surface coverage of CO2 . The motivation for this assumption is that we operate
at zero conversion. This means that the partial pressure of CO2 is zero so that any CO2 that is formed on the surface,
immediately desorbs to the gas phase.
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We can use this result to explicitly calculate the coverages for θCO and θO2
,

θCO =
KCOpCO

1 +KCOpCO +
√
KO2

pO2

(6.44)

θO =

√
KO2

pO2

1 +KCOpCO +
√
KO2

pO2

. (6.45)

At zero coverage, the overall rate is given by the forward rate of the rate-determining elemen-
tary reaction step as

r = krdsθCOθO2
(6.46)

=
krdsKCOpCO

√
KO2

pO2(
1 +KCOpCO +

√
KO2

pO2

)2
. (6.47)

At this point, we have an analytic expression for the overall rate. From this expression, we
can derive analytic expressions for the reaction orders and the apparent activation energy.

nCO = pCO
∂ ln r

∂pCO
(6.48)

= pCO

∂ ln

 krdsKCOpCO
√

KO2
pO2(

1+KCOpCO+
√

KO2
pO2

)2


∂pCO

(6.49)

= D1 +
1

2
D2 − 2D3, (6.50)

where

D1 = pCO
∂ ln

(
krdsKCOpCO

)
∂pCO

(6.51)

D2 = pCO

∂ ln
(
KO2

pO2

)
∂pCO

(6.52)

D3 = pCO

∂ ln

(
1 +KCOpCO +

√
KO2

pO2

)
∂pCO

. (6.53)

The terms Di can be readily solved, which give

D1 = 1 (6.54)

D2 = 0 (6.55)

D3 =
KCOpCO

1 +KCOpCO +
√
KO2

pO2

(6.56)

and combining these three terms results in
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nCO = 1− 2θCO. (6.57)

In a similar fashion, we obtain

nO2
=

1

2
− θO. (6.58)

These results are completely in line with the numerical results as shown in Figure 6.5, though
here we have gained the insight that the reaction order can be directly related to the surface
coverages. At a high surface coverage of CO, we see that the second term in the equation becomes
1, which gives a reaction order of nCO = 1− 2 · 1 = −1. With decreasing surface coverage, the
reaction order increases and finally at low surface coverage of CO, the reaction order becomes 1.

For nO2
, we can see from Figure 6.4 that the surface coverage of O* is negligible at all

temperatures (θO ≈ 0). From our analytical derivation we can see that the reaction order in O2
should then be nO2

= 1
2 − 1 · 0 = 1

2 . This confirms our results as seen in Figure 6.5 where

indeed a reaction order of 1
2 is seen for O2.

The apparent activation energy can also be readily derived.

∆E
app
act = RT2 ∂ ln r

∂T
(6.59)

= RT2

∂ ln

 krdsKCOpCO
√

KO2
pO2(

1+KCOpCO+
√

KO2
pO2

)2


∂T

(6.60)

= D1 +D2 +
1

2
D3 − 2D4 (6.61)

where

D1 = RT2 ln krds
∂T

(6.62)

D2 = RT2 lnKCO

∂T
(6.63)

D3 = RT2 lnKO

∂T
(6.64)

D4 = RT2
∂ ln

(
1 +KCOpCO +

√
KO2

pO2

)
∂T

. (6.65)

which resolve to

D1 = ∆Erds (6.66)

D2 = ∆HCO (6.67)

D3 = ∆HO (6.68)

D4 = ∆HCO
KCOpCO

1 +KCOpCO +
√
KO2

pO2

+
1

2
∆HO2

√
KO2

pO2

1 +KCOpCO +
√
KO2

pO2

. (6.69)

Combining these terms gives
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∆E
app
act = ∆Erds +∆HCO

(
1− 2θCO

)
+∆HO2

(
1

2
− θO

)
. (6.70)

Note that in the above expression, the part between the round brackets are equal to the
reaction orders:

∆E
app
act = ∆Erds +∆HCO (nCO) + ∆HO2

(
nO2

)
. (6.71)

In other words, there is a clear relation between the apparent activation energy and the
reaction order. As these reaction orders in turn depend on the surface coverages, the apparent
activation energy also strongly depends on these surface coverages.

Again, the analytic expression provides us with a valuable insight what terms contribute to
the apparent activation energy. Importantly, the dominant term of in the apparent activation
energy is the barrier of the rate-determining step. All other terms relate to the energetics of all
elementary reaction steps that precede the rate-determining step. Here, the adsorption of CO
and O2 are the two elementary reaction steps that precede the recombination of surface CO with
O. Thus, the energetics of these steps (∆Hi) are seen in the expression of the apparent activation
energy.

The apparent activation energy in our example for CO dissociation can be interpreted as
follows. For the overall reaction to proceed, the system should have enough energy (temperature)
to overcome the barrier of the rate-determining step. When the surface is completely covered
with CO, there are no free sites for O2 to adsorb on. As such, first a CO needs to be desorbed
before O2 can adsorb. This desorption costs energy and therefore the apparent activation energy
increases. Once CO is desorbed, oxygen can adsorb. As the adsorption process is exothermic,
some energy is released which decreases the apparent activation energy. Let us assume that
the surface coverage of CO is unity (completely covered), then the apparent activation energy
becomes

∆E
app
act = ∆Erds +∆HCO (nCO) + ∆HO2

(
nO2

)
(6.72)

= 120kJ/mol+ 80kJ/mol− 0.5 · 40kJ/mol (6.73)

= 180kJ/mol (6.74)

From Figure 6.6 we can see that around 400K, the apparent activation energy indeed has a
value of around 180 kJ/mol. Furthermore, from Figure 6.4 we see that this situation corresponds
to a surface nearly fully covered with CO. Indeed, from the coverages as obtained from Figure
6.4 and using the formula for the apparent activation energy, Figure 6.6 can be completely
reproduced.

� Practice your understanding

Exercise 6.1 and 6.2
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6.8 Exercises 269

6.8 Exercises

The answers to the exercises can be found at the end of this Chapter on page 269. The exercises
are marked by a number of gears to indicate their difficulty levels.

� EXERCISE 6.1 � �

a) Calculate the degree of rate control parameters for all elementary reaction steps in the CO
oxidation reaction from the analytical expression as given in Equation 6.47.

b) Derive the reaction order for O2 in the CO oxidation reaction and show that your result
matches that of Equation 6.58. Hint: You need to use the chain-rule.

� EXERCISE 6.2 � �

a) Show that Equation 6.34 holds using the proof for the sum rule of the degree of rate control
coefficients (eq. 6.27).

6.9 Solutions

The solutions below pertain to the exercises of Chapter 6 on page 269 and further.

� SOLUTION 6.1

a) As evident by the assumption used in the derivation, the DRC coefficient voor CO dissociation
is unity, whereas all other DRC coefficients are zero.

b)

nO2
= pO2

∂ ln r

∂pO2

(6.75)

= pO2

∂ ln

 krdsKCOpCO
√

KO2
pO2(

1+KCOpCO+
√

KO2
pO2

)2


∂pCO

(6.76)

= D1 +
1

2
D2 − 2D3, (6.77)

where
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270 Chapter 6. Microkinetic Modeling

D1 = pO2

∂ ln
(
krdsKCOpCO

)
∂pCO

(6.78)

D2 = pO2

∂ ln

(√
KO2

pO2

)
∂pO2

(6.79)

D3 = pO2

∂ ln

(
1 +KCOpCO +

√
KO2

pO2

)
∂pO2

. (6.80)

The terms Di can be readily solved, which give

D1 = 0 (6.81)

D2 =
1

2
(6.82)

D3 =
1

2

√
KO2

pO2

1 +KCOpCO +
√
KO2

pO2

(6.83)

and combining these three terms results in

nCO =
1

2
− θO (6.84)

� SOLUTION 6.2

To proof that the sum-rule for the degree of selectivity holds, we need to convert the sum of
degree of selectivity coefficients to a sum of degree of rate control coefficients.
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∑
i,c

εi,c =
∑
i,c

∂ηc

∂ ln ki
(6.85)

=
∑
i,c

ηc
∂ ln ηc
∂ ln ki

(6.86)

=
∑
i,c

ηc
∂ ln rc/rr
∂ ln ki

(6.87)

=
∑
i,c

ηc

(
∂ ln rc
∂ ln ki

−
∂ ln rr
∂ ln ki

)
(6.88)

=
∑
i,c

ηc (χc − χr) (6.89)

=
∑
c

ηc
∑
i

(
χc,i − χr,i

)
(6.90)

=
∑
c

ηc

∑
i

χc,i −
∑
i

χr,i

 (6.91)

=
∑
c

ηc (1− 1) (6.92)

= 0 (6.93)

From a conceptual point of view, the above can be rationalized. Due to conservation of
mass, you can only generate more of one particular product in expense of another product. So
if one particular elementary reaction steps favors the product of a compound, there are other
elementary reaction steps that favor another product by the same magnitude.



�
A

P
P

E
N

D
IX

�
A

P
P

E
N

D
IX

�
A

P
P

E
N

D
IX

�
A

P
P

E
N

D
IX

�
A

P
P

E
N

D
IX

�
A

P
P

E
N

D
IX



�
A

P
P

E
N

D
IX

A
�

A
P

P
E

N
D

IX
A

�
A

P
P

E
N

D
IX

A
�

A
P

P
E

N
D

IX
A

�
A

P
P

E
N

D
IX

A
�

A
P

P
E

N
D

IX
A

�
A

P
P

E
N

D
IX

A

AA
P

P
E

N
D

IX

DATA COMPENDIUM

A.1 Fundamental constants

Constant Symbol Value Units

Speed of light c 2.99792458 · 108 m · s −1

Planck’s constant h 6.62606957 · 10−34 J · s
Boltzmann’s constant kB 1.3806488 · 10−23 J · K −1

Avogadro’s constant NA 6.02214129 · 1023 mol −1

Gas constant R 8.3144621 J · K −1 ·mol −1

Atomic mass constant (amu) mu 1.660538921 · 10−27 kg

A.2 Clebsch-Gordan Coefficients

Figure A.1: Clebsch-Gordan Coefficients for two spin- 1
2
and two spin-1 particles.
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B.1 Coordinate systems

B.1.1 Cartesian coordinates

Gradient operator:

∇f (x, y, z) =
∂f

∂x
+
∂f

∂y
+
∂f

∂z
(B.1)

Laplacian operator:

∇2f (x, y, z) =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
(B.2)

Jacobian (differential volume):

dV = dx dy dz (B.3)
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B.1.2 Cylindrical coordinates

x

y

z

z̄

r̄

P

θ̄

Figure B.1: Cylindrical coordinate system.

The cylindrical coordinates (see Figure B.1) are related to the Cartesian coordinates by means of
the following unit transformation

x = ρ cos θ (B.4)

y = ρ sin θ (B.5)

z = z (B.6)

and

ρ =

√
x2 + y2 (B.7)

θ = arctan

(
y

x

)
(B.8)

z = z (B.9)

Gradient operator:

∇f (ρ, θ, z) =
∂f

∂ρ
+

1

ρ

∂f

∂θ
+
∂f

∂z
(B.10)

Laplacian operator:

∇2f (ρ, θ, z) =
1

ρ

∂

∂ρ

(
∂f

∂ρ

)
+

1

ρ2
∂2f

∂θ2
+
∂2f

∂z2
(B.11)

Jacobian (differential volume):

dV = ρ dρ dφ dz (B.12)
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B.1.3 Spherical coordinates

x

y

z

P

r

φ

θ

Figure B.2: Spherical coordinate system. Note that the physics convention is used for the coordinate symbols, as set
in ISO 80000-2:2019.

The spherical coordinates (see Figure B.2) are related to the Cartesian coordinates by means of
the following unit transformation

x = r sin θ cosφ (B.13)

y = r sin θ sinφ (B.14)

z = r cos θ (B.15)

and

r =

√
x2 + y2 + z2 (B.16)

θ = arctan

(√
x2 + y2

z

)
(B.17)

φ = arctan

(
y

x

)
(B.18)

Gradient operator:

∇f (r, θ, φ) =
∂f

∂r
+

1

r

∂f

∂θ
+

1

r sin θ

∂f

∂φ
(B.19)
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Laplacian operator:

∇2f (r, θ, φ) =
1

r2

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2
(B.20)

Jacobian (differential volume):

dV = r2 sin θ dr dθ dφ (B.21)

B.2 Stirling Approximation

Stirling’s theorem states:

√
2πnn+

1
2 e−n < n! <

√
2πnn+

1
2 e−n

(
1 +

1

4n

)
(B.22)

Therefore,

ln(n!) = (n+
1

2
) ln(n)− n+ C (B.23)

where C is a number between 0.9189 and 0.9189 + ln
(
1 + 1

4n

)
. For large values of n, this

reduces to the simpler form,

ln(n!) ≈ n ln(n)− n (B.24)

B.3 Gaussian integrals

∫ ∞

−∞
exp−x2

dx =
√
π (B.25)

∫ ∞

0
x2n exp−x2/a2

dx =
√
π
(2n)!

n!

(
a

2

)2n+1

(B.26)

∫ ∞

0
x2n+1 exp−x2/a2

dx =
n!

2
a2n+2 (B.27)

B.4 Taylor expansion for the exponential function

A Taylor series is a representation of a function as an infinite sum of terms that are calculated
from the values of the function’s derivatives at a single point. Mathematically, the Taylor series is
given by the following formula

f(x) =

∞∑
n=0

f(n)(a)

n!
(x− a)n (B.28)

where f(x) is the function we wish to approximate, f(n) is the nth order derivative of f(x)
and a is the point from which we wish to evaluate the derivatives. When a = 0 is chosen, the
series is also called a Maclaurin series. Here, we are going to apply the above formula to derive a
Maclaurin series for the exponential function.
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expx =
∞∑

n=0

f(n)(a)

n!
(x− a)n (B.29)

=
∞∑

n=0

dexp x
dx |x=0

n!
xn (B.30)

=
∞∑

n=0

xn

n!
(B.31)

=
x0

0!
+
x1

1!
+
x2

2!
+
x3

3!
+ · · · (B.32)

= 1 + x+
x2

2!
+
x3

3!
+ · · · (B.33)

From the factorial in the denominator, you can already guess that this series converges quite
rapidly. Furthermore, when x is much smaller than one, only the first few terms have to be
considered of this series. If we for instance only take the first term into consideration, we say
that we cut the series off at the linear term so that our Taylor approximation becomes

expx ≈ 1 + x for x� 1. (B.34)

B.5 Geometric series

In mathematics, a geometric series is a series with a constant ratio between successive terms.
Here, we will derive an expression for a special case of an infinite geometric series.

Consider the geometric series

a+ ar + ar2 + ar3 + · · · =
∞∑
k=0

ark. (B.35)

Such a series can converge when the absolute value of r is sufficiently small as

∞∑
k=0

ark =
a

1− r
, for |r| < 1. (B.36)

Consider also the following two converging series

∞∑
k=1

ak · rk =
ar

(r − 1)2
, for |r| < 1 (B.37)

and

∞∑
k=1

ak · (1− k) · rk−1 = −
a

r − 1
, for |r| < 1. (B.38)



�
A

P
P

E
N

D
IX

B
�

A
P

P
E

N
D

IX
B

�
A

P
P

E
N

D
IX

B
�

A
P

P
E

N
D

IX
B

�
A

P
P

E
N

D
IX

B
�

A
P

P
E

N
D

IX
B

�
A

P
P

E
N

D
IX

B
�

A
P

P
E

N
D

IX
B

280 Appendix B. Mathematics

2
1

0
1

2
x 2

1
0

1
2

y

8

4

0

4

8

z = x + 3y
x2 + y2 = 1
Optima

Figure B.3: Illustration of the constrained optimization problem using Lagrange’s method of undeterminedmultipliers.
The objective function f is depicted by the dashed surface and the projected constraint function g is depicted by the
black curve.

B.6 Lagrange’s method of undetermined multipliers

When optimizing a (multivariable) function f under a constraint, we can use Lagrange’s method
of undetermined multipliers. We introduce for each constraint a new variable (λi) called a
Lagrange multiplier and study the Lagrange function

L(x1, x2, · · · , xi, λ1, λ2, · · · , λi) = f(x1, x2, · · · , xi)−
∑
i

λi · gi(x1, x2, · · · , xi), (B.39)

where gi is a function representing constraint i. The constrained extrema of f are then the
critical points of the Lagrangian L. Thus we solve

∇L(x1, x2, · · · , xi, λ1, λ2, · · · , λi) = 0. (B.40)

Let us illustrate the above procedure with an example as shown in Figure B.3.
Suppose we wish to maximize

f(x, y) = x+ 3y (B.41)

subject to the constraint

x2 + y2 = 1. (B.42)

The Lagrangian for this problem is

L(x, y, λ) = x+ 3y − λ
(
x2 + y2 − 1

)
. (B.43)
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This leads to

∇L(x, y, λ) =


∂L
∂x
∂L
∂y
∂L
∂λ

 =

 1− 2λx

3− 2λy

x2 + y2 − 1

 = 0. (B.44)

This set of equations has two solutions as given by

x =
1

2λ
, y =

3

2λ
, (B.45)

which, substituted into the constraint x2 + y2 = 1, yields

λ = ±
√
10

2
. (B.46)

which implies that the stationary points are

(x, y, λ) =

(
1
√
10
,

3
√
10
,

√
10

2

)
and

(
−

1
√
10
,−

3
√
10
,−
√
10

2

)
. (B.47)

Evaluating the objective function yields

f(x, y) = x+ 3y = ±
√
10, (B.48)

where the positive solution corresponds to a maximum and the negative solution to a mini-
mum.

B.7 l’Hôpital’s Rule

When evaluating a limit that is the quotient of two functions and the limit of those functions are
either zero or infinity, then l’Hôpital’s Rule states that

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)
g′(x)

. (B.49)

The differentiation of the numerator and denominator often simplifies the quotient or
converts it to a limit that can be evaluated directly.

For example:

lim
x→0

exp (x)− 1

x2 + x
= lim

x→0

exp (x)

2x+ 1
(B.50)

=
1

2 · 0 + 1
(B.51)

= 1 (B.52)
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B.8 Matrix diagonalization

A square matrix A can be diagonalized if there exists an invertible matrix P such that

D = P−1AP, (B.53)

where D is a diagonal matrix. The values on the diagonal are then the eigenvalues, whereas
the columns in P are the corresponding right-eigenvectors. For many applications, the square
matrix A is a real-symmetric matrix (i.e. all values are real and Ai,j = Aj,i). In such a case, the
inverse of the matrix P equals its transpose P−1 = Pᵀ.

For example, consider the matrix

A =

−2 −2 1

−1 3 −1
2 −4 3

 . (B.54)

This matrix can be diagonalized with a matrix

P =

2 −1 1

1 0 −1
0 1 2

 (B.55)

and a diagonal matrix

D =

1 0 0

0 1 0

0 0 6

 . (B.56)

The eigenvalues are thus λ1 = 1, λ2 = 1 and λ3 = 6 with corresponding eigenvectors as
columns in matrix P .

B.9 Roots of quadratic and cubic equations

The roots of the quadratic equation

ax2 + bx+ c = 0 (B.57)

are given by

x =
−b±

√
b2 − 4ac

2a
. (B.58)

The roots of the cubic equation

ax3 + bx2 + cx+ d = 0 (B.59)

are given by

x = 3
√
q + s+ 3

√
q − s+ p, (B.60)
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B.10 Sum of degree of rate control coefficients 283

where

p =
−b
3a

(B.61)

q = p3 +
bc− 3ad

6a2
(B.62)

r =
c

3a
(B.63)

s =

√
q2 + (r − p2)3 (B.64)

B.10 Sum of degree of rate control coefficients

Assume that we can write the rate of an overall reaction as a sum of the rates of its constituting
elementary reaction steps multiplied by an (as yet unknown) contribution constant ni as

roverall =
∑
i

ni

k+i ∏
j

cij − k
−
i

∏
j

cij

 (B.65)

=
∑
i

niki

∏
j

cij −K
−1
i

∏
j

cij

 , (B.66)

where ni ∈ R.
To obtain the contribution of an elementary reaction step to the overall reaction, we can use

the DRC analysis as given by

χi =
∂ ln roverall
∂ ln ki

(B.67)

=
∂roverall
∂ki

ki
roverall

(B.68)

=
∂
∑

j njkj

(∏
k cjk −K

−1
j

∏
k cjk

)
∂ki

ki∑
j njkj

(∏
k cjk −K

−1
j

∏
k cjk

) (B.69)

=
niki

(∏
j cij −K

−1
i

∏
j cij

)
∑

j njkj

(∏
k cjk −K

−1
j

∏
k cjk

) . (B.70)

Since ni ∈ R, this gives χi ∈ R. When χi > 0, the reaction contributes to the overall reaction
and is rate-limiting. When χi < 0, the reaction reduces the overall reaction and is rate-limiting.

Summing over χi gives

∑
i

χi =

∑
i niki

(∏
j cij −K

−1
i

∏
j cij

)
∑

j njkj

(∏
k cjk −K

−1
j

∏
k cjk

) (B.71)

= 1 (B.72)
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EXAM PRACTICE EXERCISES

C.1 Explanation

The set of questions introduced here can be used as practice material for the examination of
the course 6A5X0. The difficulty of these questions is expressed by the number of gears, where
three gears (� � � ) is considered average and five gears (� � � � � ) is the highest difficulty
level. Solutions to these questions are provided in the next chapter on page 309.

C.2 Kinetics

� EXAM PRACTICE QUESTION Kinetics 1 � � �

CO oxidation proceeds by molecular adsorption of CO and dissociative adsorption of O2,
followed by recombination of CO and O on the catalytic surface, and finally by desorbing CO2
from the catalyst. Recombination of CO and O on the surface is considered to be the rate-
determining step. You are not allowed to use the zero-conversion approximation in this exercise.

a) Show the four elementary reaction steps that represent this process.

b) Derive the Langmuir adsorption isotherms of CO and O. Which assumption are you required
to employ?

c) Derive the expression for the rate of formation of CO2 as a function of the gas phase pressures
of the relevant compounds. Assume that the rate-determining step is irreversible.

Assume for the remainder of this question that CO adsorbs much stronger than any of the other
compounds.

d) What approximation are we allowed to use given the above assumption?

e) Derive the reaction order in CO. What are the limits of the reaction order in CO?

f ) Derive the apparent activation energy for CO2 formation.

g) Why is the apparent activation energy negative at very high temperature?
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� EXAM PRACTICE QUESTION Kinetics 2 � � �

A novel route for the selective oxidation of methane towards methanol is to use sulfur-trioxide
(SO3) as an oxidant. In this reaction, adsorbed SO3 is in equilibrium with adsorbed oxygen and
SO2 in the gas phase.

SO3∗� SO2 + O∗ (C.1)

Methane adsorbs molecularly after which it can react with adsorbed oxygen to formmethanol
on the catalytic surface. This reaction is considered to be the rate-determining step and further-
more assumed to be irreversible. Adsorbed methanol is in equilibrium with methanol in the gas
phase.

a) Provide all elementary reaction steps for the overall reaction CH4 + SO3 → CH3OH+ SO2.

b) Derive an expression for the surface coverage of methane, methanol, sulfur-trioxide and
oxygen as a function of the relevant equilibrium constants and partial pressures.

c) Derive an expression for the rate of formation of methanol as function of the partial pressures
of methane, methanol, sulfur-trioxide, sulfur-dioxide and oxygen.

For the next subquestions, assume that at low temperature methanol adsorbs significantly
stronger on the catalytic surface than any of the other surface intermediates.

d) Describe how the surface looks given the above assumption. Which species is the MARI
(most abundant reaction intermediate)?

e) Derive an expression for the rate of formation of methanol. Deduce the reaction orders in
methanol and methane.

f ) Derive an expression for the apparent activation energy and connect the terms to the physical
process. In other words, rationalize your obtained expression.

� EXAM PRACTICE QUESTION Kinetics 3 � � �

Ethylene (C2H4) can be oxidized to epoxide (C2H4O) using N2O. This process proceeds over
an Fe catalyst. In this process, ethylene adsorbs molecularly whereas N2O adsorbs dissociatively
according to the following reaction equation

N2O+ ∗� N2 + O∗ (C.2)

Two elementary reaction steps occur on the catalytic surface, which is the selective oxidation
of ethylene towards epoxide

C2H4 ∗+O∗ → C2H4O ∗+∗ (C.3)

and the recombination of two surface oxygen atoms to molecular oxygen in the gas phase

2O∗ → O2 + 2∗ (C.4)
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C.2 Kinetics 287

Assume that these processes occur on a catalytic surface with only one type of surface sites.
Further assume that adsorbed ethylene is in equilibrium with gas phase ethylene and adsorbed
epoxide is in equilibrium with gas phase epoxide. Finally, assume that both reactions C.3 and
C.4 are rate-determining for the formation of epoxide and oxygen, respectively.

a) Write down all elementary reaction steps for the above mechanism.

b) Derive an expression for the rate of formation of gas phase epoxide.

c) Derive an expression for the rate of formation of gas phase molecular oxygen.

d) Deduce the lower and upper limit for the reaction orders in oxygen, nitrogen, nitrous oxide,
ethylene and epoxide for both rate expressions.

Assume that for the next subquestions, ethylene and epoxide adsorb very weakly as compared to
dissociative adsorption of nitrous oxide.

e) Derive an expression for the rate of formation of epoxide and molecular oxygen and relate the
reaction orders in oxygen, nitrogen, nitrous oxide, ethylene and epoxide to the surface coverages.

f ) Derive an expression for the apparent activation energy for the formation of epoxide and
molecular oxygen.

� EXAM PRACTICE QUESTION Kinetics 4 � � � � �

Methanol synthesis can proceed in the direct pathway by fourfold hydrogenation of CO to
methanol. For this process, a catalyst is used which contains two types of active sites indicated
by θ and τ . The active sites have a specific surface topology by which carbonaceous compounds,
i.e. CHxO, can only adsorb on site θ, but H can adsorb on both these sites. An asterisk (*) is
used to indicate adsorbed compounds on site θ, whereas a pound sign (#) is used to indicate
adsorbed compounds on site τ .

Assume the following:

• Methanol is formed by threefold hydrogenation of C to CH3O and finally hydrogenating
the O moiety to form methanol.

• The rate-determining step in this reaction is the hydrogenation of CHO to form CH2O.

• The rate-determining step is irreversible and the system is assumed to operate in the zero
conversion limit.

• Hydrogen adsorbs dissociatively at both the θ as well as the τ site. These sites are oriented
in such a fashion that a single hydrogen molecule cannot adsorb on both these sites
simultaneously.

• There is nomigration of H between the θ and τ sites.

• All elementary reaction steps on the surface, i.e. between CHxO* and H#, proceed
between the two different active sites.

• Although H* will not directly react with any CHxO* species, the adsorption of H* does
result in an inhibiting term which needs to be modeled adequately.
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a) Construct the set of elementary reaction steps that define this chemo-kinetic network. Use
an asterisk (*) to indicate θ sites and a pound sign (#) to denote τ sites.

b) Derive the Langmuir adsorption isotherm for dissociative adsorption of hydrogen on the τ
sites.

c) Derive an expression for the overall reaction rate as a function of the partial pressures of the
reactants, the reaction rate constant of the rate-determining step and the equilibrium constants of
the relevant elementary reaction steps. Identify the inhibiting term corresponding to adsorption
of H on a θ site.

d) Derive the reaction order in H2 and in CO.

e) Derive the apparent activation energy as a function of the relevant partial surface coverages.

� EXAM PRACTICE QUESTION Kinetics 5 � � �

Ethylene oxide is an important chemical feedstock for the synthesis of ethylene glycol, glycol
ethers, ethanolamines, ethoxylates and acrylonitrile. Ethylene oxide is industrially produced by
oxidation of ethylene in the presence of a silver catalyst.

The catalytic mechanism is envisioned to proceed by the molecular adsorption of ethylene as
well as the dissociative adsorption of oxygen, followed by recombination of adsorbed ethylene
and an adsorbed oxygen atom to form adsorbed ethylene epoxide and finally desorption of the
epoxide.

Unless stated otherwise, assume in the following questions that:

• The surface recombination of adsorbed ethylene and the oxygen atom is the rate-determining
step.

• The rate-determining step is irreversible.

• The reaction is operating at a finite conversion. This means that you are not allowed to
assume a zero-conversion approximation.

a) Construct the set of four elementary reaction steps that describe the catalytic oxidation of
ethylene to form ethylene epoxide. Clearly indicate which step is the rate-determining step.

b) Derive an expression for the rate of formation of ethylene epoxide.

c) How does the rate expression derived in the previous question change when you can apply a
zero-conversion approximation?

d) In addition to the zero-conversion approximation, also assume that C2H4 adsorbs much
stronger than all other surface intermediates. Which component is the MARI under these
conditions? Simplify the rate expression even further using these assumptions.

e) Derive the reaction orders in C2H4, O2 and C2H4O as function of the relevant surface
coverages under these conditions. What are the minimum and maximum reaction orders for
C2H4, O2 and C2H4O?

f ) Derive an expression for the apparent activation energy as function of the relevant surface
coverages.
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g) Why is the apparent activation energy negative at very high temperature?

h) Detailed experiments have revealed that the reaction rate turns out to be

r =
k3K1pC2H4

√
K2pO2

(1 +K1pC2H4
)(1 +

√
K2pO2)

(C.5)

Provide an explanation in terms of the underlying catalytic mechanism why the above rate
expression is observed.

� EXAM PRACTICE QUESTION Kinetics 6 � � �

Consider a catalytic termolecular reaction as given by

A+B + C → D (C.6)

where A,B and C all occupy different catalytic sites θ, τ and σ, respectively. Assume that
adsorption/desorption steps are not rate-limiting and that the recombinatory trimolecular el-
ementary reaction step over the catalytic surface is irreversible. Finally, assume that D only
adsorbs on θ and that the reaction is operated at finite conversion.

a) Construct the minimum set of elementary reaction steps that describes the above overall
reaction.

b) Derive an expression for the rate of formation of D.

c) Calculate the reaction orders in A, B, C, and D as function of the relevant surface coverages.
What are the minimum and maximum reaction orders in A, B, C, and D?

d) Derive an expression for the apparent activation energy as function of the relevant surface
coverages.

� EXAM PRACTICE QUESTION Kinetics 7 � � � �

Consider the oxidation of CO on a Pt surface. CO adsorbs molecularly and its adsorbed form
is in equilibrium with gas-phase CO. O2 adsorbs dissociatively. The oxygen atom reacts with
adsorbed CO to form CO2 that immediately desorbs from the catalytic surface. Assume that the
rate of dissociative adsorption is equal to the rate of the surface reaction.

a) Rationalize why it is likely (or realistic) that CO2 immediately desorbs from the catalytic
surface after its formation.

b) Show by means of a mathematical proof that, under the conditions as described above, the
reaction order in CO can be -2.
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� EXAM PRACTICE QUESTION Kinetics 8 � � �

CO oxidation can proceed over a Rh catalyst to produce CO2. This reaction proceeds according
to a Langmuir-Hinshelwood mechanism wherein O2 adsorbs in a molecular fashion.

a) Construct the set of 5 elementary reaction steps that describe this chemo-kinetic network.

b) Assume that CO oxidation is the rate-determining step. Construct a rate expression for the
rate of formation of CO2 at arbitrary non-zero conversion. Clearly show which assumptions are
used and to which steps in your derivation these pertain.

c) Show, on the basis of your rate expression in the previous subquestion, that the reaction rate
is equal to zero at equilibrium.

d) Derive an expression for the reaction order in CO as function of the partial pressures of the
reactants and/or products.

e) Derive an expression for the reaction order in O2 as function of the partial pressures of
the reactants and/or products. You are not expected to repeat parts of the derivation that are
analogous with the previous subquestion as long as you properly refer to these steps.

f ) Derive an expression for the apparent activation energy.

g) Motivate why the apparent activation energy is typically observed to be negative at very high
temperature.

� EXAM PRACTICE QUESTION Kinetics 9 � � � �

Consider the reaction between hydrogen and chlorine gas that proceeds according to the following
elementary reaction steps.1

1. Cl2 → 2Cl · (C.7)

2. Cl · +H2 → HCl+H · (C.8)

3. H · + Cl2 → HCl+ Cl · (C.9)

4. 2Cl · → Cl2 (C.10)

5. H · +HCl→ H2 + Cl · (C.11)

(C.12)

a) Derive an expression for the rate of formation of HCl as function of the partial pressures of
H2 and Cl2.

b) How does the rate expression as found in (a) change when an additional elementary reaction
step (6) corresponding to a parallel and identical pathway of the elementary reaction step (5) is
added to the chemokinetic network?

c) Derive the reaction orders in H2 and Cl2 for this chemokinetic network, including the addi-
tional elementary reaction step (6).

If you were not able to construct an answer in (b), try to answer this question without the
additional elementary reaction step (6).

1Recall that in the notation X · the radical of X is meant.
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d) Derive an expression for the apparent activation energy for this reaction, including the
additional elementary reaction step (6).

If you were not able to construct an answer in (b), try to answer this question without the
additional elementary reaction step (6).

e) What is the effect on the apparent activation energy by inclusion of the additional elementary
reaction step (6)? Provide a rationalization for your findings.

C.3 Statistical thermodynamics

� EXAM PRACTICE QUESTION Statistical Thermodynamics 1 � � �

Consider the following reaction which is at equilibrium:

A+ B � C+ D (C.13)

• Molecule A has three energetic states. The ground state of A lies ∆E higher than the
ground state of molecule B and the excited states are separated by 2∆E.

• Molecule B also has three energetic states. The two excited states are degenerate (i.e. they
have the same energy) and lie 3∆E above the ground state.

• Molecule C only has a single energetic state which lies equal in energy as compared to the
ground state of molecule A.

• Finally, molecule D has three energetic states. Its ground state equals that of the ground
state of molecule C in energy. Its two excited states lie 4∆E above the ground state.

a) Draw a schematic representation of the distribution of the energetic states over the four
molecules. In this drawing, the separation in energy between the states within the samemolecule
as well as the separation in energy between the ground states of the different molecules should
be clearly conveyed.

b) Construct the partition function for each of the molecules A, B, C, D.

c) Derive the equilibrium constantK as function of the previously defined partition functions.

d) Calculate the limits of the equilibrium constant for T → 0 and T →∞. Provide a physical
interpretation of your results (i.e. rationalize the obtained values).

� EXAM PRACTICE QUESTION Statistical Thermodynamics 2 � � � �

Consider the following reaction which is at equilibrium:

A+ B � C+ D (C.14)
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• Molecule A has five energetic states. The ground state of A lies∆E higher than the ground
state of B and the excited states are separated by 2∆E.

• Molecule B also has three energetic states. The two excited states are degenerate (i.e. they
have the same energy) and lie 3∆E above the ground state.

• Molecule C only has a single energetic state which lies equal in energy as compared to the
ground state of A.

• Finally, Molecule D has three energetic states. Its ground state equals that of the ground
state of C in energy. Its two excited states lie 4∆E above the ground state.

a) Draw a schematic representation of the distribution of the energetic states over the four
molecules. In this drawing, the separation in energy between the states within the samemolecule
as well as the separation in energy between the ground states of the different molecules should
be clearly conveyed.

b) Construct the partition function for each of the molecules A, B, C, D.

c) Calculate the average energy of molecule B at T → 0 and T →∞. Rationalize this results on
the basis of the partial occupation of the states of B at these two temperature extremes.

d) Derive the equilibrium constantK as function of the previously defined partition functions.

e) Calculate the limits of the equilibrium constant for T → 0 and T →∞. Provide a physical
interpretation of your results (i.e. rationalize the obtained values).

� EXAM PRACTICE QUESTION Statistical Thermodynamics 3 � � � �

Consider the hypothetical reaction:

A+ B→ C (C.15)

• A and B both have a double-degenerate ground state which are all equal in energy with
respect to each other.

• A has a single excited state at ∆E above the ground state of A.

• B has two excited states at 2∆E and 3∆E with respect to the ground state of B. Finally, C
has a triple degenerate ground state and no excited states. The reaction is exothermic by
∆E.

a) Provide a schematic drawing of the energy levels of the system.

b) Construct the partition functions for A, B and C.

c) Calculate the average energy of A, B and C with respect to the lowest energetic quantum state
available.

d) Calculate the molar reaction entropy ∆SR,m in the limit that T→∞ .

e) Provide a rationalization or interpretation for the sign (i.e. positive or negative) for the answer
you have obtained for ∆SR,m.
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� EXAM PRACTICE QUESTION Statistical Thermodynamics 4 � � �

Consider the equilibrium:

A+ B � C+ D (C.16)

• Molecule A has three energy levels separated by ∆E = ε

• Molecule B has two energy levels, separated by ∆E = ε and the ground state at the same
level as the ground state of molecule A.

• Molecules C and D both have a double-degenerate ground state located ∆E = 2ε above
the ground state of molecule A and no excited states.

a) Draw a schematic representation of the energy levels of all the molecules.

b) Derive the partition function for each of the molecules.

c) Derive the equilibrium constant for this system.

d) What is the value for the equilibrium constant at very low and very high temperature? Provide
a chemical interpretation for your findings.

� EXAM PRACTICE QUESTION Statistical Thermodynamics 5 � � �

Steam reforming is an industrially used process for the production of synthesis gas. In this
process, water and methane is converted to carbon monoxide and hydrogen gas.

Consider the equilibrium:

CH4 +H2O↔ CO+ 3H2 (C.17)

Assume that:

• CH4 has three energy levels, separated by ∆ E = ε.

• H2O has two energy levels, separated by ∆ E = ε and the ground state at the same level as
the ground state of CH4.

• CO and H2 both have only a double-degenerate ground state located at∆ E = 2ε above the
ground state of CH4.

a) Draw a schematic representation of the energy levels of the molecules.

b) Derive the partition function for each of the molecules.

c) Derive an expression for the equilibrium constant of the system.

d) What is the value of the equilibrium constant at very low and at very high temperature?
Provide a clear interpretation of your findings in terms of the occupation of the energy levels.
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� EXAM PRACTICE QUESTION Statistical Thermodynamics 6 � � � �

A metallic nanoparticle exhibits two types of surfaces, each with a unique topology, on which
CO can adsorb. In this exercise, we will refer to these surfaces as surface A and surface B. From
single crystal temperature programmed desorption experiments, it has been determined that
CO adsorbs 40 kJ/mol stronger on surface A as compared to surface B. The number of active
sites on both surfaces was determined using a titration experiment to be the same. The surface
coverage of surface A is represented by the variable θA and the surface coverage of surface B is
represented by θB .

a) Draw a schematic depiction of the situation described above.

b) Construct the partition function for both surfaces from the following fundamental expression

Q =W · qS (C.18)

wherein S represent the number of occupied active sites andW a binomial weight factor repre-
senting the total number of possible configurations. This weight factor is given by

W =
N !

(N − S)!S!
(C.19)

wherein N represents the total number of available sites. You are not expected in this exercise
to derive the weight factor. Clearly distinguish between the different surfaces when using the
above variables. For example, use subscripts to refer to surface A or B.

c) Construct an expression for the ratio between θA and θB . (hint: assume that the chemical
potential of both surfaces is equal and solve for the ratio)

d) Calculate the ratio between θA and θB in the limit of very low and very high temperature.

� EXAM PRACTICE QUESTION Statistical Thermodynamics 7 � � � �

Consider a model system of a catalytic surface consisting of 2 x 2 active sites as depicted
in Figure C.1a. In this model, we differentiate between two types of active sites, schematically
depicted as light and dark tiles. In a similar fashion, adsorbates are represented as black and
white pieces. A black piece on a dark tile or a white piece on a light tile has an energy of E = −ε.
In contrast, a black piece on a light tile or vice versa corresponds to an energy E = 0.

a) Show that there are six different configurations to place 2 black and 2 white tiles on the model
catalytic surface. Confirm that the most stable configuration has an energy E = −4ε and the
least stable configuration has an energy E = 0.

b) Categorize the six microstates you have found into three macrostates and construct the
partition function for this system.

c) Derive the expression for the average energy 〈E〉 for this system. Determine the limits at
T → 0 and T →∞. Rationalize the values you have found for these expressions.
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(a) Empty surface. (b)Most stable configuration.

Figure C.1: Schematic depiction of the model catalytic surface. The surface consists of two dark and two light tiles in
a checkerboard fashion.

d) We introduce an occupancy factor η, which is the fraction of pieces on themost stable tiles. For
example, η = 1 for the most stable configuration and η = 0 for the most unstable configuration.
Derive an expression for the expected or average value for η as a function of temperature using
the partition function. What are the limiting values for η at T → 0 and T →∞? Rationalize the
values you found at these limits.

e) Identify the correlation between 〈η〉 and 〈E〉 and rationalize this correlation.

� EXAM PRACTICE QUESTION Statistical Thermodynamics 8 � � � �

Consider the isomerization reaction

A � B (C.20)

• A has infinitely many quantum states separated by an energy ∆E.

• B also has infinitely many quantum states, but separated by an energy 2∆E.

• The isomerization reaction is exothermic by 3∆E.

a) Construct a closed-form expression for the partition functions for A and B.

Hint: The series solution corresponding to the infinitely many quantum states converges by
which a closed-form expression is possible.

b) Calculate the average reaction energy for the isomerization reaction as function of the tem-
perature T.

c) Determine the reaction energy in the limits T →0 and T →∞. Provide a rationalization of
your findings.

d) Calculate the molar entropy of the reaction as function of the temperature T.

e) Construct an expression for the equilibrium constant K for this reaction and show that under
a first-order approximation of the exponent (hint: perform a Taylor expansion and cut this off
after the first term) that the temperature at which the concentrations of A and B are equal (i.e.
when K = 1) is given by

T =
6

kB∆E
(C.21)
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� EXAM PRACTICE QUESTION Statistical Thermodynamics 9 � � � �

Consider a ensemble of 5 particles among which you can distribute 6 units of energy. There
are a number of ways in which 6 units of energy can be distributed over these 5 particles. One
way to distribute 6 units of energy among 5 particles is by placing all 6 units of energy into a
single particle and leaving the other four particles in the ground state. This can be done for each
of the 5 particles, hence there are 5 ways of doing this.

In this procedure, we differentiate between macrostates and microstates. We define a
macrostate by only stating the number of particles in each energy level. Placing all 6 energy
units into a single particle and leaving the other four in the ground state is, in this terminology,
termed as a macrostate. Exactly which particle is excited and which are left in the ground state is,
in turn, termed as a microstate. This procedure is schematically shown in Figure C.2. Herein,
three macrostates and their corresponding number of microstates are given.
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Figure C.2: Schematic depiction of the first three macrostates for distributing 6 units of energy over 5 particles.
Above each subfigure, the total number of microstates for that particular macrostate is given.

Within a Maxwell-Boltzmann distribution, all particles are distinguishable from each other.
Hence, for the first macrostate as shown in Figure C.2, there are 5 microstates. For the second
and third macrostate, there are 20 microstates.

a) Show that the number of microstates for each macrostate is given by

Ωi =
N !∏
i ni!

, (C.22)
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where N is the total number of particles and ni is the number of particles in energy level i. You
only need to show that this formula is correct for the first three macrostates. You are not expected
to derive this formula.

b) Find the other macrostates (there are 10 in total) and show that the total number of microstates
of all macrostates amounts to 210. You can identify the remaining macrostates by using the same
schemes as shown in Figure C.2, but another way of classifying them is by making “sumrows”.
A sumrow is constructed using a set of numbers which are added together to create the sum. In
our case, the sum always equals 6 (corresponding to the units of energy) and you can only use in
total 5 digits (the number of particles). To exemplify this, the macrostates as shown in Figure
C.2 correspond to the following sumrows:

(a) 6+0+0+0+0

(b) 5+1+0+0+0

(c) 4+2+0+0+0

Choose the method of your preference and show all 10 macrostates and calculate their corre-
sponding number of microstates.

c) Show that the total number of microstates for distributing q levels of energy over N particles
is given by

Ω(N, q) =

(
q +N − 1

q

)
=

(q +N − 1)!

q! (N − 1)!
. (C.23)

Again, you only have to show that equation C.23 is valid for this example.

d) Calculate the average number of particles in each energy level using the following formula

nj =
∑
i

Ωi

Ω
ni,j , (C.24)

where Ωi is the number of microstates in macrostate i, Ω is the total number of microstates and
ni,j is the number of particles in energy level j in macrostate i. Draw a graph wherein you show
the average number of particles in each energy level as a function of the energy level i.

e) Show that the distribution complies with a Boltzmann-distribution as given by

ni = A exp

(
−
i ·∆E
RT

)
, (C.25)

where A is a normalization constant and i corresponds to the energy level. What is the value for
A?

f ) Linearize the above Maxwell-Boltzmann equation and that it equals

y = a · x+ b (C.26)

What are the values of a, b, x, and y? Match the following four terms with these variables:
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(a) lnA

(b) lnni

(c) i∆E

(d) 1
RT

g) Estimate the temperature T of the ensemble using the linearization. Use a value of 10 kJ/mol
for ∆E.

� Note: I do not expect you to perform a linear regression. Simply using the first and last data point
in the series and assuming that all other points lie on a straight line between these points suffices. This
is not a very accurate method, but suffices here. If you seek a challenge, put the numbers in Excel and
perform a true fit.

C.4 Transition state theory

� EXAM PRACTICE QUESTION Transition State Theory 1 � � � �

Ozone (O3) can adsorb on a metal surface. Upon adsorption, the molecule can neither
translate, nor rotate on the surface. Assume that all vibrational partition functions equal unity,
with exception of the one corresponding to the reaction coordinate. We consider two situations:

1. O3 dissociates to O and O2, where the O2 immediately desorbs from the surface:
O3∗ → O2 + O∗

2. O3 dissociates to adsorbed O and adsorbed O2:
O3 ∗+∗ → O2 ∗+O∗

a) Provide a schematic depiction of the reaction for situation (1) (i.e. make a drawing of the
reacting fragments on the catalytic surface). Clearly indicate the reaction coordinate. The
O2 fragment cannot translate in the transition state, but it is able to rotate in one dimension.
Because this rotation is unhindered, you are allowed to approximate it using a one-dimensional
translational partition function. Derive an expression for the reaction rate of this dissociation
reaction within the framework of transition state theory. Pay careful attention to the number
and nature of the involved partition functions.

b) Use the expression obtained in the previous subquestion and compare it to the Arrhenius
expression. Assuming that both expressions give the same rate, what would be the activation
energy and the pre-exponential factor of the Arrhenius equation if the previously obtained
equation is cast to the Arrhenius formulation?

c) Provide a schematic depiction of the reaction for situation (2). In the transition state, O2
can neither rotate, nor translate. Derive an expression for the reaction rate of this dissociation
reaction within the framework of transition state theory. Pay careful attention to the number
and nature of the involved partition functions.

d) What is in situation (2) the activation energy and pre-exponential factor if the rate expression
of the previous subquestion is cast to Arrhenius form?

e) In which of the two situations will the reaction rate for dissociation be the largest if we assume
that the activation energy for situation (1) and (2) is identical? Rationalize your result using the
concept of entropy and relate this to the partition functions.
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� EXAM PRACTICE QUESTION Transition State Theory 2 � � � � �

In this question, you are going to derive the Eyring expression from basic principles. The
Eyring expression describes the rate of change between two stable states (i.e. initial and final
state) via a transition state that connects these two states.

a) What are the fundamental assumptions of the Eyring equation? Use these assumptions to
construct the following equation:

k = κK, (C.27)

where k is the rate constant, κ is a prefactor with dimensionality s−1 andK is an equilibrium
constant (dimensionless). Explain which equilibrium the equilibrium constantK represents.

b) Express the equilibrium constant as a function of the partition functions of the involved states.
For the time being, do not make any assumptions about the number and nature of the degrees
of freedom.

c) We assume that the motion over the transition state can be modeled as a very weak vibration.
Show (i.e. provide a clear and detailed derivation) that using this assumption we are able to
derive the following expression for the reaction rate constant:

k = κ
1

1− exp
(
−hν
kBT

) Q†
TS

QIS
exp

(
−∆Eact

kBT

)
, (C.28)

whereQ is the product of the partition functions of one ormore degrees of freedom, the subscripts
IS and TS refer to initial and final state, respectively, and ν is the frequency of the vibration (in
s−1). Please note the dagger superscript (†) in Q†

TS!

d) Provide a supporting motivation for the assumption that the vibration over the transition state
is weak. Use in your explanation the concept that a vibrational degree of freedom corresponds to
a chemical bond.

e) When
∣∣∣−hν
kBT

∣∣∣ � 1, the expression for the vibrational partition function can be simplified.

Use the Taylor-expansion of the exponential function:

expx = 1 + x+
x2

2!
+
x3

3!
+
x4

4!
· · · (C.29)

to show that the vibrational partition function can be simplified to

qv =
kBT

hν
, (C.30)

by excluding all terms in the Taylor expression beyond the linear term (i.e. discard all quadratic
and higher order terms).
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f ) Finally, which two variables need to be equal to obtain the general Eyring equation as given by

k =
kBT

h

Q
†
TS

QIS
exp

(
−∆Eact

kBT

)
. (C.31)

� EXAM PRACTICE QUESTION Transition State Theory 3 � � � �

CO dissociation can proceed over a Co(111) surface, which is a hexagonal arrangement of
Co atoms on a two-dimensional plane.2 If we assume that the catalytic surface, i.e. the Co(111)
surface, is completely static, then the potential energy E can be expressed as a six-dimensional
function as given by

E = f ( ~rC, ~rO) , (C.32)

where ~rC and ~rO are the positions of C and O, respectively. Note that

~r =

xy
z

 . (C.33)

Plotting a six-dimensional potential energy surface requires some kind of dimensionality
reduction, hence we resort to providing a two-dimensional projection of E as shown in Figure
C.3. In this Figure, the potential energy surface in the vicinity of the initial and transition state
are given.

1

1.0
0.5

0.0
0.5

1.0

2

1.0

0.5
0.0

0.5
1.0

En
er

gy
 E

0.0

0.5

1.0

1.5

2.0

(a) Initial state
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(b) Transition state

Figure C.3: Two-dimensional projection of the six-dimensional potential energy surface representing CO dissociation
over a catalytic surface. λ1 and λ2 correspond to parameterized (orthonormal) directions. At λ1 = λ2 = 0, the
initial state (left image) and the transition state (right image) are situated.

2The exact topology of this surface is not relevant for answering this question.
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C.4 Transition state theory 301

a) Explain why the dimensionality of the potential energy surface for CO dissociation is six. Use
the concept of degrees of freedom in your answering.

b) The two potential energy surfaces in Figure C.3 can each be further deconvoluted into two
one-dimensional potential energy curves. These curves are parabola of E versus either λ1 or λ2.
Draw these four one-dimensional potential energy curves (two for the initial state and two for
the transition state). Copy the labels from the two-dimensional surfaces and indicate for each of
the curves the nature of the parabola (i.e. mountain- or valley-type parabola).3

c) To which motion on the potential energy surface does the parameterized coordinate λ1
correspond? What is the sign of the force constant k (i.e. the 2nd derivative) of this parabola?
Provide a chemical interpretation of this result.

d) Detailed quantum chemical calculations were conducted for the initial and transition state
of CO dissociation over Co(111). These calculations revealed that the wavenumbers ν1 and ν2
corresponding to a vibration in the direction of λ1 and λ2 were found to be

ν1 = 1200i cm−1 (C.34)

ν2 = 600 cm−1. (C.35)

Why is the wavenumber ν1 complex?

e) Calculate the average number of occupied vibrational states for the vibration in the direction
corresponding to λ2. Note that ν = 600 cm−1 corresponds to ω = 18.0 THz, where ω is the
frequency.

f ) Provide an expression for the reaction rate constant k at T = 500 K for CO dissociation over
Co(111) using transition state theory. You may assume that νi > 1500 cm−1 for all vibrations,
unless stated otherwise in this question. Explicitly calculate the numeric values for the pre-
exponential factor as well as for the quotient of the total partition function corresponding to
motional non-imaginary degrees of freedom of the transition state and the initial state as given
by

K† =

∏
i q

TS
i∏

j q
IS
j

. (C.36)

g) Recast the expression of the reaction rate constant of the previous subquestion into Arrhenius
form by calculating the activation energy and the pre-exponential factor.

3These types correspond to the shape of the parabola. In mathematical terms, a mountain parabola has a maximum,
whereas a valley parabola has a minimum.
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� EXAM PRACTICE QUESTION Transition State Theory 4 � � �

In this question, we look into CO dissociation over a (flat) catalytic surface.

• In the initial state, CO has two translational degrees of freedom and otherwise only
vibrational degrees of freedom.

• In the transition state, CO has only one translational degree of freedom and otherwise
only vibrational degrees of freedom.

• In the final state, the separated C and O atoms have only vibrational degrees of freedom.

a) What is the total amount of degrees of freedom for CO in initial, transition and final state?

b) What is special about one of the vibrational degrees of freedom of CO in the transition state?

c) Construct the Eyring equation for the forward and backward reaction rate constant for CO
dissociation. Explicitly show in your construction the nature and number of the partition
functions in your expression.

For the remainder of this question, assume that all vibrational partition functions have a value of
unity, as given by

qi,vib = 1 for all i. (C.37)

d) What is the equilibrium constant for CO dissociation?

e) What is the activation energy and pre-exponential factor of the forward reaction rate constant
in Arrhenius form?

� EXAM PRACTICE QUESTION Transition State Theory 5 � �

The Diels-Alder reaction between two cyclopentadiene (C5H6) molecules proceeds in the gas
phase. In this question, you are tasked to obtain a reaction rate constant for this reaction.

a) How many translational, rotational and vibrational degrees of freedom does a single cyclopen-
tadiene molecule have in the gas phase?

b) How many translational, rotational and vibrational degrees of freedom does this reaction
have in the initial state? Note: the reaction proceeds between two cyclopentadiene molecules.
Motivate your answer.

c) Howmany translational, rotational and vibrational degrees of freedom does this reaction have
in the transition state? What is special about one of these vibrational degrees of freedom?

d) How many translational, rotational and vibrational degrees of freedom does this reaction
have in the final state? Note that the final state corresponds to dicyclopentadiene, which is a
single molecule.

e) Provide an expression for the reaction rate constant using transition state theory. Assume that
all vibrational partition functions based on a frequency with a positive force constant are equal
to unity for this subquestion and all following subquestions. Explicitly write out the partition
functions in terms of their corresponding parameters (e.g. pressure, temperature, length, etc).
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C.4 Transition state theory 303

f ) Compare your reaction rate constant to the one obtained using the Arrhenius equation. What
is the (apparent) activation energy of the Arrhenius equation when describing the same reaction.
What is the value of corresponding pre-exponential factor of the Arrhenius equation? Hint:
remember that ktst = karrhenius.

g) What is the fundamental difference between transition state theory and collision theory?

� EXAM PRACTICE QUESTION Transition State Theory 6 � � � �

Consider the the gas-phase Diels-Alder reaction of butadiene with ethylene to form cyclo-
hexene. In this exercise, we aim to determine the entropy of activation of this reaction. We will
guide you to the procedure in the form of the subquestions.

• The first three subquestions pertain to generating the mathematical expressions for the
three types of configurational partition functions.

• Next, the Eyring equation for the reaction is constructed based on the given conditions.

• Finally, the entropy of activation, for this reaction, is derived.

a) Calculate the entropic contribution of a translational partition function.

b) Calculate the entropic contribution of a rotational partition function.

c) Calculate the entropic contribution of a vibrational partition function.

d) Construct the Eyring equation for the above reaction. Clearly indicate the nature and number
of the partition functions in the initial and transition state. For the vibrational partition functions,
construct the relevant product.

Hints:

• Recall that the initial state consists of two gas-phase molecules and the transition state of a
single (weakly-bonded) complex.

• Ethylene is not a linear molecule!

e) The entropy of activation is defined as

∆Sact = Sts − Sis (C.38)

Determine the expression for the entropy of activation.

� Note: If you were not able to construct the entropic contributions of the three types of partition
functions or are in doubt whether you have the correct answer, please answer the following two
questions instead:

(a) Why are we allowed to neglect the entropic contributions of the nuclear and electronic
partition functions?

(b) Given the situation sketched, do you expect the entropy of activation to be positive or
negative?
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� EXAM PRACTICE QUESTION Transition State Theory 7 � � �

Consider the following reaction

H2 + Br2 → 2HBr (C.39)

which occurs at T = 450K. Consider this reaction to be an elementary reaction step. The
rate equation is hence given by

r = kreaction[H2][Br2] (C.40)

Collision theory can be utilized to calculate the collision frequency. The frequency is given
by

kcollisions = πd2
(
8kBT

πµ

)1/2

(C.41)

The masses of atomic hydrogen and bromine are 1.008 Da and 79.904 Da, respectively. A
Dalton equals 1.66054 · 10−27 kg. The effective collision diameter of H2 and Br2 are 1.5 Å and
2.8 Å, respectively. The Boltzmann constant is given by kB = 1.38064852 · 10−23 m2 kg s−2

K−1.

a) Calculate the value for the collision frequency between H2 and Br2 using collision theory
given the above conditions.

b) What are the dimensions of kcollision?

c) Explain in the context of collision theory why the number of collisions that results in a reaction
is very low and why this number increases rapidly with temperature.

d) How does the number of effective collisions (i.e. that lead to a reaction) scale with respect to
temperature? Choose between constant, linear, quadratic, exponential and logarithmic scaling
and rationalize, on the basis of statistical thermodynamics, your choice.

e) Provide an expression for the rate constant kreaction and calculate its value at T = 450K.
Assume that the activation energy is ∆Ea = 200 kJ/mol.

f ) Besides collision theory, there also exists transition state theory. Why do these two theories
not give the same equilibrium constant when applying these to the same reaction? Consider the
nature of the degrees of freedom involved in both theories.

� EXAM PRACTICE QUESTION Transition State Theory 8 � � � �

Consider the dissociative adsorption of methane as given by

CH4 + 2∗ → CH3 ∗+H∗ (C.42)

Assume that in the transition state, all translational and rotational DOF are lost. Furthermore,
assume that qvib ≈ 1. Use the variable ∆Eelec,act for the electronic activation energy and ∆E

†
zpe

for the difference in the zero-point energy between the transition and initial state.



�
A

P
P

E
N

D
IX

C
�

A
P

P
E

N
D

IX
C

�
A

P
P

E
N

D
IX

C
�

A
P

P
E

N
D

IX
C

�
A

P
P

E
N

D
IX

C
�

A
P

P
E

N
D

IX
C

�
A

P
P

E
N

D
IX

C
�

A
P

P
E

N
D

IX
C

�
A

P
P

E
N

D
IX

C

C.4 Transition state theory 305

a) Provide an expression for the reaction rate constant for dissociative adsorption of methane
from transition state theory under the conditions as given above.

b) Provide an expression for the internal energy of activation. Use

∆U† = kBT
2 ∂ ln k

∂T
− kBT. (C.43)

This expression is very similar to the Arrhenius activation energy, but by subtracting kBT , we
exclude the frequency factor kBT

h .

c) Derive an expression for the entropy of activation using

∆S† =
∂

∂T

kBT
(
ln (k)− ln

(
kBT

h

)) . (C.44)

Similar to the expression for the internal energy of activation, we exclude the frequency factor
kBT
h in the calculation of the entropy of activation.

d) Derive an expression for the Gibbs free energy of activation. Ignore the gas-expansion term
by which

∆H† ≈ ∆U†, (C.45)

and make use of

∆G† = ∆H† − T∆S†. (C.46)

e) Show that your expression for the Gibbs free energy of activation is consistent with

k =
kBT

h
exp

(
−
∆G†

kBT

)
. (C.47)

� EXAM PRACTICE QUESTION Transition State Theory 9 � � � �

Consider the hypothetical reaction between ethylene and hydrogen in the gas phase to produce
ethane. It is assumed that this reaction can proceed in a single elementary reaction step.

a) Provide a listing of the number and nature of all motional partition functions of ethylene and
hydrogen.

b) Provide a listing of the number of nature of all motional partition functions of the transition
state complex of the reaction.
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c) Construct a complete rate expression as function of the relevant partition functions for this
reaction, based on transition state theory. Use a number-density based equilibrium constant in
your derivation. Assume that the ideal gas law holds for all reactants and product.

You are not expected to provide a numerical value, but you are expected to write explicit expres-
sions for the individual partition functions. You do not have to simplify the numerical expression
obtained.

Clearly indicate to which molecules each of the partition functions pertain. For example, you can
use subscripts for that (e for ethylene, h for hydrogen and ts for the transition state complex).

Hint 1: To save on writing a lot of expressions, feel free to use the product operator (
∏N

i=1) or
sum operator (

∑N
i=1) when looping over multiple similar partition functions.

Hint 2: Do not forget about the zero-point energy.

Hint 3: Since the reaction pertains to a bimolecular reaction using number densities, do not
forget about the volume correction.

d) Often, the rate expression is simplified by assuming the condition as shown mathematically
by the formula below. Under which conditions is the assumption as given below valid?

1

1− exp(−−hν
kBT

) ≈ 1 (C.48)

� EXAM PRACTICE QUESTION Transition State Theory 10 � � � �

Consider the Diels-Alder reaction between butadiene and ethylene to form cyclohexene which
can proceed via a single elementary reaction step as given by

C2H4 + C4H6 → C6H10 (C.49)

To analyze the elementary reaction step, a potential energy surface is constructed as function
of the distances between carbon atoms (1 and 6) and (4 and 5). The labeling of the carbon atoms
is shown in Figure C.4.

Figure C.4: Figure showing labeling of the carbon atoms.

The potential energy surface corresponding to this reaction is shown in the image below.

a) Provide a schematic drawing of the potential energy curve based on the heatmap. Clearly label
the axes. Explain or draw how the potential energy curve can be extracted from the heatmap.
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C.4 Transition state theory 307

b) Identify the positions on the potential energy surface of the two stable states and the transition
state using the energetic values as found from the heatmap. Provide the coordinates and a
schematic drawing of the molecular complexes.

c) Determine the activation energy for the reaction in the forward and the backward direction.

d) Calculate the vibrational frequencies of the two vibrations in the parallel and perpendicular
direction with respect to the reaction coordinate at the stable state that is lowest in energy. Clearly
emphasize which assumptions you use in calculating these frequencies.

e) Calculate the vibrational frequency in the parallel and perpendicular direction with respect
to the reaction coordinate at the transition state. What is the striking difference between the
results found in this subquestion and the previous subquestion? Provide a rationalization of
your findings.
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EXAM EXERCISES SOLUTIONS

D.1 Introduction

Below, the solutions to the exam practice questions are provided. These solutions are written
in a concise fashion, sometimes omitting trivial steps in the derivation. If you are unable to
follow some or more of the derivations, it is recommended that you look back at one of the earlier
exercises of the corresponding chapter. More elaborate solutions are provided there which might
help you in understanding.

D.2 Kinetics

� EXAM SOLUTION Kinetics 1

a) The set of elementary reaction steps is given below. Herein, Equation D.3 is the rate-
determining step.

1. CO+ ∗� CO∗ (D.1)

2. O2 + 2∗� 2O∗ (D.2)

3. CO ∗+O∗ → CO2 ∗+∗ (D.3)

4. CO2 + ∗� CO2∗ (D.4)

Note: Microscopically speaking, equation D.3 is a reversible reaction but we consider it to be
irreversible. A right arrow is used to describe the rate-determining step in order to emphasize
this quasi-ideal assumption.

b) The required assumption to employ here is the quasi-equilibrium assumption. Based on this
assumption, we need to find the Langmuir isotherms corresponding to all relevant coverages.
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K1 =
θCO
pCOθ∗

(D.5)

K2 =
θ2O

pO2
θ2∗

(D.6)

K4 =
θCO2∗
θ∗pCO2

(D.7)

which leads to

θCO = K1pCOθ∗ (D.8)

θO =
√
K2pO2

θ∗ (D.9)

θCO2
= K4pCO2

θ∗ (D.10)

The site balance for * is

θ∗ + θCO + θO + θCO2
= 1 (D.11)

leading to

θCO =
K1pCO

1 +K1pCO +
√
K2pO2

+K4pCO2

(D.12)

θO =

√
K2pO2

1 +K1pCO +
√
K2pO2

+K4pCO2

(D.13)

θCO2
=

K4pCO2

1 +K1pCO +
√
K2pO2

+K4pCO2

(D.14)

c) From the RDS (rate-determining step), the rate expression is as follows

rCO2
= k3θCOθO (D.15)

Combining all terms that have been derived in subquestion (a), we get

rCO2
=

k3K1
√
K2pCO

√pO2

(1 +K1pCO +
√
K2pO2

+K4pCO2
)2

(D.16)

d) The assumption that can be made is that CO is the Most Abundant Reaction Intermediate
(MARI).
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e) Applying the MARI enables us to neglect those coverage terms in the denominator which do
not correspond to the MARI. Next, the differential for the reaction is solved for the simplified
rate expression to obtain the reaction order in CO.

rCO2
=
k3K1

√
K2pCO

√pO2

(1 +K1pCO)
2

(D.17)

nCO = pCO
∂ln rCO2

∂pCO
(D.18)

= pCO

(
∂ln pCO
∂pCO

− 2
∂ln (1 +K1pCO)

∂pCO

)
(D.19)

= 1− 2
K1pCO

1 +K1pCO
(D.20)

= 1− 2θCO (D.21)

The limits for the reaction order in CO are

nCO ∈ [−1; 1] (D.22)

f ) The apparent activation energy is given by

∆E
app
act = RT2

∂ln rCO2

∂T
(D.23)

= RT2
(
∂ln k3
∂T

+
∂lnK1

∂T
+
∂ln
√
K2

∂T
− 2

∂ln (1 +K1pCO)

∂T

)
(D.24)

= RT2
(
∆E

(3)
act

RT2
+

∆H
(1)
ads

RT2
+

1

2

∆H
(2)
ads

RT2
− 2

K1pCO
1 +K1pCO

∆H
(1)
ads

RT2

)
(D.25)

= ∆E
(3)
act + (1− 2θCO)∆H

(1)
ads

+
1

2
∆H

(2)
ads

(D.26)

g) At very high temperature, the surface is nearly empty. Therefore, both CO and O2 need to
adsorb on the surface before reaction can take place. The adsorption enthalpy is always negative,
which (in most of the cases) leads to a negative apparent activation energy at high temperatures.

� EXAM SOLUTION Kinetics 2

a) The set of elementary reaction steps is given below. Herein, Equation D.30 is the rate-
determining step.

1. SO3∗� SO2 + O ∗ (D.27)

2. CH4 + ∗� CH4 ∗ (D.28)

3. SO3 + ∗� SO3 ∗ (D.29)

4. CH4 ∗+O∗ → CH3OH ∗+ ∗ (D.30)

5. CH3OH+ ∗� CH3OH∗ (D.31)
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Note: Microscopically speaking, equation D.30 is a reversible reaction but we consider it to
be irreversible. A right arrow is used to describe the rate-determining step, emphasizing this
quasi-ideal assumption.

b) Assume a quasi-equilibrium for all the elementary reaction steps before the rate-determining
step. From these, the following Langmuir adsorption isotherms can be derived.

θCH4
=

K2pCH4

1 +K2pCH4
+K3pSO3

+K5pCH3OH +
K1K3pSO3

pSO2

(D.32)

θSO3
=

K3pSO3

1 +K2pCH4
+K3pSO3

+K5pCH3OH +
K1K3pSO3

pSO2

(D.33)

θCH3OH =
K5pCH3OH

1 +K2pCH4
+K3pSO3

+K5pCH3OH +
K1K3pSO3

pSO2

(D.34)

θO =

K1K3pSO3
pSO2

1 +K2pCH4
+K3pSO3

+K5pCH3OH +
K1K3pSO3

pSO2

(D.35)

(D.36)

c) The rate of formation for methanol can be directly found by plugging in the relevant Langmuir
isotherms in the rate expression for elementary reaction step (4).

rCH3OH =k4θCH4
θO (D.37)

=
k4K2pCH4

K1K3pSO3
pSO2(

1 +K2pCH4
+K3pSO3

+K5pCH3OH +
K1K3pSO3

pSO2

)2
(D.38)

d) Adsorbed methanol is the MARI, hence the surface mainly contains methanol and vacant
sites.

e) Applying the MARI enables us to neglect those coverage terms in the denominator which do
not correspond to the MARI. Next, the differential for the reaction is solved for the simplified
rate expression to obtain the reaction order in methanol and methane.

rCH3OH = k4θCH4
θO =

k4K2pCH4

K1K3pSO3
pSO2(

1 +K5pCH3OH

)2 (D.39)

nCH3OH = pCH3OH
∂ ln r

∂pCH3OH
= −2θCH3OH (D.40)

nCH4
= pCH4

∂ ln r

∂pCH4

= 1 (D.41)
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f ) The apparent activation energy is given by

∆E
app
act = RT2 ∂ ln r

∂T
= ∆E

(4)
act +∆H1 +∆H2 +∆H3 − 2θCH3OH∆H5 (D.42)

The apparent activation energy is the amount of energy which needs to invested for the overall
reaction to occur. This energy is equal to the activation energy of the rate-determining step and
is reduced by the adsorption energy of particular components when the surface is vacant but
increased when the surface is poisoned. The latter can be interpreted in the sense that some
energy needs to be invested to remove a component from the surface. In this particular case,
the reaction can be inhibited by methanol as is seen from the (negative) dependence on the
methanol surface coverage.

� EXAM SOLUTION Kinetics 3

a) The set of elementary reaction steps is given below. Herein, equations D.45 and D.46 are
rate-determining for the formation of epoxide and oxygen, respectively.

1. N2O+ ∗� N2 + O∗ (D.43)

2. C2H4 + ∗� C2H4∗ (D.44)

3. C2H4 ∗+O∗ → C2H4O ∗+∗ (D.45)

4. O2 + 2∗ → 2O∗ (D.46)

5. C2H4O+ ∗� C2H4O∗ (D.47)

Note: Microscopically speaking, equations D.45 and D.46 are reversible reactions but we consider
them to be irreversible. A right arrow is used to describe the rate-determining steps, emphasizing
this quasi-ideal assumption.

b) The the rate of formation of gas phase epoxide is:

rC2H4O = k3θC2H4
θO (D.48)

The same procedure, as in exercise Kinetics 1, can be employed to derive the relevant Langmuir
isotherms. Finally, one can plug in those to get the final expression for the rate of formation of
the gas phase epoxide.

rC2H4O = k3

K1
pN2O
pN2

K2pC2H4(
1 +K1

pN2O
pN2

+K2pC2H4
+K5pC2H4O

)2
(D.49)

c) For deriving the rate of formation of molecular gas, one can repeat the same procedure as in
the previous subquestion.
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rO2
=k4θ

2
O (D.50)

=k4

(
K1

pN2O
pN2

)2

(
1 +K1

pN2O
pN2

+K2pC2H4
+K5pC2H4O

)2
(D.51)

d) A table containing the upper and lower limit for the reaction orders in oxygen, nitrogen,
nitrous oxide, ethylene and epoxide has been constructed for each one of the two rate expression.

reaction orders O2 N2 N2O C2H4 C2H4O

rC2H4O 0 -1,1 -1,1 -1,1 -2,0

rO2
0 -2,0 0,2 -2,0 -2,0

(D.52)

e) Taking into consideration that ethylene and epoxide adsorb very weakly as compared to
dissociative adsorption of nitrous oxide, the expressions for the rate formation of ethylene oxide
and molecular oxygen simplify to:

rC2H4O =k3

K1
pN2O
pN2

K2pC2H4(
1 +K1

pN2O
pN2

)2
(D.53)

rO2
=k4

(
K1

pN2O
pN2

)2

(
1 +K1

pN2O
pN2

)2
. (D.54)

We obtain the the following reaction order for the epoxide

nO2
=0 (D.55)

nN2
=− 1 + 2θO (D.56)

nN2O =1− 2θO (D.57)

nC2H4
=1 (D.58)

nC2H4O =0 (D.59)

and for molecular oxygen

nO2
=0 (D.60)

nN2
=− 2 + 2θO (D.61)

nN2O =2− 2θO (D.62)

nC2H4
=0 (D.63)

nC2H4O =0 (D.64)
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f ) The apparent activation energy for epoxide formation is:

∆E
app
act = ∆E3 +∆H1 (1− 2θO) + ∆H2, (D.65)

and for the formation of molecular oxygen is:

∆E
app
act = ∆E4 +∆H1 (2− 2θO) . (D.66)

� EXAM SOLUTION Kinetics 4

a) The set of elementary reaction steps is given below. Herein, Equation D.71 is the irreversible
rate-determining step.

1. CO+ ∗� CO∗ (D.67)

2. H2 + 2∗� 2H∗ (D.68)

3. H2 + 2# � 2H# (D.69)

4. CO ∗+H# � CHO ∗+# (D.70)

5. CHO ∗+H#→ CH2O ∗+# (D.71)

6. CH2O ∗+H# � CH3O ∗+# (D.72)

7. CH3O ∗+H# � CH3OH ∗+# (D.73)

8. CH3OH+ ∗� CH3OH∗ (D.74)

Finally, note that H* does not directly react with any CHxO* species, but it acts as an inhibiting
term.

b) Equation D.69 represents the dissociative adsorption of hydrogen on the τ sites. From this,
it follows that

K3 =
τ2H

pH2
τ2#

(D.75)

τH = τ#

√
K3pH2

(D.76)

The site-balance for site # is

τ# + τH = 1 (D.77)

leading to

τH =

√
K3pH2

1 +
√
K3pH2

(D.78)
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c) From the RDS (rate-determining step), the rate expression is as follows

r = k5θCHOτH. (D.79)

Next, we need to find the Langmuir isotherms corresponding to all relevant surface coverages.
We start by assuming pseudo-equilibrium, which gives

K1 =
θCO
pCOθ∗

(D.80)

K2 =
θ2H

pH2
θ2∗

(D.81)

K4 =
θCHOτ#
θCOτH

(D.82)

which leads to

θCO = K1pCOθ∗ (D.83)

θH =
√
K2pH2

θ∗ (D.84)

θCHO =
K1K4pCOτHθ∗

τ#
= K1K4pCO

√
K3pH2

θ∗ (D.85)

The site-balance for * is

θCO + θH + θCHO + θ∗ = 1 (D.86)

leading to

θCO =
K1pCO

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

(D.87)

θH =

√
K2pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

(D.88)

θCHO =
K1K4pCO

√
K3pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

(D.89)

Finally, we can plug everything into our rate expression, by which we obtain

r = k5
K1K4pCOK3pH2(

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

)(
1 +

√
K3pH2

) . (D.90)

� Note: There are two different terms in the denominator corresponding to two different types
of catalytic sites. Furthermore, the (

√
K2pH2

) term corresponds to H2 coadsorption on the *

sites which acts as an inhibiting term.
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d) Determining the reaction order in H2

nH2
= pH2

∂ ln r

∂pH2

(D.91)

= pH2

∂

∂pH2

(ln pH2
− ln(1 +K1pCO +

√
K2pH2

· · ·

· · ·+K1K4pCO

√
K3pH2

)− ln(1 +
√
K3pH2

)) (D.92)

= 1−
1

2

√
K2pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
1

2

K1K4pCO
√
K3pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
1

2

√
K3pH2

1 +
√
K3pH2

(D.93)

= 1−
1

2
θH −

1

2
θCHO −

1

2
τH (D.94)

� Note: Because of the dual site mechanism, the reaction order inH2 can never become negative.

Determining the reaction order in CO

nCO = pCO
∂ ln r

∂pCO
(D.95)

= pCO
∂

∂pCO

(
ln pCO − ln

(
1 +K1pCO +

√
K2pH2

+K1K4pCO

√
K3pH2

))
(D.96)

= 1−
K1pCO

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
K1K4pCO

√
K3pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

(D.97)

= 1− θCO − θCHO (D.98)

e) Deriving the apparent activation energy
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∆E
app
act = RT2 ∂ ln r

∂T
(D.99)

= RT2 ∂

∂T

(
ln k5 + lnK1 + lnK3 + lnK4 · · ·

· · · − ln

(
1 +K1pCO +

√
K2pH2

+K1K4pCO

√
K3pH2

)
· · ·

· · · − ln

(
1 +

√
K3pH2

))
(D.100)

= ∆E
(5)
act +∆H1 +∆H3 +∆H4 · · ·

· · · −∆H1
K1pCO

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
1

2
∆H2

√
K2pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
(
∆H1 +∆H4 +

1

2
∆H3

)
· · ·

· · ·
K1K4pCO

√
K3pH2

1 +K1pCO +
√
K2pH2

+K1K4pCO
√
K3pH2

· · ·

· · · −
1

2
∆H3

√
K3pH2

1 +
√
K3pH2

(D.101)

= ∆E
(5)
act +∆H1 (1− θCO − θCHO)−

1

2
∆H2θH · · ·

· · ·+∆H3

(
1−

1

2
θCHO −

1

2
τH

)
+∆H4 (1− θCHO) (D.102)

� EXAM SOLUTION Kinetics 5

a) The set of four elementary reaction steps that describe the catalytic oxidation of ethylene to
ethylene epoxide is showed below.

1. C2H4 + ∗� C2H4∗ (D.103)

2. O2 + 2∗� 2O∗ (D.104)

3. C2H4 ∗+O∗ → C2H4O ∗+∗ (D.105)

4. C2H4O+ ∗� C2H4O∗ (D.106)

Note: Microscopically speaking, equation D.105 is a reversible reaction but we consider it to be
irreversible. A right arrow is used to describe the rate-determining step in order to emphasize
this quasi-ideal assumption.



�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

D.2 Kinetics 319

b) The expression describing the rate of formation of ethylene epoxide is

r =
k+3 K1pC2H4

√
K2pO2(

1 +K1pC2H4
+
√
K2pO2

+K4pC2H4O

)2
(D.107)

c) No products are formed, so the term corresponding to C2H4O will not be in the inhibiting
term. The simplified version can be seen below.

r =
k3K1pC2H4

√
K2pO2(

1 +K1pC2H4
+
√
K2pO2

)2
(D.108)

d) C2H4 is the MARI. The corresponding final simplified version for the rate formation expres-
sion is

r =
k3K1pC2H4

√
K2pO2(

1 +K1pC2H4

)2 (D.109)

e)

nC2H4
= 1− 2θC2H4

(D.110)

nO2
=

1

2
(D.111)

nC2H4O = 0 (D.112)

f )

∆Eact = ∆Eact,3 +
(
1− 2θC2H4

)
∆H1 +

1

2
∆H2 (D.113)

g) At very high temperature, the surface is nearly empty. Therefore, both C2H4 and O2 need to
adsorb on the surface before reaction can take place. The adsorption enthalpy is always negative,
which (in most of the cases) leads to a negative apparent activation energy at high temperatures.

h) From the two Langmuir-Hinshelwood isotherms it can be seen that this reaction takes place
between two different types of active sites, each only adsorbing one of the reactants.

� EXAM SOLUTION Kinetics 6

a) The set of five elementary reaction steps is given below.
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1. A+ ∗� A∗ (D.114)

2. B+ # � B# (D.115)

3. C+ s� Cs (D.116)

4. A ∗+B#+ Cs→ D ∗+#+ s (D.117)

5. D+ ∗� D∗ (D.118)

where * denotes a free sites of type θ, # denotes a free site of type τ and s denotes a free site of
type σ.

b) Assume pseudo-equilibrium for all gas-solid reactions, we have the following equilibrium
constants:

KA =
θA
pAθ∗

(D.119)

KB =
τB
pBτ#

(D.120)

KC =
σC
pCσs

(D.121)

KD =
θD
pDθ∗

(D.122)

There are 3 site-balances as given by

1 = θ∗ + θA + θD (D.123)

1 = τ# + τB (D.124)

1 = σs + σC (D.125)

The general rate expression is given by

r = k4θAτBσC . (D.126)

Combining the pseudo-equilibria with the site balances and plugging these into the fundamental
rate expression gives

r = k4
KApAKBpBKCpC(

1 +KApA +KDpD
) (

1 +KBpB
) (

1 +KCpC
) . (D.127)

c) The reaction order in A can be calculated as follows:

nA = pA
∂ ln r

∂pA
(D.128)

= pA
∂

∂pA
ln

(
k4

KApAKBpBKCpC(
1 +KApA +KDpD

) (
1 +KBpB

) (
1 +KCpC

)) (D.129)

= 1− pA
∂

∂pA
ln
[(
1 +KApA +KDpD

) (
1 +KBpB

) (
1 +KCpC

)]
(D.130)

= 1− θA (D.131)
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Using a similar strategy, the reaction orders in B, C and D are:

nB = 1− τB (D.132)

nC = 1− σC (D.133)

nD = −θD (D.134)

This gives the following limits on the orders:

nA ∈ [0, 1] (D.135)

nB ∈ [0, 1] (D.136)

nC ∈ [0, 1] (D.137)

nD ∈ [−1, 0] (D.138)

d) An expression for the apparent activation energy as function of the relevant surface coverages
is given below.

∆E
app
act = RT2 ∂ ln r

∂T
(D.139)

= RT2 ∂

∂T
k4 ln

[
KApAKBpBKCpC(

1 +KApA +KDpD
) (

1 +KBpB
) (

1 +KCpC
)] (D.140)

= E
(4)
act +∆HA +∆HB +∆HC · · ·

· · · −
∂

∂T
ln
[(
1 +KApA +KDpD

) (
1 +KBpB

) (
1 +KCpC

)]
(D.141)

= E
(4)
act +∆HA +∆HB +∆HC · · ·

· · · −RT2
∂
∂T KApA + ∂

∂T KBpB + ∂
∂T KCpC + ∂

∂T KDpD(
1 +KApA +KDpD

) (
1 +KBpB

) (
1 +KCpC

) (D.142)

= E
(4)
act +∆HA(1− θA) + ∆HB(1− τB) + ∆HC(1− σC)−∆HDθD (D.143)

� EXAM SOLUTION Kinetics 7

a) CO2 has a fulfilled octet configuration, hence it can be assumed to be coordinatively saturated.
It can thus only weakly bond to the catalyst surface using a van der Waals interaction.
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b) The set of elementary reaction steps is

CO+ ∗� CO∗ (D.144)

O2 + 2∗ → 2O∗ (D.145)

CO ∗+O∗ → CO2 + 2∗ (D.146)

Because the dissociative adsorption has the same rate as the CO recombination, we are not
allowed to impose a rate-determining step approximation. Hence, we have to resort to employing
a steady-state assumption. Because the question statement offers us the freedom to impose an
irreversible-step approximation, we do this on the second and third elementary reaction step.

From this, we can obtain the following two expressions

dθO
dt

= 2k+2 pO2
θ2∗ − k

+
3 θCOθO = 0 (D.147)

d
[
CO2

]
dt

=
N

V
k+3 θCOθO, (D.148)

where N is the total number of active sites on the catalyst surface in mol and V the volume
wherein the catalyst resides.

By means of the steady-state approximation on the surface fraction of monoatomic oxygen, we
get the following steady-state surface coverage

θO =
2k+2 pO2

θ2∗

k+3 θCO
(D.149)

From the problem statement, we are allowed to use a quasi-equilibrium approximation for the
surface coverage of CO, which yields

θCO = K1pCOθ∗ (D.150)

Insertion of equation D.150 into equation D.149 yields

θO =
2k+2 pO2

θ∗

k+3 K1pCO
(D.151)

By construction of a site balance, we can readily find the steady-state surface coverage for the
free sites.

θ∗ =
1

1 +K1pCO +
2k+

2 pO2
k+
3 K1pCO

(D.152)

Application of equationD.152 in conjunctionwith the other expressions for the surface expressions
yields the following rate expression

r =
N

V

2k+2 pO2(
1 +K1pCO +

2k+
2 pO2

k+
3 K1pCO

)2
(D.153)
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To proof that the order in CO can be as low as -2, it makes sense to assume strongly poisoning
conditions of CO. As such, we readily employ a MARI approximation on CO, by which the above
rate expression can be simplified to

r =
N

V

2k+2 pO2

(1 +K1pCO)
2
. (D.154)

In a further straightforward manner, we can readily find an expression for the reaction order in
CO as given by

nCO = pCO
∂ ln r+

∂pCO
= −2θCO (D.155)

In the situation wherein θCO = 1, a reaction order of -2 is found. Q.E.D.

� EXAM SOLUTION Kinetics 8

a) The set of elementary reaction steps is given below.

1. CO+ ∗� CO∗ (D.156)

2. O2 + ∗� O2∗ (D.157)

3. O2 ∗+∗� 2O∗ (D.158)

4. CO ∗+O∗� CO2 ∗+∗ (D.159)

5. CO2 + ∗� CO2∗ (D.160)

b) Because we have non-zero conversion, the site-balance includes all surface intermediates

1 = θ∗ + θCO + θCO2
+ θO + θO2

(D.161)

We apply the quasi-equilibrium approximation to steps 1,2,3 and 5.

θCO = K1PCOθ∗ (D.162)

θO2
= K2PO2

θ∗ (D.163)

θ2O = K3θO2
θ∗ −→ θO =

√
K2K3PO2

θ∗ (D.164)

θCO2
= K5PCO2

θ∗ (D.165)

The coverage of free sites can be obtained by substituting equation D.161

θ∗ =
1

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

(D.166)
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leading to

θCO =
K1PCO

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

(D.167)

θO2
=

K2PO2

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

(D.168)

θO =

√
K2K3PO2

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

(D.169)

θCO2
=

K5PCO2

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

(D.170)

CO oxidation (step 4) is the rate-determining step. The rate expression (including the backward
reaction at non-zero conversion) is as follows

r = k+4 θCOθO − k
−
4 θCO2

θ∗

=
k+4 K1PCO

√
K2K3PO2

− k−4 K5PCO2(
1 +K1PCO +K2PO2

+
√
K2K3PO2

+K5PCO2

)2
(D.171)

c) We can rewrite the rate expression

r =

k+4 K1PCO
√
K2K3PO2

1−
K5PCO2

K4K1PCO

√
K2K3PO2


(
1 +K1PCO +K2PO2

+
√
K2K3PO2

+K5PCO2

)2

=

k+4 K1PCO
√
K2K3PO2

1− 1
Keq

PCO2

PCO

√
PO2


(
1 +K1PCO +K2PO2

+
√
K2K3PO2

+K5PCO2

)2
(D.172)

WithKeq the overall reaction equilibrium constant, obtained from the microkinetic network

Keq =
K1K4

√
K2K3

K5
(D.173)

The thermodynamic equilibrium constant gives us the reaction quotient at equilibrium

Keq =
PCO2

PCO
√
PO2

(D.174)
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Therefore, at equilibrium

r =

k+4 K1PCO
√
K2K3PO2

(
1− 1

Keq
Keq

)
(
1 +K1PCO +K2PO2

+
√
K2K3PO2

+K5PCO2

)2
= 0 (D.175)

d) Recall that the reaction order is defined with respect to the forward reaction

r+ =
k+4 K1PCO

√
K2K3PO2(

1 +K1PCO +K2PO2
+
√
K2K3PO2

+K5PCO2

)2
(D.176)

nCO = PCO
∂ ln r+

∂PCO
(D.177)

= PCO

∂ lnPCO
∂PCO

+ 2
∂ ln θ∗
∂PCO

+
∂ ln k+4 K1

√
K2K3PO2

∂PCO

 (D.178)

∂ lnPCO
∂PCO

=
1

PCO
(D.179)

∂ ln k+4 K1

√
K2K3PO2

∂PCO
= 0 (D.180)

∂ ln θ∗
∂PCO

= −
∂ ln

(
1
θ∗

)
∂ 1
θ∗

∂ 1
θ∗

∂PCO
= −θ∗

∂ 1
θ∗

∂PCO
(D.181)

∂ 1
θ∗

∂PCO
=

∂

(
1 +K1PCO +K2PO2

+
√
K2K3PO2

+K5PCO2

)
∂PCO

= K1 (D.182)

nCO = PCO

(
1

PCO
− 2K1θ∗

)
= 1− 2K1PCOθ∗ = 1− 2θCO (D.183)

e)

nO2
= PO2

∂ ln r+

∂PO2

(D.184)

= PO2

1

2

∂ lnPO2

∂PO2

+ 2
∂ ln θ∗
∂PO2

+
∂ ln k+4 K1PCO

√
K2K3

∂PO2


∂ 1
θ∗

∂PO2

=

∂

(
K2PO2

+
√
K2K3

√
PO2

)
∂PO2

= K2 +
1

2

√
K2K3

PO2

(D.185)

nO2
=

1

2
− 2K2PO2

θ∗ −
√
K2K3PO2

θ∗ =
1

2
− 2θO2

− θO (D.186)
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f )

∆E
app
act = RT2 ∂ ln r

+

∂T
(D.187)

= RT2 ∂

∂T

(
ln k+4 + lnK1 +

1

2
lnK2 +

1

2
lnK3 + 2 ln θ∗

)
= ∆E

(4)
act +∆H1 +

1

2
∆H2 +

1

2
∆H3 − 2θ∗

(
∆H1K1PCO · · ·

· · ·+∆H2K2PO2
+

∆H2 +∆H3

2

√
K2K3PO2 +∆H5K5PCO2

)
(D.188)

= ∆E
(4)
act +∆H1 (1− 2θCO) + ∆H2

(
1

2
− 2θO2

− θO
)
· · ·

· · ·+∆H3

(
1

2
− θO

)
− 2∆H5θCO2

(D.189)

g) At high temperature, the surface will be almost empty. A single reaction event will then be
a concerted process of adsorption, reaction and desorption. The adsorption step tends to be
exothermic as bonds are formed between adsorbate and the surface. As a result, this energy
directly benefits the activation of the adsorbed complex, lowering the apparent barrier.

lim
θ∗→1

∆E
app
act = ∆E

(4)
act +∆H1 +

1

2
∆H2 +

1

2
∆H3 (D.190)

� EXAM SOLUTION Kinetics 9

a) Apply the steady-state approximation on the intermediates.1

[H · ] = k2[Cl · ][H2]− k3[H · ][Cl2]− k5[H · ][HCl] = 0 (D.191)

[Cl · ] = 2k1[Cl2]− k2[Cl · ][H2] + k3[H · ][Cl2]− 2k4[Cl · ]2 + k5[H · ][HCl] = 0 (D.192)

Combining equations D.191 and D.192 yields

[Cl · ] =

√
k1
k4

[Cl2]. (D.193)

Inserting equation D.193 into equation D.191 then gives after some trivial rearrangement

[H · ] =
k2

√
k1
k4

[Cl2][H2]

k3[Cl2] + k5[HCl]
(D.194)

1Recall that in the notation X · the radical of X is meant.



�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

D.2 Kinetics 327

Using these two equations for the steady-state conccntration of the intermediates, we can readily
derive the rate expression to be

r = k2[Cl · ][H2] + k3[H · ][Cl2]− k5[H · ][HCl] (D.195)

= k2

√
k1
k4

[Cl2][H2] + k3
k2

√
k1
k4

[Cl2][H2]

k3[Cl2] + k5[HCl]
[Cl2]− k5

k2

√
k1
k4

[Cl2][H2]

k3[Cl2] + k5[HCl]
[HCl] (D.196)

= k2

√
k1
k4

[Cl2][H2]

(
1 +

k3[Cl2]− k5[HCl]

k3[Cl2] + k5[HCl]

)
(D.197)

= k2

√
k1
k4

[Cl2][H2]

(
2k3[Cl2]

k3[Cl2] + k5[HCl]

)
(D.198)

=
2k2k3

√
k1
k4

[H2][Cl2]
3/2

k3[Cl2] + k5[HCl]
(D.199)

b) Since the pathway is in parallel, one is allowed to lump the two rate constants k5 and k6
together. Replacing k5 in the above derivation by k5 + k6 will result in the following answer

r =
2k2k3

√
k1
k4

[H2][Cl2]
3/2

k3[Cl2] + (k5 + k6)[HCl]
(D.200)

c) Determining the reaction orders is moderately straightforward and applying the fundamental
formula readily results in

nCl2
= [Cl2]

∂ ln r+

∂[Cl2]
=

3

2
−

k3[Cl2]

k3[Cl2] + k′[HCl]
(D.201)

nH2
= [H2]

∂ ln r+

∂[H2]
= 1 (D.202)

d) Using the formal definition of the apparent activation energy gives

∆E
app
act = RT2 ∂ ln r

+

∂T
(D.203)

= RT2 ∂

∂T

{
ln k2 +

1

2
ln k1 −

1

2
ln k4 + ln k3 − · · ·

· · · − ln
(
k3[Cl2] + (k5 + k6)[HCl]

)}
(D.204)

= ∆E
(2)
act +

1

2
∆E

(1)
act −

1

2
∆E

(4)
act +∆E

(3)
act + · · ·

· · ·+
∆E

(3)
act k3[Cl2] + (∆E

(5)
act k5 +∆E

(6)
act k6)[HCl]

k3[Cl2] + (k5 + k6)[HCl]
(D.205)

e) By the inclusion of the additional pathway, an additional (positive) contribution to the apparent
activation energy is found. This can be readily rationalized as the inclusion of a secondary parallel
retardation path results in a decrease of the overall product of HCl.
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D.3 Statistical thermodynamics

� EXAM SOLUTION Statistical Thermodynamics 1

a) A schematic representation of the distribution of the energetic states over the four molecules
is provided below

a0

a1

a2

2∆E

2∆E

b0

b1,2

3∆E

c0 d0

d1,2

4∆E

Figure D.1: Energy level diagram of A, B, C, and D.

b) The energy level of b0 is set to the global ground state (i.e. zero). From this, the partition
functions for each molecule are

qA = exp

(
−∆E
kBT

)
+ exp

(
−3∆E
kBT

)
+ exp

(
−5∆E
kBT

)
(D.206)

qB = 1 + 2 exp

(
−3∆E
kBT

)
(D.207)

qC = exp

(
−∆E
kBT

)
(D.208)

qD = exp

(
−∆E
kBT

)
+ 2 exp

(
−5∆E
kBT

)
(D.209)

c) The equilibrium constantK for the above reaction is

K =
qCqD
qAqB

(D.210)

d) When T → 0, all exponentials go to zero, whereas at T → ∞, all exponentials go to unity.
Thus the limits for the equilibrium constant are

K(T → 0) = lim
0 · 0
1 · 0

= 0 (D.211)

K(T →∞) = lim
1 · 3
3 · 3

=
1

3
(D.212)

At T → 0, only the lowest state, also known as ground state, is occupied, which is b0. Hence,
the equilibrium constant is 0. At T → ∞, all states are equally likely to be occupied. Hence,
our equilibrium constant should resemble the ratio of the products of the number of states of
each component (which is basically the definition of the partition function at infinitely high
temperature).
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� EXAM SOLUTION Statistical Thermodynamics 2

a) A schematic representation of the distribution of the energetic states over the four molecules
is provided below

a0

a1

a2

a3

a4

2∆E

2∆E

2∆E

2∆E

b0

b1,2

3∆E

c0 d0

d1,2

4∆E

Figure D.2: Energy level diagram of A, B, C, and D.

b) Set the energy level of b0 to the global ground state (i.e. zero)

qA = exp

(
−

∆E

kBT

)
+ exp

(
−
3∆E

kBT

)
+ exp

(
−
5∆E

kBT

)
· · ·

· · ·+ exp

(
−
7∆E

kBT

)
+ exp

(
−
9∆E

kBT

)
(D.213)

qB =1 + 2 exp

(
−
3∆E

kBT

)
(D.214)

qC = exp

(
−

∆E

kBT

)
(D.215)

qD = exp

(
−

∆E

kBT

)
+ 2 exp

(
−
5∆E

kBT

)
(D.216)

c) The average energy of molecule B is given by

〈
EB
〉
=kBT

2 ∂ ln qB
∂T

(D.217)

=
2 · 3∆E · exp

(
− 3∆E

kBT

)
1 + 2 exp

(
− 3∆E

kBT

) (D.218)

At T → 0,
〈
EB
〉
= 0 as only the ground state is occupied which has an energy value of 0.

At T → ∞,
〈
EB
〉
= 2∆E, as all its states are equally occupied. Hence, we get the arithmetic

average of the energy values of all these states.
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d) The equilibrium constantK for the above reaction is

K =
qCqD
qAqB

(D.219)

e) When T → 0, all exponentials go to zero, whereas at T → ∞, all exponentials go to unity.
Thus:

K(T → 0) = lim
0 · 0
1 · 0

= 0 (D.220)

K(T →∞) = lim
1 · 3
5 · 3

=
1

5
(D.221)

At T → 0, only the lowest state is occupied, which is b0. Hence, the equilibrium constant is 0.
At T →∞, all states are equally likely to be occupied. Hence, our equilibrium constant should
resemble the ratio of the products of the number of states of each component (which is basically
the definition of the partition function at infinitely high temperature).

� EXAM SOLUTION Statistical Thermodynamics 3

a) The energy levels are given in Figure D.3, where we have set the energy of the ground state of
molecule C as E0 = 0.

b) We use a Boltzmann distribution to determine the occupation of the energy levels

qA = 2 exp

(
−∆E
kBT

)
+ exp

(
−2∆E
kBT

)
(D.222)

qB = 2 exp

(
−∆E
kBT

)
+ exp

(
−3∆E
kBT

)
+ exp

(
−4∆E
kBT

)
(D.223)

qC = 3 (D.224)

� Note: The energies here are given per molecule.

c) Considering isolated molecules

〈E〉 =
∑
i

EiPi
q

(D.225)

〈
EA
〉
=

2∆E exp
(
−∆E
kBT

)
+ 2∆E exp

(
−2∆E
kBT

)
2 exp

(
−∆E
kBT

)
+ exp

(
−2∆E
kBT

) (D.226)

〈
EB
〉
=

2∆E exp
(
−∆E
kBT

)
+ 3∆E exp

(
−3∆E
kBT

)
+ 4∆E exp

(
−4∆E
kBT

)
2 exp

(
−∆E
kBT

)
+ exp

(
−3∆E
kBT

)
+ exp

(
−4∆E
kBT

) (D.227)

〈
EC
〉
=

0

3
= 0 (D.228)
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molecule A molecule B molecule C

E0

∆E

2∆E

3∆E

4∆E

Figure D.3: Energy levels for molecules A, B and C.

d) We will consider here a reaction of 1 mole of A and 1 mole of B to yield 1 mole of C. We
now need to account for the distinguishability of the particles in the ensemble. The partition
functions for the initial and final state are given by

QFS =
qNC
C

NC !
(D.229)

QIS =
qNA
A qNB

B

NA! ·NB !
(D.230)

Inserting the above two expressions into the definition for the entropy2

2Note that theNx! terms in the denominator disappears because we take the derivative towards T . The power inNx

becomes a multiplicative constant because of the natural logarithm. Since we are interested in themolar entropy, we divide
the results byN by which the multiplicative constantN disappears.
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S =
∂ (kBT lnQ)

∂T
= kB lnQ+ kBT

∂ lnQ

∂T
(D.231)

∆SR,m = SFS − SIS (D.232)

= R ln

(
qC
qAqB

)
+RT

∂
(
ln qC

qAqB

)
∂T

(D.233)

∂ ln qi
∂T

=
1

qi

∂qi
∂T

(D.234)

∂qA
∂T

=
1

kBT2

2∆E exp

(
−∆E
kBT

)
+ 2∆E exp

(
−2∆E
kBT

) (D.235)

∂qB
∂T

=
1

kBT2

2∆E exp

(
−∆E
kBT

)
+ 3∆E exp

(
−3∆E
kBT

)
· · ·

· · ·+ 4∆E exp

(
−4∆E
kBT

) (D.236)

∂qC
∂T

= 0 (D.237)

∆SR,m = R ln

(
qC
qAqB

)
−

1

T

2∆E

qA
exp

(
−∆E
kBT

)
+

2∆E

qA
· · ·

· · · exp
(
−2∆E
kBT

)
+

2∆E

qB
exp

(
−∆E
kBT

)
+

3∆E

qB
· · ·

· · · exp
(
−3∆E
kBT

)
+

4∆E

qB
exp

(
−4∆E
kBT

) (D.238)

Taking the limit of T →∞:

lim
T→∞

qA = 3 (D.239)

lim
T→∞

qB = 4 (D.240)

lim
T→∞

qC = 3 (D.241)

Gives for the reaction entropy

lim
T→∞

∆SR,m = R ln

(
1

4

)
= −R ln (4) (D.242)

We see that the second term in eq. D.231 completely disappears. The same conclusion could be
drawn if a different relation for the entropy was used

lim
T→∞

S = lim
T→∞

〈E〉
T

+ kB lnQ = kB lnQ (D.243)

lim
T→∞

∆SR,m = R ln

(
qC
qAqB

)
= −R ln (4) (D.244)



�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

D.3 Statistical thermodynamics 333

e) If we go towards very high temperatures, we expect the energy levels of all particles to be
occupied with equal probability. The number of permutations over the energy levels correlates
directly to the number of microstates. In going from the initial to the final state, both the number
of energy levels and the number of molecules decreases. The number of microstates therefore
decreases, corresponding to a loss in entropy. This rationalizes the negative sign for the entropy
difference.

If we were to consider the same situation at finite temperature, we would need to consider the
occupation of each energy level, which is contained in the second term of eq. D.238.

� EXAM SOLUTION Statistical Thermodynamics 4

a) A schematic representation of the distribution of the energy levels of all molecules is provided
below

a0

a1

a1

ε

ε

b0

b1
ε

c0

2ε

d0

2ε

b) The energy levels of a0 and b0 are set to the global ground state (i.e. zero). From this, the
partition functions for each molecule are

qA = 1 + exp

(
−ε
kBT

)
+ exp

(
−2ε
kBT

)
(D.245)

qB = 1 + exp

(
−ε
kBT

)
(D.246)

qC = 2 exp

(
−2ε
kBT

)
(D.247)

qD = 2 exp

(
−2ε
kBT

)
(D.248)

c) The equilibrium constantK for the above reaction is

K =
qCqD
qAqB

=

(
2 exp

(
−2ε
kBT

))(
2 exp

(
−2ε
kBT

))
(
1 + exp

(
−ε
kBT

)
+ exp

(
−2ε
kBT

))(
1 + exp

(
−ε
kBT

)) (D.249)

d) When T → 0, all exponentials go to zero, whereas at T → ∞, all exponentials go to unity.
Thus the limits for the equilibrium constantK are

lim
T→0

K =
0

1
= 0 (D.250)
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lim
T→∞

K =
2 · 2
3 · 2

=
2

3
(D.251)

Note: A similar approach was used in Statistical Thermodynamics 1 to determine the limits ofK.
If in doubt, go back to to that question and check the explanation.

� EXAM SOLUTION Statistical Thermodynamics 5

a) A schematic representation of the distribution of the energy levels of all molecules is provided
below

a0

a1

a2

ε

ε

b0

b1
ε

c0

2ε

d0

2ε

� Note: a is CH4, b is H2O, c is H2 and d is CO.

b) The partition functions for each molecule are

qA = 1 + exp

(
−ε
kBT

)
+ exp

(
−2ε
kBT

)
(D.252)

qB = 1 + exp

(
−ε
kBT

)
(D.253)

qC = 2 exp

(
−2ε
kBT

)
(D.254)

qD = 2 exp

(
−2ε
kBT

)
(D.255)

c) The equilibrium constant K for the above reaction is

K =
q3CqD

qAqB
=

(
2 exp

(
−2ε
kBT

))3 (
2 exp

(
−2ε
kBT

))
(
1 + exp

(
−ε
kBT

)
+ exp

(
−2ε
kBT

))(
1 + exp

(
−ε
kBT

)) (D.256)

d)

lim
T→0

K =
0

1
= 0 (D.257)

lim
T→∞

K =
23 · 2
3 · 2

=
16

6
=

8

3
(D.258)

At T = 0, only the ground state is occupied, hence the system is in its ground state wherein
only A and B exist. In this conditions, the equilibrium constant is zero. At T → ∞, all states
are equally likely and thus the equilibrium constants represents the arithmetic average of the
product of the states of C and D over the states of A and B.
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� EXAM SOLUTION Statistical Thermodynamics 6

a) Many answer are valid here. Either draw a nanoparticle wherein two types of sites are
highlighted or a checkerboard surface wherein two diferent types of cells are shown.

b) Straightforward implementation of the supplied formulas yields the following two expressions
for the partition functions

QA =
NA!(

NA − SA
)
!SA!

qSA
A (D.259)

QB =
NB !(

NB − SB
)
!SB !

qSB
B (D.260)

In the above formulas, N corresponds to the total number of active sites of a particular site and
S the number of occupied sites.

c) From the above formulas, we can readily calculate the chemical potential by application of the
Stirling approximation

µA = −kBT
∂ lnQA

∂SA
(D.261)

= kBT
∂

∂SA

[ (
NA − SA

)
ln
(
NA − SA

)
−
(
NA − SA

)
· · ·

· · ·+ SA lnSA − SA − SA ln qA

]
(D.262)

= −kBT ln

(
NA − SA

SA
qA

)
(D.263)

We obtain a similar expression for µB as given by

µB = −kBT ln

(
NB − SB

SB
qB

)
(D.264)

To calculate the ratio between the fractional coverage of A and B, we set the two chemical potential
equal to each other, which gives

µA = µB (D.265)

−kBT ln

(
NA − SA

SA
qA

)
= −kBT ln

(
NB − SB

SB
qB

)
(D.266)

NA − SA
SA

qA =
NB − SB

SB
qB (D.267)(

θB
1−θB

)
(

θA
1−θA

) =
qB
qA

(D.268)
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The right hand side of the above expression can be solved by noting that CO adsorbs 40 kJ/mol
stronger on site A as compared to site B. Hence, we set the zero of energy to the adsorption
energy of A, by which we can set

qB
qA

= exp

(
−∆E
kBT

)
= exp

(
−
40kJ / mol

kBT

)
(D.269)

d) For find the low and high temperature surface ratios, we need to evaluate the limiting
conditions when T → 0 and T →∞.

For very low temperature, the fraction

(
θB

1−θB

)
(

θA
1−θA

) → 0 (D.270)

By rearranging the above equation, the following limiting condition can be found

θB/θA − θB
1− θB

. (D.271)

Since θB lies on the interval [0,1], even in the case that θB 6= 0, the limiting conditions is met
when θB

θA
→ 0 as a consequence of θB → 0. This answer makes sense as CO adsorbs stronger

on site A than on site B, thus we would anticipate that CO prefers to reside exclusively on site A
at very low temperature.

For very high temperature, the fraction

(
θB

1−θB

)
(

θA
1−θA

) → 1 (D.272)

This condition is met when θA = θB , which corresponds to CO spreading to all possible surface
sites to maximize its (mixing) entropy.

� EXAM SOLUTION Statistical Thermodynamics 7

a) The different microstates are given in Figure D.4.

b) The three macrostates are those corresponding to E = −4ε, E = −2ε and E = 0. We re-scale
all energies in such a way that the ground state corresponds to E = 0. The partition function is
thus as follows:

q = 1 + 4 exp

(
−2ε
kBT

)
+ exp

(
−4ε
kBT

)
(D.273)
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(a)E = −4ε (b)E = −2ε

(c)E = −2ε (d)E = −2ε

(e)E = −2ε (f )E = 0

Figure D.4: The six different configurations (microstates) to place two black and two white tiles on the model
catalytic surface.

c) Expression for average energy 〈E〉 for this system is

〈E〉 = kBT
2 ∂ ln q

∂T
=

8ε exp
(
−2ε
kBT

)
+ 4ε exp

(
−4ε
kBT

)
1 + 4 exp

(
−2ε
kBT

)
+ exp

(
−4ε
kBT

) (D.274)

The limit at very low temperature is from the above equation:

lim
T→0

〈E〉 = 0 (D.275)

At T = 0, only the ground state is occupied which has an energy of 0.

And the limit at very high temperature is

lim
T→∞

〈E〉 =
8ε+ 4ε

1 + 4 + 1
= 2ε (D.276)

This answer corresponds to all states being equally occupied, so we get the arithmetic average of
the energies for all the states.

d) Expected or average value for 〈η〉 as a function of temperature
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〈η〉 =
3∑

i=0

Pi · ηi (D.277)

=
1

1 + 4 exp
(
−2ε
kBT

)
+ exp

(
−4ε
kBT

) +

1
2 · 4 exp

(
−2ε
kBT

)
1 + 4 exp

(
−2ε
kBT

)
+ exp

(
−4ε
kBT

) · · ·
· · ·+

0

1 + 4 exp
(
−2ε
kBT

)
+ exp

(
−4ε
kBT

) (D.278)

=
1 + 2 exp

(
−2ε
kBT

)
1 + 4 exp

(
−2ε
kBT

)
+ exp

(
−4ε
kBT

) (D.279)

At very low temperature, the average occupancy becomes:

lim
T→0

〈η〉 =
1

1
= 1 (D.280)

At very low temperature, only the ground state is occupied which has an occupancy factor of
unity.

At very high temperature, the average occupancy becomes:

lim
T→∞

〈η〉 =
1 + 2

6
=

1

2
(D.281)

At very high temperature, all states are equally likely and thus the expectation value for the
occupancy corresponds to the arithmetic average of the occupancy of all states.

e) The lowest energy corresponds to the highest occupancy factor and vice versa. The correlation
between occupancy can best be described by the following formula:

〈E〉 =
(
1− 〈η〉

)
· 4ε (D.282)

The correlation is of course evident as the expected occupancy describes how many tiles have a
favorable piece and this in turn determines the overall energetic stability.

� EXAM SOLUTION Statistical Thermodynamics 8

a) From the Boltzmann-equation, we can readily establish the following partition functions for
A and B.
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qA = exp

(
−
3∆E

kBT

) ∞∑
i=0

exp

(
−
i∆E

kBT

)
(D.283)

=
exp
(
− 3∆E

kBT

)
1− exp

(
−∆E

kBT

) (D.284)

qB =
∞∑
i=0

exp

(
−
2i∆E

kBT

)
(D.285)

=
1

1− exp
(
− 2∆E

kBT

) (D.286)

Note that we herein applied the solution for a geometric series.3

b) The average energy of state A is given by

〈
EA
〉
= kBT

2 ∂

∂T
ln q (D.287)

= 3∆E − kBT2 ∂

∂T
ln

1− exp

(
−

∆E

kBT

) (D.288)

= ∆E

3 +
exp
(
−∆E

kBT

)
1− exp

(
−∆E

kBT

)
 . (D.289)

In a similar fashion, we find for B

〈
EB
〉
= ∆E

 2 exp
(
− 2∆E

kBT

)
1− exp

(
− 2∆E

kBT

)
 . (D.290)

Thus, the average reaction energy is given by

〈
EB
〉
−
〈
EA
〉
= ∆E

 2 exp
(
− 2∆E

kBT

)
1− exp

(
− 2∆E

kBT

) − 3−
exp
(
−∆E

kBT

)
1− exp

(
−∆E

kBT

)
 (D.291)

c) Since the limit

lim
T→0

exp
(
−∆E

kBT

)
1− exp

(
−∆E

kBT

) = 0 (D.292)

it follows that

lim
T→0

(〈
EB
〉
−
〈
EA
〉)

= −3∆E. (D.293)

3Have a look at Exercise 2.5 for a detailed derivation.
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The limit for T →∞ is rather complex, but let me show you a nice trick to solve it.

lim
T→∞

∆E
 exp

(
−2 2∆E

kBT

)
1− exp

(
− 2∆E

kBT

) − 3−
exp
(
−∆E

kBT

)
1− exp

(
−∆E

kBT

)

 (D.294)

Observe that we can rewrite the first term as

exp
(
− 2∆E

kBT

)
1− exp

(
− 2∆E

kBT

) =
2

exp
(
2∆E
kBT

)
− 1

(D.295)

=
2(

exp
(
∆E
kBT

)
− 1

)(
exp
(
∆E
kBT

)
+ 1

) (D.296)

by which we can combine the first and third terms as given

2(
exp
(
∆E
kBT

)
− 1

)(
exp
(
∆E
kBT

)
+ 1

) − 1(
exp
(
∆E
kBT

)
− 1

) (D.297)

=
2(

exp
(
∆E
kBT

)
− 1

)(
exp
(
∆E
kBT

)
+ 1

) −
(
exp
(
∆E
kBT

)
+ 1

)
(
exp
(
∆E
kBT

)
− 1

)(
exp
(
∆E
kBT

)
+ 1

)
(D.298)

=

(
1− exp

(
∆E
kBT

))
(
exp
(
∆E
kBT

)
− 1

)(
exp
(
∆E
kBT

)
+ 1

) (D.299)

= −
1(

exp
(
∆E
kBT

)
+ 1

) (D.300)

whose limit can be readily established

lim
T→∞

− 1(
exp
(
∆E
kBT

)
+ 1

)
 = −

1

2
. (D.301)

Combining all terms then yields

lim
T→∞

∆E
 2 exp

(
− 2∆E

kBT

)
1− exp

(
− 2∆E

kBT

) − 3−
exp
(
−∆E

kBT

)
1− exp

(
−∆E

kBT

)

 = −

7

2
∆E. (D.302)
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If you do not like the mathematical struggle, you can also deduce the answer by reasoning. This
reasoning goes as follows.4 The ground state of B is 3∆E lower than that of A. For every level of
B, there will be two levels of A. On average, these two levels of A will be 1

2∆E higher than that
of B. Thus, 12∆E need to be subtracted from 3∆E to obtain the final answer.

Interpretation / Rationalization:

• In the limit of limT→0, only the ground state is occupied and hence the reaction energy
correspond to the energetic difference between the ground states of A and B.

• In the limit of limT→∞, all states are occupied. State B only has half the number of
energetic levels as compared to state A, on top of A being 3∆E higher in energy. Hence,
considering N states of B, there will be 2N states of A. On average, the additional excited
states of B will thus be twice as high in energy as compared to those of A. As such, the
excited states of B are on average 1

2∆E higher in energy than those of state A, by which
the average reaction energy drops by an additional 1

2∆E on top of the −3∆E.

d) The molar entropy of A is given by

SA = N
∂

∂T

(
kBT ln qA

)
(D.303)

= R

 ∆E
kBT

exp
(
∆E
kBT

)
− 1
− ln

1− exp

(
−

∆E

kBT

)
 (D.304)

and for B by

SB = N
∂

∂T

(
kBT ln qB

)
(D.305)

= R

 2∆E
kBT

exp
(
2∆E
kBT

)
− 1
− ln

1− exp

(
−
2∆E

kBT

)
 (D.306)

by which the molar reaction entropy can be found to be

SR = SB − SA (D.307)

= R

 2∆E
kBT

exp
(
2∆E
kBT

)
− 1
−

∆E
kBT

exp
(
∆E
kBT

)
− 1

+ ln

 1− exp
(
−∆E

kBT

)
1− exp

(
− 2∆E

kBT

)

 (D.308)

e) The equilibrium constant is given by

K =
qB
qA

=

1

1−exp
(
− 2∆E

kBT

)
exp
(
− 3∆E

kBT

)
1−exp

(
− ∆E

kBT

)
, (D.309)

4It might help to make a drawing and identify the principal repetitive unit for the infinite system.
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from which it can be found that the following equality should hold

exp
(
− 3∆E

kBT

)
1− exp

(
−∆E

kBT

) =
1

1− exp
(
− 2∆E

kBT

) . (D.310)

The first-order Taylor approximation of the above equation is

K′ =
1− 3β∆E

β∆E
=

1

2β∆E
, (D.311)

wherein we have introduced the thermodynamic temperature β = 1
kBT

as ameans for short-hand
notation.

Solving for β yields

β = 6∆E (D.312)

by which we find that the equilibrium temperature T is given by

T =
6∆E

kB
. (D.313)

� EXAM SOLUTION Statistical Thermodynamics 9

a) The number of microstate for the first three macrostates can be calculated as follows

Ω1 =
5!

4! · 1!
= 5 (D.314)

Ω2 =
5!

3! · 1! · 1!
= 5 · 4 = 20 (D.315)

Ω3 =
5!

3! · 1! · 1!
= 5 · 4 = 20 (D.316)

The values correspond to the expectations and thus equation C.22 is correct.

b) The complete set of possible configurations (microstates) is given in Figure D.5.

c) The total number of microstates is given by

Ω5,6 =
(5 + 6− 1)!

6! · 4!
= 210 (D.317)

d) The average number of particles is given in Table D.1.

e) A is the value for the lowest energy level, which corresponds to 2.
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Figure D.5: Set of possible macrostates (and corresponding number of microstates) for placing 6 units of energy
among 5 particles.

Table D.1: Average number of particles ni per energy level i.

i ni
0 2.000
1 1.333
2 0.833
3 0.476
4 0.238
5 0.095
6 0.024

f ) The correct answers are

b = lnAy = lnni (D.318)

a = 1/RT (D.319)

x = i∆E (D.320)

(D.321)

g) The temperature of the ensemble can be approximated as follows. The slope a can be
approximated using
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a ≈
lnn6 − lnn0
6∆E − 0∆E

(D.322)

=
ln
(
0.024/2.000

)
6∆E

(D.323)

= −7.371 · 10−5 (D.324)

From the slope, we can readily establish the temperature by

T = −
1

R · a
(D.325)

= −
1

8.3145 · −7.384 · 10−5
(D.326)

= 1631.6 K. (D.327)

Note that this answer differs substantially from the fitted solution of 2463.42 K due to strong
non-linearity of the trend.



�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

�
A

P
P

E
N

D
IX

D
�

A
P

P
E

N
D

IX
D

D.4 Transition state theory 345

D.4 Transition state theory

� EXAM SOLUTION Transition State Theory 1

O O

O

O O

O

O O

O

Figure D.6: Schematic depiction of the initial, transition and final state of O3 dissociation over a catalytic surface.
Note that this is a side view, where the viewing direction is parallel to the catalytic surface. The reaction coordinate is
shown as a dashed arrow in the image for the transition state.

a) In the transition state, the complex has in total 9 degrees of freedom. One degree of freedom
(DOF) corresponds to the imaginary frequency and is in the direction of the reaction coordinate.
This DOF is represented by kBT

h . Another DOF is the rotational DOF and all other DOFs are
vibrational. In the initial state, all DOFs are of a vibrational nature.

k =
kBT

h

q
(7)
v q

(1)
r

q
(9)
v

exp

(
−∆Eact

kBT

)
=
kBT

h
qr,1D exp

(
−∆Eact

kBT

)
(D.328)

wherein we approximate

qr,1D → qt,1D. (D.329)

b) The Arrhenius-form activation energy is within this approximation given by:

∆Earrhenius
act = kBT

2 ∂ ln k

∂T
(D.330)

Plugging the above rate expression into this formula yields for the activation energy

∆Earrhenius
act = ∆Eact +

3

2
kBT. (D.331)

If the two forms (Arrhenius and Eyring) are equal, this yields the following expression for the
pre-exponential factor:

νarrhenius =
kBT

h
· e3/2 · qr (D.332)

c)

O O

O

O O

O

O O

O

Figure D.7: Schematic depiction of the initial, transition and final state of O3 dissociation over a catalytic surface.
Note that this is a top view, where the viewing direction is perpendicular to the catalytic surface. The reaction
coordinate is shown as a dashed arrow in the image for the transition state.

k =
kBT

h

q
(8)
v

q
(9)
v

exp

(
−∆Eact

kBT

)
=
kBT

h
exp

(
−∆Eact

kBT

)
(D.333)
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In the transition state, the complex has in total 9 degrees of freedom. One degree of freedom
(DOF) corresponds to the imaginary frequency and is in the direction of the reaction coordinate.
This DOF is represented by kBT

h . All other DOFs are vibrational. In the initial state, all DOFs
are of a vibrational nature.

d) The Arrhenius-form activation energy is:

∆Earrhenius
act = ∆Eact + kBT (D.334)

And the corresponding pre-exponential factor becomes:

νarrhenius =
kBT

h
· e (D.335)

e) The important difference between situation (1) and (2) is that in situation (1) the O2 fragment
in the transition state has a rotational degree of freedom. Rotational degrees of freedom have
more configurational freedom as compared to vibrational degrees of freedom. Hence, the
transition state of situation (1) is higher in entropy and thus lower in Gibbs free energy (recall
that ∆G = ∆H − T∆S) as compared to situation (2). We can thus conclude that the reaction of
situation (1) will proceed faster than situation (2).

� EXAM SOLUTION Transition State Theory 2

a) We assume that the initial state is in thermal equilibrium with the transition state. Hence, we
introduce an equilibrium constantK. To determine the rate constant to go from the initial to the
final state, we introduce a crossing frequency κ that represents the number of species that goes
to the final state once that species is at the transition state. This requires us to define another
assumption, which states that once a species has crossed the transition state, it will always go
to the final state. (it can of course go back to the initial state, but that is captured in the rate
expression for the backward reaction)

b) The equilibrium constant is given by

K =
QTS

QIS
(D.336)

c) The total partition functionQ is the product of the molecular partition functions representing
vibrational, rotational and translations degrees of freedom and the electronic partition function.
If we extract the weak vibrational partition function and the electronic partition function, we can
rewrite the above equation to:

K = qv,weak ·
Q
†
TS

QIS
·
qTS,e

qIS,e
, (D.337)

wherein the † indicates that we have extracted the partition function corresponding to the reaction
coordinate and we have redefinedQ to only consist of molecular degrees of freedom (i.e. without
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the electronic partition function). The quotient of the electronic partition functions can be
rewritten using the Boltzmann formula and we can plug in the formula for the vibrational
partition function to obtain:

k = κ
1

1− exp
(
−hν
kBT

) Q†
TS

QIS
exp

(
−∆Eact

kBT

)
. (D.338)

d) Upon bond-breaking or formation, there exist a transition state wherein the bond is elongated
with respect to the most stable state (i.e. the bonded state). In the transition state, it is thus
expected that the bond is weaker. A weaker bond is represented by a shallower potential, hence
elongation or shortening of the bond will not result in a significant change in the energy. Hence,
the force constant representing the vibrational degree of freedom will be relatively small, thus
rationalizing the assumption to model the transition as a weak vibration.

e)

qv =
1

1− exp
(
−hν
kBT

) (D.339)

≈
1

1− 1 +
(
−hν
kBT

) (D.340)

≈
kBT

hν
(D.341)

f ) To obtain the general expression for the Eyring equation, the identity ν = κ needs to be true
in order to cancel out the κ in the equation.

� EXAM SOLUTION Transition State Theory 3

a) The CO molecule consists of two atoms, which each have three independent degrees of free-
dom (i.e. x, y, and z direction). The dimensionality of the potential energy surface corresponds to
these degrees of freedom and is thus a mapping from six-dimensional space to one-dimensional
space:

f : R6 → R. (D.342)

b) The one-dimensional deconvoluted plots are provided in Figure D.8. There are three valley-
parabola and one mountain-parabola.

c) Since the λ1 direction corresponds to a mountain parabola, its force constant is negative. A
negative force constant results in an imaginary frequency according to

ν =

√
k

m
. (D.343)

The only motion in the transition state that has an imaginary frequency is the motion in the
direction of the reaction coordinate. In fact, this is exactly the criterion that defines the transition
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(a) Initial state: λ1 ; valley parabola
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(c) Transition state: λ1 ; mountain parabola
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(d) Transition state: λ2 ; valley parabola

Figure D.8: One-dimensional deconvoluted potential energy curves.

state. The chemical interpretation is thus as follows: the transition state corresponds to the
highest point in energy in the direction of the reaction coordinate, while being a minimum in all
other directions. Any perturbation in the direction of λ1 in the transition state will result in a
lowering of the energy, which is in line with the sign of the force constant.

d) In line with the reasoning of the previous subquestion: if the force constant is negative,
this gives rise to an imaginary frequency. Thus that the wavenumber is complex because the
imaginary part is nonzero.

e) For typical temperatures employed in catalysis (T < 500 K), typically only the ground state is
occupied for the vibrational frequencies.

f =
1

1− exp
(
−hω
kBT

) = 1.21 ≈ 1, (D.344)

with ω = 18 · 1012 Hz and T = 500 K.

f ) The initial state has six vibrational partition functions with νi = 1500 cm−1 and the transition
state has five vibrational partition functions of which one has ν = 600 cm−1 and all the others
νi = 1500 cm−1, thus

K† =

(
1− exp

(
−hω1
kBT

))6

(
1− exp

(
−hω1
kBT

))4 (
1− exp

(
−hω2
kBT

)) , (D.345)

where ω1 = c · ν1 = 1500 · 102 · c = 450 THz and ω2 = 18 THz. Thus the equilibrium constant
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between initial state and final state yields:

K† =

(
1− exp

(
−hω1
kBT

))2

(
1− exp

(
−hω2
kBT

)) =
1

0.8223...
≈ 1.21 (D.346)

The pre-exponential factor is thus:

νpre-exp =
kBT

h
K† ≈ 1.04 · 1013 · 1.21 = 1.26 · 1013 s−1 (D.347)

g) From transition state theory, the reaction rate constant is given by

ktst =
kBT

h
K† exp

(
−∆Eact

kBT

)
(D.348)

= νpre-exp exp

(
−∆Eact

kBT

)
. (D.349)

The Arrhenius-form activation energy is given by

∆Earr
act = kBT

2 ∂ ln k

∂T
(D.350)

= kBT
2 ∂

∂T

(
lnT + 2 ln

1− exp

(
−hω1
kBT

) · · ·
· · · − ln

1− exp

(
−hω2
kBT

)− ∆Eact

kBT

)
(D.351)

= kBT +∆Eact −
2hω1 exp

(
−hω1
kBT

)
1− exp

(
−hω1
kBT

) +
hω2 exp

(
−hω2
kBT

)
1− exp

(
−hω2
kBT

) (D.352)

≈ ∆Eact + kBT (D.353)

The reason we can neglect the last two terms is because they are much smaller than ∆Eact or
kBT . This should not come as a surprise as we are basically calculating the energetic contribution
of vibrational states above the ground state. We already found that under typical conditions only
the ground state is occupied, thus these contributions should be negligible.

To calculate the Arrhenius-style pre-exponential factor, we simply use the principle that both
versions of the reaction rate constant should (of course) be equal to each other

ktst = karr (D.354)

kBT

h
K† exp

(
−∆Eact

kBT

)
= ν exp

(
−∆Eact − kBT

kBT

)
, (D.355)

thus

ν =
kBT

h
K† exp (1) (D.356)
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� EXAM SOLUTION Transition State Theory 4

a) CO has two atoms, hence NDOF = 3N = 6.

b) In the transition state, one DOF in the direction of the reaction coordinate has a negative
force constant and thus corresponds to an imaginary frequency.

c) The Eyring equations for the forward and backward reaction rate constants for CO dissociation
are

kf =
kBT

h

q
(4)
v qt

q
(4)
v q

(2)
t

exp

(
−∆Ea,f

kBT

)
, (D.357)

kb =
kBT

h

q
(4)
v qt

q
(6)
v

exp

(
−∆Ea,b

kBT

)
. (D.358)

d) The equilibrium constant for CO dissociation is:

K =
kf

kb
(D.359)

=
1

q
(2)
t

exp

(
−
∆Ea,f −∆Ea,b

kBT

)
(D.360)

=
1

q
(2)
t

exp

(
−∆Hr

kBT

)
(D.361)

Note that you can also solve this question by starting from :

K =
∏
i

qνi
i (D.362)

=
qFS

qIS
(D.363)

=
1

q
(2)
t

qe,FS

qe,IS
(D.364)

=
1

q
(2)
t

exp

(
−∆Hr

kBT

)
(D.365)

e) Note that there is a single translational partition function in the numerator and two in the

denominator, effectively giving one qt = L
√
2πmkBT

h term.
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∆Earr
a = kBT

2 ∂ ln k

∂T
(D.366)

= kBT
2 ∂

∂T
ln

kBT

h

q
(4)
v qt

q
(4)
v q

(2)
t

exp

(
−∆Ea,f

kBT

) (D.367)

= kBT
2 ∂

∂T

(
lnT −

1

2
lnT −

∆Ea,f

kBT

)
(D.368)

=
1

2
kBT +∆Ea,f (D.369)

Arrhenius and Eyring theory should give the same rate constants, hence

karr = ktst. (D.370)

From the above expression, it follows that:

νarr =
ktst

exp

(
−

1
2kBT+∆Ea,f

kBT

) (D.371)

=

kBT
h

qt

q
(2)
t

exp

(
−∆Ea,f

kBT

)
exp

(
−

1
2kBT+∆Ea,f

kBT

) (D.372)

=
kBT

h

qt exp
(
1
2

)
q
(2)
t

(D.373)

Note that it is not allowed to cancel out two of the translational partition functions as these are a
priori not equal in magnitude.

� EXAM SOLUTION Transition State Theory 5

a) C5H6 has 11 atoms, hence NDOF = 3N = 33. Because C5H6 is in the gas phase, it has 3
translational, 3 rotational and 27 vibrational degrees of freedom.

b) The initial state corresponds to two molecules, hence 6 translational, 6 rotational and 54
vibrational degrees of freedom.

c) The transition state should be treated as a single gas phase molecule, hence 3 translational, 3
rotational and 60 vibrational degrees of freedom of which one DOF corresponds to the imaginary
frequency. (alternatively, 59 real vibrational DOF and 1 imaginary vibrational DOF).

d) The final state is a single gas phase molecule, hence 3 translational, 3 rotational and 60
vibrational degrees of freedom.
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e) Reaction rate constant can be written as:

k =
kBT

h

(2πmtskBT )
3/2

(
8π2kBT

)3/2√
Itsh

6[(
2πmcpdkBT

)3/2 (
8π2kBT

)3/2]2√
πIcpd

exp

(
−
∆Eact, elec +∆Ezpe

kBT

)
, (D.374)

where Icpd corresponds to the product of the individual moments of inertia around the three
rotational axes.

f )

∆Earr
act = ∆Eact − 2kBT (D.375)

k0 =
kBT

h

q
‡,(3)
rot q

‡,(3)
trans /V

q
(6)
rot q

(6)
trans/V

2
exp (−2) (D.376)

g) Collision theory considers molecules to be rigid spheres by which they can only contain
translational degrees of freedom. In contrast, in the transition state theory all configurational
(i.e. including rotational and vibrational) degrees of freedom are taken into account.

� EXAM SOLUTION Transition State Theory 6

a) The total translational partition function for an ensemble of N distinguishable5 molecules is
given by

Qt = qNt (D.377)

From this, the translational entropy is calculated by

St =
∂

∂T
(kBT lnQt) (D.378)

=
∂

∂T

(
kBT (N ln qt)

)
(D.379)

= kB (N ln qt) +NkBT
∂

∂T
ln qt (D.380)

= NkB ln

(
qt · exp

(
3

2

))
(D.381)

b) The total rotational partition function for an ensemble of N distinguishable6 molecules is
given by

Qr = qNr (D.382)

5We wait to introduce the correction factor 1
N! to account for the indistinguishability till subquestion e). So technically

we are now deriving the expression forN distinguishablemolecules.
6See note 1.
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From this, the rotational entropy is calculated by

Sr =
∂

∂T
(kBT lnQr) (D.383)

=
∂

∂T

(
kBT (N ln qr)

)
(D.384)

= kB (N ln qr) +NkBT
∂

∂T
ln qr (D.385)

= NkB ln

(
qr · exp

(
3

2

))
(D.386)

c) The total vibrational partition function corresponding to a single normalmode for an ensemble
of N distinguishable7 molecules is given by

Qv = qNv (D.387)

Sv =
∂

∂T
(kBT lnQv) (D.388)

=
∂

∂T

(
kBT (N ln qv)

)
(D.389)

= kB (N ln qv) +NkBT
∂

∂T
ln qv (D.390)

= NkB

 hν
kBT

exp
(

hν
kBT

)
− 1
− ln

1− exp

(
−
hν

kBT

)
 (D.391)

= NkB

ln (qv) +

hν
kBT

exp
(

hν
kBT

)
− 1

 (D.392)

d) • Ethylene has 3 translational, 3 rotational and 12 vibrational degrees of freedom.

• Butadiene has 3 translational, 3 rotational and 24 vibrational degrees of freedom.

• The transition state complex has 3 translational, 3 rotational, 41 vibrational degrees of
freedom and one imaginary frequency.

From this, the Eyring equation becomes

k =
kBT

h

qt,ts,3dqr,ts,3d
∏41

i qi,v,ts

qt,e,3dqr,e,3d
∏12

i qi,v,e × qt,b,3dqr,b,3d
∏24

i qi,v,b
exp

(
−
∆E‡

kBT

)
, (D.393)

wherein the subscript e and b and ts refer to ethylene, butadiene and the transition state, re-
spectively and

∏N
i highlights the fact that the vibrational partition functions cannot a priori be

assumed to be equal. Furthermore, ∆E‡ corresponds to the ZPE-corrected electronic activation
energy.

e) Let us first derive a formula for the entropy of a single state, so either for ethylene, butadiene
or the transition state. Let us not forget that we still need to introduce the correction factor 1/N !

to accomodate the fact that molecules of the same type are indistinguishable from a quantum
mechanical perspective.

7See note 1.
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∆Sstate =
∂

∂T

(
kBT lnQtotal

)
(D.394)

=
∂

∂T

kBT ln

 1

N !

qt,3d × qr,3d ×∏
i

qv,i

N

 (D.395)

=
∂

∂T

NkBT
ln qt,3d + ln qr,3d +

∑
i

ln qv,i

−N lnN +N

 (D.396)

= St + Sr +
∑
i

Sv,i − lnN (D.397)

The first three terms, i.e. St, Sr and Sv are those that correspond to the subquestions (a), (b)
and (c) and we can thus readily calculate using our previous answer the total entropy for a single
state.8

∆S

NkB
= ln

qt exp
(
3
2

)
N

+ ln

(
qr exp

(
3

2

))
+
∑
i

ln
(
qv,i

)
+

hν
kBT

exp
(

hν
kBT

)
− 1

 (D.398)

This can be done for all three states (ethylene, butadiene and the transition state) by which the
entropy of activation can be readily determined from

∆S‡ = ∆STS −∆Sethylene −∆Sbutadiene. (D.399)

Alternatively, one can answer the following:

(a) The entropic contribution of the nuclear and electronic partition functions can be neglected
as we can assume that the ground state configurations are non-degenerate. (recall that
entropy measures the number of different configurations!)

(b) The entropy of activation can be guestimated to be negative as the configurational degrees
of freedom will vastly decrease when two freely moving gas molecules have to meet to form
a weakly bound transition state complex.

� EXAM SOLUTION Transition State Theory 7

a) First, we calculate d2,

d2 =

(
1.5 · 10−10 + 2.8 · 10−10

2

)2

= 4.6 · 10−20 m2 (D.400)

8It is customary to insert the− lnN in the term corresponding to the translational partition function.
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then the reduced mass.

µ =
1.008 · 2 · 79.904 · 2
1.008 · 2 + 79.904 · 2

· 1.66 · 10−27 = 3.30 · 10−27 kg (D.401)

Finally, we plug in the values and we get the value for the collision frequency.

k = π · 4.6 · 10−20
(

8kb · 450
π · 3.30 · 10−27

)1/2

= 3.16 · 10−16 collisions ·m3 · s−1 (D.402)

b) The unit for kcollision is collisions ·m3 · s−1.

c) Not every collision immediately results in a reaction. Only those collisions where the particles
have sufficient kinetic energy, i.e. equal or larger than the activation energy, will result in a
reaction. The number of particles that meets this criterion increases with temperature.

d) The average kinetic energy of the particles in the ensemble increases exponentially with
temperature, as can be seen from the Maxwell-Boltzmann velocity distribution and the related
average kinetic energy expression.

e)

kreaction =kcollision · exp
(
−∆Ea

RT

)
= 3.16 · 10−16 · exp

(
−200 · 103

R · 450

)
(D.403)

=1.9206713 · 10−39 m3 · s−1 (D.404)

Note that this is the reaction rate constant on a per-particle basis. On a per molecule basis, the
number is much larger (by about 23 orders of magnitude).

f ) In collision theory, only translational degrees of freedom are taken into account, whereas in
transition state theory, also rotational and vibrational degrees of freedom are considered. (Note
that despite this discrepancy in collision theory, since translational degrees of freedom give the
largest partition functions as compared to rotational and vibrational degrees of freedom, collision
theory remains fairly accurate.)

� EXAM SOLUTION Transition State Theory 8

a) According to transition state theory, the expression for the reaction rate constant for the
dissociative adsorption of methane is:

k =
kBT

h

q‡

qis
exp

(
−
∆Eelec,act

kBT

)
(D.405)

=
kBT

h

1

q
(3)
t q

(3)
r

exp

(
−
∆Eelec,act +∆Ezpe

kBT

)
(D.406)

=
kBT

h

(√2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

−1

· · ·

· · · exp
(
−
∆Eelec,act +∆Ezpe

kBT

)
(D.407)
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b) The internal energy of activation is:

∆U† = kBT
2 ∂

∂T
ln

kBT

h

(√2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

−1

· · ·

· · · exp
(
−
∆Eelec,act +∆Ezpe

kBT

)− kBT (D.408)

= ∆Eelec,act +∆Ezpe + kBT −
3

2
kBT −

3

2
kBT − kBT (D.409)

= ∆Eelec,act +∆Ezpe − 3kBT (D.410)

c) The entropy of activation is:

∆S† =
∂

∂T

(
kBT ln

{(√2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

−1

· · ·

· · · exp
(
−
∆Eelec,act +∆Ezpe

kBT

)})
(D.411)

= kB ln


(√2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

−1
− 3kB (D.412)

d) The Gibbs free energy of activation is:

∆G† = ∆U† − T∆S† (D.413)

= ∆Eelec,act +∆Ezpe − kBT ln

{[(√
2πmkBT

h

)3

· · ·

· · ·V
√
π

σ

√
T3

ΘAΘBΘC

]−1}
. (D.414)

e) According to definition

k =
kBT

h
exp

(
−
∆G†

kBT

)
(D.415)

=
kBT

h
exp

(
−

1

kBT

(
∆Eelec,act +∆Ezpe · · ·

· · · − kBT ln

{[(√
2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

]−1}))
(D.416)

=
kBT

h

(√2πmkBT

h

)3

V

√
π

σ

√
T3

ΘAΘBΘC

−1

· · ·

· · · exp
(
−

∆Eelec,act +∆Ezpe

kBT

)
, (D.417)

which completely matches the result of subquestion (a).
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� EXAM SOLUTION Transition State Theory 9

a) The overall reaction is

C2H4 +H2 � C2H6 (D.418)

H2 is a homonuclear diatomic. The total number of motional degrees of freedom (DOF) is
3N = 6. There are 3 translational DOF, 2 rotational DOF (because the molecule is invariant to
rotation around the interatomic axis) and 1 vibrational DOF.

C2H4 has 6 atoms. The total number of motional DOF is 3N = 18. There are 3 translational
DOF, 3 rotational DOF and 18− 6 = 12 vibrational DOF.

b) The transition state complex will take the form of [E−−H2] with E denoting ethylene. This
complex has 8 atoms, with 3N = 24motional DOF. There are 3 translational DOF, 2 rotational
DOF and 24− 6 = 18 vibrational DOF. Of these 18 vibrational DOF, 17 will be real and 1 will be
imaginary (corresponding to the reaction coordinate).

c) The rate constant in the forward direction9 is given by

k+ =
kBT

h

QTS/V

QE/V ×QH2/V
exp

(
−∆Eact,elec

kBT

)
(D.419)

Here, QTS is the motional partition function of the transition state without the imaginary mode.
QIS = QEQH is the motional partition function of the initial state. Using the listing of the
partition functions obtained in the previous questions, these take the following forms

QTS =
3∏

i=1

qTS
r,i

3∏
j=1

qTS
t,j

17∏
k=1

qTS
v,k (D.420)

QE =
3∏

i=1

qEr,i

3∏
j=1

qEt,j

12∏
k=1

qEv,k (D.421)

QH2
=

2∏
i=1

q
H2
r,i

3∏
j=1

q
H2
t,jq

H2
v,1 (D.422)

The translational modes depend on the mass of each molecule/complex:

3∏
j=1

q
(n)
t,j = V

(
2πm(n)kBT

h2

) 3
2

(D.423)

The rotational modes depend on the moment of inertia of each molecule/complex, as well as
their symmetry character. For ethylene and the TS-complex we have to use the asymmetrical
form of the rotational partition function

3∏
j=1

q
(n)
r,j =

1

σ

√√√√ πT3

Θ
(n)
A Θ

(n)
B Θ

(n)
C

(D.424)

9This rate constant is constructed using a number-density based equilibrium constant.
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For hydrogen we use the expression for homonuclear diatomics

2∏
i=1

q
H2
r,i =

4π2IH2
kBT

h2
(D.425)

The vibrational modes depend on the frequencies of the internal vibrations for each molecule

q
(n)
v,k

=

exp

(
−hν

(n)
k

2kBT

)

1− exp

(
−hν

(n)
k

kBT

) (D.426)

Note here the inclusion of the ZPE term.

Assuming all gases to be ideal, the rate equation based on the partial pressures is then given by

r =
∂pC
∂t

(D.427)

= k+

(
1

kBT

)
PEPH2

(D.428)

=
V

h

QTS

QEQH2

exp

(
−∆Eact,elec

kBT

)
PEPH2

(D.429)

Alternatively, one could build the expression in terms of the number-density of the gas phase
reactants.10 In that case, the reaction would be

r =
∂ρC
∂t

(D.430)

=
kBTV

h

QTS

QEQH2

exp

(
−∆Eact,elec

kBT

)
ρEρH2

(D.431)

d) If the vibrational temperature is much larger than the (thermodynamic) temperature

Θv =
hν

kB
>> T (D.432)

This makes the term in the exponential become strongly negative, such that

1

1− exp
(
−Θv

T

) ≈ 1

1− 0
= 1 (D.433)

This can occur e.g. if the barrier for vibrational excitation is large with respect to the available
thermal (kinetic) energy. Then, only the vibrational ground state will be occupied, corresponding
to qvib = 1 (relative to the ZPE level).

10Both a number-based as well as a pressure-based reaction rate equation are valid.
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� EXAM SOLUTION Transition State Theory 10

a) The potential energy curve is by definition oriented from initial to final state alongside the
reaction coordinate. This reaction coordinate lies alongside the diagonal of the contour plot. The
potential energy curve should correspond to a quasi-parabolic profile wherein the bonded state
(cyclohexene) is lower in energy as compared to the dissociated state (ethylene and butadiene).
The transition state lies higher than both the initial and final state.

b) • The initial state lies at (3.0, 3.0)

• The final state lies at (1.6, 1.6)

• The transition state lies at (2.2, 2.2) and corresponds to highest point on the reaction
coordinate.

The molecular complexes can be easily drawn by considering the C-C bond lengths.

c) • The activation energy in the forward direction is 52.53 kJ/mol.

• The activation energy in the backward direction is 256.2 kJ/mol.

d) Using a three-point finite difference stencil (see exercise 4.7) and assuming a harmonic
potential close around the stable point on the PES, the force constants can be found to be

kFS‖ =
E(r0 − h)− 2E(r0) + E(r0 + h)

h2
(D.434)

=
27.68− 2 · 0 + 3.48

0.12
(D.435)

= 3116kJ/A2 (D.436)

kFS⊥ =
E(r0 − h)− 2E(r0) + E(r0 + h)

h2
(D.437)

=
15.71− 2 · 0 + 15.71

0.12
(D.438)

= 3142kJ/A2 (D.439)

From these, the frequencies can be calculated by11

ω =

√
k

m
. (D.440)

e) Using the same strategy as in the previous subquestion, the force constants are found to be

kTS‖ =
E(r0 − h)− 2E(r0) + E(r0 + h)

h2
(D.441)

=
244.52− 2 · 256.20 + 254.71

0.12
(D.442)

= −1317kJ/A2 (D.443)

11Within the scope of this question, it is undefined which mass to use, so depending on your choice of the mass, different
answers are possible.
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360 Appendix D. Exam Exercises Solutions

kTS⊥ =
E(r0 − h)− 2E(r0) + E(r0 + h)

h2
(D.444)

=
257.36− 2 · 256.20 + 257.36

0.12
(D.445)

= 232kJ/A2 (D.446)

The result as found here is in line with the definition of a transition state. There is a single
imaginary frequency in the direction of the reaction coordinate and all other frequencies are
real-valued. The most striking difference between this result and the one from the previous
subquestion thus relates to the observation of a single imaginary frequency.
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Index

adsorption, 223
apparent activation energy, 26
asymmetric top, 143

canonical ensemble, ensemble, 84
collision theory, 169
competitive adsorption, 13

degree of freedom, 123
Degree of Rate control, 262
degree of selectivity control, 264
desorption, 229
dominant macrostate, 88
double counting, 176

elementary reaction step, 3
Eley-Rideal mechanism, 30
ellipsoid of inertia, 142
energy

harmonic oscillator, 146
kinetic, 138
nuclear, 137
translational, 138

Eyring equation, 184

global minimum, 125

inertia tensor, 143
irreversible step approximation, 21

Langmuir adsorption isotherm, 12
Langmuir-Hinshelwood mechanism, 30
law of mass action, 2
local minimum, 125

macrostate, 85
MARI, see most abundant reaction

intermediate
Matrix diagonalization, 282
Maxwell-Boltzmann distribution, 88

formula, 90
Maxwell-Boltzmann speed distribution,

170
equation, 172

mean-field approximation, 20
microscopic reversibility, 19
microstate, 85
most abundant reaction intermediate, 22

normal mode, 131
number of collisions, 176

partition function, 91
electronic, 137
nuclear, 137
translational formula, 139
vibrational formula, 150

phase space, 253
potential energy curve, 122
potential energy surface, 122
principal moment of inertia, 142

quantum ergodic hypothesis, 85
quasi-equilibrium, 20

rate expression, 3
rate-determining step, 20
reaction coordinate, 181
reaction order, 24
reduced mass, 141
rotational temperature, 141

Sabatiers principle, 254
spherical top, 143
standard deviation, 82
statistical thermodynamics

first postulate, 84
second postulate, 84

steady state assumption, 8
stoichiometric coefficient, 2
symmetric top, 143
symmetry number, 144

transition state, 134, 181
transition state theory, 180
translational partition function

derivation, 138
formula, 139
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variance, 82

vibrational partition function

derivation, 146

formula, 150

zero-conversion approximation, 22
Zustandssumme, 91
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